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1. FRAME GROUPOID

Let E -4 M be a n-dimensional vector bundle. Consider the set
O(FE) ={FE; LN Ey:x,y € M, a linear isomorphism}.
Define
a:®(E) — M by (B,~5E)—a

B:B(E) — M by (Ex—>E)—y
e:M—®E) by ze (B % E)
and a partial multiplication m : ®(E) x s ®(E) — ®(F) by

m: (Ey —> By E. —5 By) e (B, 225 ).

-1
Define ¢ : ®(E) — ®(E) by (Ey — E,) — (E, *— E,).
Then ®(F) = M is a set groupoid.
We describe a smooth structure on ®(FE) as follows:
Assume R™ has the standard basis. Let {¢; : U; x R® — ¢~ 1(U;)} be an atlas for E. Then for all
xz e U,
Vig R — ¢ 1(z) = B, defined by t— i(x,t)
is a linear isomorphism.
For any i and j, define
$1:Uj x GLu(R) x U; — (E)y/
by
(y, A, 2) = iy 0 Aoy,
where y € U, z € U; and A € GL,(R).
Then @f is bijective with
@HUE: BEr — Ey) = (y, ¥ 0 £ 0 i, @)
Also for any U; N U, = Uy, # 0 and U; N U = Uj; # 0 the map
7 @t
Ui % GLn(R) x Uy % o(E)" Wi U % GLa(R) x Uy
is given by
(y, A,2) = Pjyododl = (y, ¢, o (Pjy0Adod 1) oy, x)
= (y, (Y, o Vjy) o Ao (i) 0 Yra) s T).
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Therefore (¢4)~1o EZ is a diffeomorphism.
So, there is a well defined smooth structure on ®(E) for which each ¢7 is a diffeomorphism.

Identifying @(E)gﬁ with Uj x GL,(R) x U;, we get that o and  are described locally as

pry: Uj x GLy(R) x Uy — U; and  pry : Uj x GL,(R) x U; — U;
respectively. So « and [ are surjective submersions.
Also the local description of € is U; — U; x GL,(R) x U;, © — (x,1,x) where I is the identity
matrix of order n. Hence € is smooth.
Finally the partial multiplication is defined locally as
(Ur x GLp(R) x Uj) xy; (Uj x GLy(R) x U;) — Up x GLp(R) x U;
((Z7B7y)7(y7A7$)) H (Z7 BA7x)
Hence the partial multiplication is smooth.
Thus ®(F) = M is a Lie groupoid. It is called the frame groupoid of the vector bundle £ L M.

2. GAUGE GROUPOID

Definition 2.1. Let P and M be smooth manifolds and G be a Lie group with a free right action
on P. Let w: P — M be a surjective submersion so that the orbits of the G-action coincide with
the fibres of m and M is covered by the domains of local sections ¢ : U — P of m where U is open
in M. Then P(M,G, ) is a principal G-bundle.

PxP
Let P(M,G,7) be a principal G-bundle. Let  := % be the set of orbits of the diagonal

action of G on P x P. Denote the orbit through (u,v) € P x P by (u,v). Then Q is a quotient
manifold and the quotient map p: P x P — ) is a surjective submersion. We define a groupoid
structure Q2 = M as follows:

a: {u,v) — m(v) B (u,v) = 7m(u) (u,v) € Q.
Define € : M — Q by e(z) = (u,u), where u € 7~ 1(z).
To define the partial multiplication m take (u,v), (v/,w) € Q so that 7(v) = 7(v’). Then there is
a g € G so that v’ = vg. Hence (v, w) = (vg,w) = (v,wg™1). Define

m((u,v), (vg,w)) = (u,wg™").

Finally define ¢((u,v)) = (v, u).
Note that the following diagram is commutative.

p
PxP -

pr2 o
T

P

=

Since 7, pry and p are surjective submersions, it follows that « is a surjective submersion.
Similarly, the following diagram is commutative.



PxP - Q

pri B
s

Since 7, pr; and p are surjective submersions, it follows that 3 is a surjective submersion.

