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1. Frame Groupoid

Let E
q−→M be a n-dimensional vector bundle. Consider the set

Φ(E) = {Ex
ξ−→ Ey : x, y ∈M, ξ a linear isomorphism}.

Define

α : Φ(E) −→M by (Ex
ξ−→ Ey) 7→ x

β : Φ(E) −→M by (Ex
ξ−→ Ey) 7→ y

ϵ :M −→ Φ(E) by x 7→ (Ex
id−→ Ex)

and a partial multiplication m : Φ(E)×M Φ(E) −→ Φ(E) by

m : (Ex
ξ−→ Ey, Ez

η−→ Ex) 7→ (Ez
ξ◦η−→ Ey).

Define ι : Φ(E) −→ Φ(E) by (Ex
ξ−→ Ey) 7→ (Ey

ξ−1

−→ Ex).
Then Φ(E) ⇒M is a set groupoid.
We describe a smooth structure on Φ(E) as follows:
Assume Rn has the standard basis. Let {ψi : Ui ×Rn −→ q−1(Ui)} be an atlas for E. Then for all
x ∈ Ui,

ψi,x : Rn −→ q−1(x) = Ex defined by t 7→ ψi(x, t)

is a linear isomorphism.
For any i and j, define

ψ j
i : Uj ×GLn(R)× Ui −→ Φ(E)

Uj

Ui

by

(y,A, x) 7→ ψj,y ◦A ◦ ψ−1
i,x ,

where y ∈ Uj , x ∈ Ui and A ∈ GLn(R).
Then ψ j

i is bijective with

(ψ j
i )

−1(ξ : Ex −→ Ey) = (y, ψ−1
j,y ◦ ξ ◦ ψi,x , x)

Also for any Ui ∩ Uk = Uik ̸= ∅ and Uj ∩ Ul = Ujl ̸= ∅ the map

Ujl ×GLn(R)× Uik
ψ j

i−→ Φ(E)
Ujl

Uik

(ψ l
k)

−1

−→ Ujl ×GLn(R)× Uik

is given by

(y,A, x) 7→ ψj,y ◦A ◦ ψ−1
i,x 7→ (y, ψ−1

l,y ◦ (ψj,y ◦A ◦ ψ−1
i,x ) ◦ ψk,x , x)

= (y, (ψ−1
l,y ◦ ψj,y) ◦A ◦ (ψ−1

i,x ◦ ψk,x) , x).
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Therefore (ψ l
k)

−1 ◦ ψ j
i is a diffeomorphism.

So, there is a well defined smooth structure on Φ(E) for which each ψ j
i is a diffeomorphism.

Identifying Φ(E)
Uj

Ui
with Uj ×GLn(R)× Ui, we get that α and β are described locally as

pr3 : Uj ×GLn(R)× Ui −→ Ui and pr1 : Uj ×GLn(R)× Ui −→ Uj

respectively. So α and β are surjective submersions.
Also the local description of ϵ is Ui −→ Ui × GLn(R) × Ui, x 7→ (x, I, x) where I is the identity
matrix of order n. Hence ϵ is smooth.
Finally the partial multiplication is defined locally as

(Uk ×GLn(R)× Uj)×Uj (Uj ×GLn(R)× Ui) −→ Uk ×GLn(R)× Ui

((z,B, y), (y,A, x)) 7→ (z,BA, x).

Hence the partial multiplication is smooth.

Thus Φ(E) ⇒M is a Lie groupoid. It is called the frame groupoid of the vector bundle E
q−→M .

2. Gauge Groupoid

Definition 2.1. Let P and M be smooth manifolds and G be a Lie group with a free right action
on P . Let π : P −→M be a surjective submersion so that the orbits of the G-action coincide with
the fibres of π and M is covered by the domains of local sections σ : U −→ P of π where U is open
in M . Then P (M,G, π) is a principal G-bundle.

Let P (M,G, π) be a principal G-bundle. Let Ω :=
P × P

G
be the set of orbits of the diagonal

action of G on P × P . Denote the orbit through (u, v) ∈ P × P by ⟨u, v⟩. Then Ω is a quotient
manifold and the quotient map p : P × P −→ Ω is a surjective submersion. We define a groupoid
structure Ω ⇒M as follows:

α : ⟨u, v⟩ 7→ π(v) β : ⟨u, v⟩ 7→ π(u) ⟨u, v⟩ ∈ Ω.

Define ϵ :M −→ Ω by ϵ(x) = ⟨u, u⟩, where u ∈ π−1(x).
To define the partial multiplication m take ⟨u, v⟩, ⟨v ′, w⟩ ∈ Ω so that π(v) = π(v ′). Then there is
a g ∈ G so that v ′ = vg. Hence ⟨v ′, w⟩ = ⟨vg, w⟩ = ⟨v, wg−1⟩. Define

m(⟨u, v⟩, ⟨vg, w⟩) = ⟨u,wg−1⟩.
Finally define ι(⟨u, v⟩) = ⟨v, u⟩.
Note that the following diagram is commutative.

