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1. Basic CONCEPTS

Groupoids are a certain generalization of groups. We begin by recalling a concept associated in
general with any topological space, that of its fundamental groupoid.
Let M be a smooth manifold. Let P(M) be the set of smooth paths v : [0,1] — M on M with
the compact open topology. Define an equivalence relation ~ on P(M) by o ~ 7 if o and 7 are
homotopic relative to end points. Denote the equivalence class of a path v by (7). The fundamental
groupoid of M is the quotient space II(M) :=P(M)/ ~.
For any x € M let ¢, denote the constant path at x. Then the map ¢ : M — II(M) defined by
e(x) = (cp) is injective.
For any (1) and (~2) in II(M) such that 1 (0) = ~2(1), the multiplication of (1) and (v2) is defined
by (71)(y2) = (7172) where 712 is the concatenation of paths:

72(2t);  0<t<

N | =

M2(t) =

1
v (2t —1); §§t§1.

Note that 1172(0) = 72(0) and y172(1) = 72(1). Also any (), has an inverse given by (y)~! = (y~1)
where y1(t) = y(1 —t) for t € [0, 1].

For any = € M, the set of homotopy classes (relative to end points) of smooth paths () such that
7(0) = v(1) = = form a group m;(M,z) under the above multiplication called the fundamental
group of M based at x.

We can define surjections o : II(M) — M by a({y)) =v(0) and 5 : [I(M) — M by 5({y)) = v(1).
The map («, ) : II(M) — M is a covering map and hence the smooth structure of M can be
lifted to II(M). This structure is compatible with the quotient topology. Thus II(M) is a smooth
manifold. It can be shown that «, 8 are surjective submersions and m, € are smooth maps.

The above structures recur in various situations. The basic notion can be formulated as follows:

Definition 1.1. A set groupoid consists of two sets G and M called the groupoid and base respec-
tively, together with maps:

a:G— M (source projection),
B:G— M (target projection),
e:M—G (object inclusion)

(where, for any x € M, e(z) will also be denoted by 1,) and a partial multiplication m : G Xy G —
G defined on the subset

G xpu G=A{(h,g) € GxG:alh)=p5(9)}
of G x G, m(h, g) being denoted by hg, subject to the following conditions:
(i) a(hg) = a(g) and B(hg) = B(h) for all (h,g) € G xp G
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(ii) k(hg) = (kh)g, for all (k,h), (h,g) € G Xy G

(iii) a(ly) = B(1y) =z for all x € M

(iv) glag) =g and 1gg =g for all g € G.

(v) each g € G has a two sided inverse 1(g) = g~! such that

algH =8g) BlgH=alg) g lg=lay 99 =1y

A set groupoid is denoted by (G = M, «a, 8,¢,m, ) or simply G = M. The maps «, 3,¢,m and ¢
are called the structure maps of the set groupoid.

Proposition 1.2. Let G = M be a set groupoid. Let g € G. Then

(i) If (h,g) € G xm G and hg = g, then h = 1g).

(i) If (9.k) € G xa G and gk = g, then k = 1,(,).

(111) f(h,g) € Gxy G and hg = la(g), then h = gt
) (g,k‘) € Gxpy G and gkzlﬁ(g), thenk:g_l,

Remark 1.3. A set groupoid G = M can be thought of as a small category, with elements of
M the objects of this category and elements of G, the morphisms between these objects. Hence
elements of G are referred as arrows and any g € G is written as g(g) Vo (g)-

For any x € M, 1, is called the unity or identity corresponding to . Any 1,, z € M is written as

T
O.
Notation 1.4. Let G = M be a set groupoid. Let x € M. The a-fibre over = is denoted by
G := a~!(z) and the S-fibre over z is denoted by G* := B~!(z). Forany z,y € M, G% = G.NGY.

Similarly for any U,V C M, Gy == a }(U), G¥ := ~YV) and G; = Gy NG
The set {1, : x € M} is denoted by 1, or e(M).

Remark 1.5. Let G = M be a set groupoid. Let z € M. The set GZ is a group under the
restriction of partial multiplication and is called the vertex group at x.

Definition 1.6. A set groupoid G = M is a Lie groupoid if G and M are smooth manifolds, «, 3
are surjective submersions and the maps € and m are smooth maps.