Let A : P — P x P be defined by A(u) = (u,u). Let (U, ) be a chart on M and o : U — P
be a local section of m. Then €|y is the composition p o A o o and hence €| is smooth. Thus € is
smooth.
Let P xx P = {(u,v) : w(u) = 7(v)} = {(ug,u) : w € P,g € G}. Define § : P xx P — G by
d(ug,u) = g. Then § is smooth. Now

pxp:(PXP)x(PxP)— QxQ
is a surjective submersion and (p x p)~1(Q x; Q) = P x (P xx P) x P. So

pXp:PX(PxzP)xP—QxyQ
is a surjective submersion. Next define

F:Px(PxzP)xP—PxP
to be the composition
Px(Pxzs P)xP—PxGXP—PxPxG—PxP
given by
(g, uz, ug, u1) = (g, 6(us, uz), ur) = (ug, ur, 6(us, ug)) — (g, urd(us, uz)).

Since F' is the composition of smooth maps, it is smooth.
Also the following diagram is commutative.

F
Px (P x;P)xP ~PxP
pXxXp p
m
Qxa Q - Q

Thus m is smooth.
) = M is called the gauge groupoid of the principal bundle P(M, G, ).

3. MORPHISMS AND SUBGROUPOIDS

Definition 3.1. Let G; = M; and G2 = M> be two Lie groupoids with structure maps a1, 51, m1, €1, t1
and «a, B2, M2, €9, Lo Tespectively. A morphism from Gy = M; to Go == M> is a pair of smooth
maps F': Gy — Go, f : M1 — My so that as o F = foay, foo F = fo 3 and for any
(9,h) € G1 xap, Gu, Fgh) = F(g)F(h).

Note that az(F(g)) = f(ai1(g)) = f(B1(h)) = B2(F(R)). So (F(g), F(h)) € G2 X m, Ga.
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Proposition 3.2. Let (F, f) be a Lie groupoid morphism between the Lie groupoids G1 = My and
Go =2 Msy. Then Foep =¢exo0 f andigoF'=F ou.

Definition 3.3. Let G = M be a Lie groupoid. A Lie groupoid H = N is a subgroupoid of
G = M if there is a Lie groupoid morphism (i,ig) from H = N to G = M where i and i( are
both injective immersions.

If N =M and ig = idjys, then the subgroupoid H = M is called a wide subgroupoid of G = M.

4. LOCALLY TRIVIAL LIE GROUPOIDS

Definition 4.1. A set groupoid G = M is transitive if (5, ) : G — M x M is surjective. A Lie
groupoid G = M is locally trivial if (8,«) : G — M x M is a surjective submersion.

Remark 4.2. Let M be a smooth manifold. Let G be a Lie group. Let be The trivial groupoid
on M with group G, M x G x M = M is clearly a locally trivial groupoid.

Proposition 4.3. Let G = M be a Lie groupoid. The following statements are equivalent:

(i) G is locally trivial.
(ii) The map By : Gz — M defined by B(g) = B(g) is
(iii) The map §; : Gy X Gz — G defined by 6,(h, g)

one and hence for all x € M.

a urjectwe submersion for all x € M.
= hg™" is a a surjective submersion for

Proof: (i) = (ii): Let x € M. Then M x {z} is a closed embedded submanifold of M x M
and (8,a) (M x {z}) = G,. So the restriction of (3,a) to G, i.e. the map 3, is a surjective
submersion.

(ii) = (i): Let x € M. Then (5, a) 0, = Bz X fz. Now [, is a surjective submersion implies that
Bz X By is a surjective submersion and hence (3, ) is a surjective submersion.

(#i) = (4i1): Form the pullback

D

GxX5G >

pry B

Q. B ,

=

Since 3, is a surjective submersion, so is 6.
Define

V:Gy x Gy — Gy xg G by (h,g) — (h,hg™).
Then 1 is a diffeomorphism with inverse
Vvl Gyxg G — Gy x Gy by (h,g) > (hygth).

Also d, = 6 o 1. Hence 4, is a surjective submersion.