P × P -
p

Ω

?
pr2

?
α

P -
π

M

Since π, pr2 and p are surjective submersions, it follows that α is a surjective submersion.
Similarly, the following diagram is commutative.
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P × P -
p

Ω

?
pr1

?
β

P -
π

M

Since π, pr1 and p are surjective submersions, it follows that β is a surjective submersion.
Let ∆ : P −→ P × P be defined by ∆(u) = (u, u). Let (U,φ) be a chart on M and σ : U −→ P
be a local section of π. Then ϵ|U is the composition p ◦∆ ◦ σ and hence ϵ|U is smooth. Thus ϵ is
smooth.
Let P ×π P = {(u, v) : π(u) = π(v)} = {(ug, u) : u ∈ P, g ∈ G}. Define δ : P ×π P −→ G by
δ(ug, u) = g. Then δ is smooth. Now

p× p : (P × P )× (P × P ) −→ Ω× Ω

is a surjective submersion and (p× p)−1(Ω×M Ω) = P × (P ×π P )× P . So

p× p : P × (P ×π P )× P −→ Ω×M Ω

is a surjective submersion. Next define

F : P × (P ×π P )× P −→ P × P

to be the composition

P × (P ×π P )× P −→ P ×G× P −→ P × P ×G −→ P × P

given by

(u4, u3, u2, u1) 7→ (u4, δ(u3, u2), u1) 7→ (u4, u1, δ(u3, u2)) 7→ (u4, u1δ(u3, u2)).

Since F is the composition of smooth maps, it is smooth.
Also the following diagram is commutative.

P × (P ×π P )× P -
F

P × P

?
p× p

?
p

Ω×M Ω -m
Ω

Thus m is smooth.
Ω ⇒M is called the gauge groupoid of the principal bundle P (M,G, π).

3. Morphisms and Subgroupoids

Definition 3.1. LetG1 ⇒M1 andG2 ⇒M2 be two Lie groupoids with structure maps α1, β1,m1, ϵ1, ι1
and α2, β2,m2, ϵ2, ι2 respectively. A morphism from G1 ⇒ M1 to G2 ⇒ M2 is a pair of smooth
maps F : G1 −→ G2, f : M1 −→ M2 so that α2 ◦ F = f ◦ α1, β2 ◦ F = f ◦ β1 and for any
(g, h) ∈ G1 ×M1 G1, F (gh) = F (g)F (h).
Note that α2(F (g)) = f(α1(g)) = f(β1(h)) = β2(F (h)). So (F (g), F (h)) ∈ G2 ×M2 G2.
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Proposition 3.2. Let (F, f) be a Lie groupoid morphism between the Lie groupoids G1 ⇒M1 and
G2 ⇒M2. Then F ◦ ϵ1 = ϵ2 ◦ f and ι2 ◦ F = F ◦ ι1.

Definition 3.3. Let G ⇒ M be a Lie groupoid. A Lie groupoid H ⇒ N is a subgroupoid of
G ⇒ M if there is a Lie groupoid morphism (i, i0) from H ⇒ N to G ⇒ M where i and i0 are
both injective immersions.
If N =M and i0 = idM , then the subgroupoid H ⇒M is called a wide subgroupoid of G⇒M .

4. Locally trivial Lie Groupoids

Definition 4.1. A set groupoid G⇒M is transitive if (β, α) : G −→M ×M is surjective. A Lie
groupoid G⇒M is locally trivial if (β, α) : G −→M ×M is a surjective submersion.

Remark 4.2. Let M be a smooth manifold. Let G be a Lie group. Let be The trivial groupoid
on M with group G, M ×G×M ⇒M is clearly a locally trivial groupoid.

Proposition 4.3. Let G⇒M be a Lie groupoid. The following statements are equivalent:

(i) G is locally trivial.
(ii) The map βx : Gx −→M defined by βx(g) = β(g) is a a surjective submersion for all x ∈M .
(iii) The map δx : Gx × Gx −→ G defined by δx(h, g) = hg−1 is a a surjective submersion for

one and hence for all x ∈M .

Proof : (i) ⇒ (ii): Let x ∈ M . Then M × {x} is a closed embedded submanifold of M ×M
and (β, α)−1(M × {x}) = Gx. So the restriction of (β, α) to Gx i.e. the map βx is a surjective
submersion.

(ii) ⇒ (i): Let x ∈M . Then (β, α) ◦ δx = βx × βx. Now βx is a surjective submersion implies that
βx × βx is a surjective submersion and hence (β, α) is a surjective submersion.

(ii) ⇒ (iii): Form the pullback

Gx ×β G -
θ

G

?
pr1

?
β

Gx -
βx

M

Since βx is a surjective submersion, so is θ.
Define

ψ : Gx ×Gx −→ Gx ×β G by (h, g) 7→ (h, hg−1).

Then ψ is a diffeomorphism with inverse

ψ−1 : Gx ×β G −→ Gx ×Gx by (h, g) 7→ (h, g−1h).