Remark 1.7. Let G = M be a Lie groupoid. Let A(M) = {(z,z) : x € M}. Then A(M) is a
submanifold of M x M of codimension dim M. Also a X 8 : G x G — M x M is a surjective
submersion. Hence (a x 3)"Y(A(M)) = G x; G is a submanifold of G x G and codim (G x s G)
in G xGisdimM.

Remark 1.8. Let G = M be a Lie groupoid. Let x € M. Then G, and G* are closed embedded
submanifolds of G.

Remark 1.9. Let G = M be a Lie groupoid. Then a o e = idy;. Hence € is an immersion.
Therefore 14 is a closed embedded submanifold of G.

Definition 1.10. Let G = M be a Lie groupoid. Let z € M. The orbit of G = M through x is
defined to be B(a~!(z)).
The orbit of G = M through z can also be expressed as a(37(z)).
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2. SOME EXAMPLES OF LIE GROUPOIDS

Let M be a smooth manifold. Define a = 8 = ¢ = idys. Then
Mxy M={(x,y) e M x M :z =y} =A(M).

Define the partial multiplication m : M X3y M — M by (z,x) — x. Then clearly M = M
is a Lie groupoid. This is a base groupoid i.e. a groupoid in which every element is a unity.

Let M be a smooth manifold. Let G be a Lie group. Let e be the identity element of G.
Define a Lie groupoid M x G x M = M as follows: for any x,y € M, g € G, let

a:(z,9,y) =~y B:(r,9,y)—x €1 (1,6,7)
To define the partial multiplication m, let a(z, g,y) = B(z, h,w). Then y = z. Define
m((z,9,y), (y, h,w)) = (z, gh, w).

For any (z,9,y) € M x G x M, we get (,9,y)"" = (y,97",2).
The Lie groupoid M x G x M = M is called the trivial groupoid on M with group G.

Take M to be a point in the above example. This shows that any Lie group can be considered
as a Lie groupoid.

Let M be a smooth manifold. Let G be the trivial group. The corresponding trivial groupoid
M x M = M is called the pair groupoid on M.

Let M be a smooth manifold. The fundamental groupoid II(M) = M is a Lie groupoid.

Let G = M be a Lie groupoid. Applying the tangent functor to each of the structure
maps defining G gives the Lie groupoid T'G = T'M which is called the tangent prolongation
groupoid or simply tangent groupoid.

Let G be a Lie group. Let M be a smooth G-manifold where G has a left action on M.
Then G x M = M is a Lie groupoid described as follows: for any x € M, g € G and e
identity element of G,

a:(g,x)—x B:(g,x)—g-x e:x— (e,x)
To define the partial multiplication m, let a(g,z) = B(h,y). Then z = h -y. Define

m((g, h-y), (h,y)) = (gh,y).
For any (g,7) € G x M, we get 1((g,2)) = (g,2)~" = (g7, gx). Clearly, o, 3, ¢ and ¢ are
smooth maps. Since ¢! = ¢ this implies that ¢ is a diffeomorphism. Also « is projection
onto the second factor and hence is a surjective submersion. Again 8 = « o ¢ and hence
is a surjective submersion. The partial multiplication m can be identified with the map

GXGxM—GxM givenby (g,h,y)— (gh,y).

Hence m is smooth.
This Lie groupoid is called the action groupoid of G x M — M and is denoted by G x M.

Let G be a Lie group and g be its Lie algebra. We describe a Lie groupoid structure
T*G = g* as follows: Let e be the identity element of G. Let g € G. Let us denote the left



translation corresponding to g by L, : G — G and the right translation corresponding to g
by Ry : G — G.
For any w € T/, define
a:(g,w)— Lj(w) B:(g,w)— Ryw
We can identify T*G with G x g* by the diffeomorphism
:T*G — G x g* (g,w) — (g,LZ(w))

Thus o = pry and hence is a surjective submersion. Similarly 3 is a surjective submersion.
Define € : g* — T*G by v* — (e,v*) for v* € g*. Then ¢ is smooth.

The partial multiplication m on T*G is defined as follows: for any (g,w), (h,0) € T*G such
that a(g,w) = B(h,0), define

1 * *
(0:)- (0.0) = (g, 3 B30+ L 0)])
Clearly m is smooth. Next define

g, w) = (97", LyRy(w))
Then ¢ is a diffeomorphism.