(791) = (77): The following diagram commutes:



Ba

Now d, is a surjective submersion implies that S o ¢, is a surjective submersion i.e. 3, o pry is a
surjective submersion which in turn implies that (3, is a surjective submersion. O

Remark 4.4. Let G = M be a locally trivial Lie groupoid. Fix x € M. For any y € M there
is an open subset U of M such that y € U and a local section o : U — G, of ;. Thus there is
an open cover {U;} of M by the domains of the local sections o; : U; — G, of §,. We get base
preserving isomorphisms

Y Ui x GixUi— Gy (y,9,2) = 0i(y)goi(z) 7!

from a trivial groupoid to the restriction of G to G gi Thus G is “locally isomorphic to trivial
groupoids”.

Remark 4.5. Let P(M,G, ) be a principal G-bundle. Let Q@ = M be the corresponding gauge
groupoid. Then the following diagram is commutative:

P x P

P T™XT

M x M

(8, )

Since 7 is a surjective submersion, m X m = (3, ) o p is a surjective submersion which implies
that (5, «) is a surjective submersion. Hence 2 = M is a locally trivial groupoid.

5. EXAMPLES

(1) Let M be a smooth connected manifold. Let M be the universal cover of M. Then the fun-

damental groupoid II(M) of M is the gauge groupoid of the principal bundle M (M, m(M))
where w(M) is the fundamental group of M. Hence II(M) is locally trivial.

(2) Let G be a Lie group. Let M be a smooth G-manifold where G has a left action on M. The
corresponding action groupoid G x M is transitive if and only if the G-action is transitive.

(3) Let E —%5 M be a vector bundle. The frame groupoid of E can be identified with the gauge
groupoid of any frame bundle of E. Hence the frame groupoid of F is locally trivial.
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6. EXERCISES

(1) Let M be a smooth manifold and G be a Lie group. Determine the vertex groups and orbits
for
(i) the base groupoid M = M.
(i) the trivial groupoid M x G x M = M.
(iii) the action groupoid G x M, where M is a left G-space.

(2) Let G be a Lie group and g be its Lie algebra. Consider the Lie groupoid 7'« G = g*. For
any (g,w), (h,0) € T*G such that a(g,w) = B(h,0) and X € T;G, Y € T},G show that
((g,w) - (h,0), X - Y) = w(X) +6(Y).
Also verify that
a[(g,w) ' (h7 0)] = Oé(h, 6) and B[(Q,W) : (h7 0)] = B(gaw)

(3) Let G = M be a Lie groupoid. Then verify that (5, «) : G — M x M is a base preserving
morphism from G = M to the pair groupoid M x M = M.

(4) Let G = M be a Lie groupoid. Define G x, G = {(h,g9) : a(h) = a(g)}. Let the
structure maps of G X, G = G be the restriction of the structure maps of the pair groupoid
G x G = G. Then verify that G x, G = G is a wide subgroupoid of the pair groupoid
G x G = G. Define § : G xo G — G by 6(h,g) = hg~!. Then verify that (§,3) is a Lie
groupoid morphism from G X, G = G to G = M. ¢ is called the division map.

(5) Let M; and M> be two smooth manifolds and G and G2 be two Lie groups.
Let f: M; — Mj and 6 : M — G2 be smooth maps and s : G; — G be a Lie group
homomorphism. Define
F:M1XG1XM1—>M2XG2XM2
by
F(y,g,2) = (f(1), 0(y)s(9)8(x)~", f()).
Then verify that (F, f) is a morphism between the trivial groupoids M7 x Gy x My = M;
and My x Go X My = M.

(6) Let G1 and G2 be two Lie groups. Let M; be a left Gi-manifold and My be a left Go-
manifold. Let ¢ : G; — G35 be a Lie group homomorphism. Let f : M; — Mas be an
equivariant smooth map. Then verify that (¢» x f, f) is a Lie groupoid morphism between
the action groupoids G X M1 = M and Go X My = Mo.

(7) Let G = M be a Lie groupoid. Let U C M be an open submanifold. Show that GY = U
is a Lie subgroupoid of G = M. This subgroupoid is called the restriction of G = M to U.