Also δx = θ ◦ ψ. Hence δx is a surjective submersion.

(iii) ⇒ (ii): The following diagram commutes:
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Gx ×Gx -
δx

G

?
pr1

?
β

Gx -
βx

M

Now δx is a surjective submersion implies that β ◦ δx is a surjective submersion i.e. βx ◦ pr1 is a
surjective submersion which in turn implies that βx is a surjective submersion. �
Remark 4.4. Let G ⇒ M be a locally trivial Lie groupoid. Fix x ∈ M . For any y ∈ M there
is an open subset U of M such that y ∈ U and a local section σ : U −→ Gx of βx. Thus there is
an open cover {Ui} of M by the domains of the local sections σi : Ui −→ Gx of βx. We get base
preserving isomorphisms∑

i : Ui ×G x
x × Ui −→ G Ui

Ui
(y, g, z) 7→ σi(y)gσi(z)

−1

from a trivial groupoid to the restriction of G to G Ui
Ui
. Thus G is “locally isomorphic to trivial

groupoids”.

Remark 4.5. Let P (M,G, π) be a principal G-bundle. Let Ω ⇒ M be the corresponding gauge
groupoid. Then the following diagram is commutative:

P × P
@

@
@
@@R

π × π

?

p

Ω -
(β, α)

M ×M

Since π is a surjective submersion, π × π = (β, α) ◦ p is a surjective submersion which implies
that (β, α) is a surjective submersion. Hence Ω ⇒M is a locally trivial groupoid.

5. Examples

(1) Let M be a smooth connected manifold. Let M̃ be the universal cover of M . Then the fun-

damental groupoid Π(M) of M is the gauge groupoid of the principal bundle M̃(M,π(M))
where π(M) is the fundamental group of M . Hence Π(M) is locally trivial.

(2) Let G be a Lie group. LetM be a smooth G-manifold where G has a left action onM . The
corresponding action groupoid GnM is transitive if and only if the G-action is transitive.

(3) Let E
q−→M be a vector bundle. The frame groupoid of E can be identified with the gauge

groupoid of any frame bundle of E. Hence the frame groupoid of E is locally trivial.
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6. Exercises

(1) LetM be a smooth manifold and G be a Lie group. Determine the vertex groups and orbits
for
(i) the base groupoid M ⇒M .
(ii) the trivial groupoid M ×G×M ⇒M .
(iii) the action groupoid GnM , where M is a left G-space.

(2) Let G be a Lie group and g be its Lie algebra. Consider the Lie groupoid T ∗G⇒ g∗. For
any (g, ω), (h, θ) ∈ T ∗G such that α(g, ω) = β(h, θ) and X ∈ TgG, Y ∈ ThG show that

⟨(g, ω) · (h, θ), X · Y ⟩ = ω(X) + θ(Y ).

Also verify that

α[(g, ω) · (h, θ)] = α(h, θ) and β[(g, ω) · (h, θ)] = β(g, ω)

(3) Let G⇒M be a Lie groupoid. Then verify that (β, α) : G −→M ×M is a base preserving
morphism from G⇒M to the pair groupoid M ×M ⇒M .

(4) Let G ⇒ M be a Lie groupoid. Define G ×α G = {(h, g) : α(h) = α(g)}. Let the
structure maps of G×αG⇒ G be the restriction of the structure maps of the pair groupoid
G × G ⇒ G. Then verify that G ×α G ⇒ G is a wide subgroupoid of the pair groupoid
G × G ⇒ G. Define δ : G ×α G −→ G by δ(h, g) = hg−1. Then verify that (δ, β) is a Lie
groupoid morphism from G×α G⇒ G to G⇒M . δ is called the division map.

(5) Let M1 and M2 be two smooth manifolds and G1 and G2 be two Lie groups.
Let f : M1 −→ M2 and θ : M1 −→ G2 be smooth maps and s : G1 −→ G2 be a Lie group
homomorphism. Define

F :M1 ×G1 ×M1 −→M2 ×G2 ×M2

by

F (y, g, x) = (f(y), θ(y)s(g)θ(x)−1, f(x)).

Then verify that (F, f) is a morphism between the trivial groupoids M1 ×G1 ×M1 ⇒M1

and M2 ×G2 ×M2 ⇒M2.

(6) Let G1 and G2 be two Lie groups. Let M1 be a left G1-manifold and M2 be a left G2-
manifold. Let ψ : G1 −→ G2 be a Lie group homomorphism. Let f : M1 −→ M2 be an
equivariant smooth map. Then verify that (ψ × f, f) is a Lie groupoid morphism between
the action groupoids G1 nM1 ⇒M1 and G2 nM2 ⇒M2.

(7) Let G ⇒ M be a Lie groupoid. Let U ⊆ M be an open submanifold. Show that G U
U ⇒ U

is a Lie subgroupoid of G⇒M . This subgroupoid is called the restriction of G⇒M to U .