So T*G = g* is a Lie groupoid called the cotangent groupoid of the Lie group G.
Recall that any g € G defines an inner automorphism

I,:G— G h s ghg™'.
Then G acts on itself from the left by
I:GxG—G (g,h) — ghg™!
and e is a fixed point of this action. Let
Adg=T(g)e:9—9
Then
Ad :Gxg—g (g,v) — Ad g(v),

is a left action and hence defines a representation of G into Aut (g). This is called the
adjoint representation of G.
For any g € G, let

coad g := (Ad g7 1)* : g* — g*.
This defines a left action
coad : G x g* — g* (g,v*) — coad g(v*).
We now describe the orbits of T*G =3 g*. Let v* € g*. Then
Ba~t(v*) = {B(g,w):9€G, Li(w)=v"} = {Ry(w):9€G, L} (v") =w}

{RgLy-1(v") 1 g € G} = {(Adg™")*(v") g € G}

= {(coad g)(v*) : g € G}.
So, the orbit of the groupoid T*G = g* is the orbit of the coadjoint action of G on g*.



3. TRANSLATION MAPS IN G = M

Definition 3.1. Let G = M be a Lie groupoid and let g € GG. Define

Ly : G — @GP by hsgh (left translation corresponding to g)
and

Ry :Ggg) —> Gag) by h—hg (right translation corresponding to g)

Proposition 3.2. Let G = M be a Lie groupoid and let g € G. Then L, and R, are diffeomor-
phisms.

Proposition 3.3. Let G = M be a Lie groupoid. The inversion map ¢ : G — G is a diffeomor-
phism.

Proof: Let ¢ € G. Then gg~! = lgg) = la(g-1)- Hence g = (g71)~L Thus ¢ = ¢ by
Proposition 1.2. Hence to prove that ¢ is a diffeomorphism it is enough to prove that ¢ is a smooth
map.

Let G x5 G = {(k,1) : B(k) = B(1)}. Then G x5 G = (B8 x B)"1(A(M)) and hence is a submanifold
of G x G of codimension dim M. Define

0:GxyG— GxgG by (k1) (kkl).
Then 6 = pr; x m and hence 6 is a smooth map. Also 6 is a bijection.

Note that ¢ can be expressed as the composition

Y Gxs 60 G x GG

ie. forany g € G, g+ (g,1g(y)) = (g,g_llﬁ(g)) =(g,97H)—~gt
Hence to prove that ¢ is smooth, it is enough to show that 6 is a diffeomorphism. Note that
dim(G xp G) = dim(G xg G) = dim(G x G) — dim M.
Hence to show that 6 is a diffeomorphism it is enough to show that € is an immersion.
We have
T(GxuG) = Tl(axpB) (AM))] = (T(a) xT(B))"HTA(M))

= {(X,)Y)eTGxTG :T(a)(X)=TB)Y)} = TGxrmuTG.
Let m be the partial multiplication on G. Let (g,h) € G xp G and let a(g) = f(h) = x. We have
the restriction of m,
m: Gy x G¥ — G.

So,

T(m) : TQGI X Tth — TghG.
Now for any X € T;G, and Y € T);,G'*,

T(m)(g,h) (X7 Y) = T(m)(g,h)(X7 0) + T(m)(g,h) (07 Y)

Also m : Gy x {h} — G is just Ry : Gz — G- So,

T(m) g, (X, 0) = T(Rp)g(X).
Similarly, m : {g} x G®* — G is just Ly : G* — G A9). So,

T(m) g, (0,Y) = T(Lg)n(Y).
Hence
T(m) (g, (X,Y) = T(Rp)g(X) + T(Lg)n(Y).
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Let (X,Y) € Tiyn) (G X G). Suppose that T'(0) 1) (X,Y) = (0,0). Now pry o6 = pry. So
T(pry ©0) g, (X,Y) = T(pry)(gn (X, Y) = X.
Also
T(pry 0 0)gn)(X,Y) =T (pry)(g,gn) © T(0)(g,n)(X,Y) = T(pry)(g,40)(0,0) =0
Hence X = 0. Next note that pry 06 = m. So
T(prQ)(g,gh) o T(‘g)(g,h) (X, Y) = T(pI‘2 © 9)(g,h) (X, Y) = T(m)(g,h)(Xv Y)

= T(Rp)g(X) +T(Lg)n(Y) = T(Lg)a(Y).
Also
T(prZ)(g,gh) o T(G)(g,h) (X, Y) = T(prZ)(g,gh)(Ov 0) =0.
Hence T'(Lg)n(Y) = 0 which implies that Y = 0, since L is a diffeomorphism.
Thus 6 is an immersion.
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