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The dual A* of a Lie algebroid A has a linear Poisson structure and if a
vector bundle E has a linear Poisson structure, then E* has a Lie algebroid
structure; these processes are mutually inverse.

The work in this talk grew out of considering multiple versions of this duality. Recall
also:

For any Poisson manifold P the cotangent bundle T*P has a Lie algebroid
structure.

Given a Lie algebroid A there is a Poisson structure on A* and hence a Lie algebroid
structure on T*A*.

This is a vector bundle over A* but there is also a vector bundle structure over A,
due to the canonical diffeomorphism T*A* = T*A (valid for any vector bundle).

With these two structures T*A* is a double vector bundle.

T*A—— A*

|

A——M
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Before considering T*A, consider TA for A a vector bundle on M.

TA is a vector bundle on A (of course), but there is a second vector bundle structure
on TA, this one with base TM.

The projection is T(q) where g: A — M is the projection of A.

The zero section is T(0), the additionis T(+), ...everything works, because T
preserves diagrams. (BTW, to emphasize this process, | write T(f) instead of df for
any map of manifolds.)

We show these two structures in the diagram
TA
PA\L
A

This is a double vector bundle (definition shortly). The diagram is not meant to be read
as a morphism; it should be read as a mathematical structure in its own right.

-
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There are two short exact sequences associated with TA.

Tq is a map of vector bundles so has a pa is also a map of vector bundles and
kernel. has a kernel.
Tq ba

AxyA——sTA—— TM Axy™ —TA——A.
A vector £ € TA which is annulled by A vector £ € TA which is annulled by pa
Tq is vertical, so is tangent to a fibre, so is on the zero section. Given § € Ty, A,
consists of a base-point in some fibre, project £ to X = T(q)(§) € TM. Then
and a vector in that fibre. & — T(0)(X) is vertical, so identifies

) . . withan e € Ap.
The kernel is the inverse image bundle

of A over itself The kernel is the inverse image of A

over TM — M.

Right-inverses to TA — A xy TM, € — (pa(€), T(q)(&)) are equivalent to connections
in A.
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4. Structures on TA

The two structures on TA are compatible in the sense that the maps defining each
structure are linear with respect to the other.

For the additions this means that given four elements, & € TA, i=1,...,4,

T(q)
§—>X of TA—>TM

]

a——>m A——>M

Then
(&1 +&) + (&+8) = (& F &) + (&2 F &)

Here + is the standard addition of tangent vectors and T+M is the additionin TA — TM.

This is the interchange law. It is the main defining condition for a double vector bundle.
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structure maps of D — A (the bundle projection g4, the
addition JAr , the scalar multiplication, the zero section)

are morphisms of vector bundles with respect to the
other structure.

><—0
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A double vector bundle is a manifold D with two vector
bundle structures, over bases A and B, each of which
is a vector bundle on a manifold M, such that the
structure maps of D — A (the bundle projection ga, the
addition —L— , the scalar multiplication, the zero section)

are morphisms of vector bundles with respect to the
other structure.
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ST<—w

The condition that the addition JX is a morphism with respect to the other structure is
the interchange law

(di 4 0b) + (ds + di) = (ch + ) + (co £ da).
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vector bundle structures.

First, regard A x B as q;B, the pullback of B over g4. Next, regard A x, B as
gpA, the pullback of A over gg.

This is a double vector bundle (a very simple one).

Now consider three vector bundles A, B, C on the same base M, and the manifold
A XM B XM C.

First, form the Whitney sum bundle B @& C — M and take the pullback over ga. This
gives a vector bundle g}y(B @ C) over base A.

Next, form the Whitney sum bundle A& C — M and take the pullback over gg. This
gives a vector bundle q!B(A @ C) over base B.

With these two structures, D := A xy B x C is a double vector bundle, called
decomposed.

Every double vector bundle is isomorphic to a decomposed double vector bundle (not
usually in a natural way).

Note: The Whitney sum A@® B & C is a vector bundle over M. A general double
vector bundle D does not have a vector bundle structure over M.
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8. Duality

D — A is a vector bundle so can be dualized as usual. There is no a priori reason to
expect that the result will form a double vector bundle.

DfA——7

I

A——>M

-

><—0

E—
However ...

Write C for the set of all elements of D which project to

zero in both structures. c——08
C is closed under addition, and the two additions l

coincide, due to the interchange law.

So C is a vector bundle over M. 0A ——=m

C isthe coreof D.
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9. Short exact sequences

The bundle projection D — B is a morphism of vector bundles over A — M. Write
Khor for its kernel. Every element of K, is the sum (uniquely) of a core element and a
zero elementin D — A.

B equals c¢——> 08 plus(over B) 05— 0B

L L

0A——>m a——>m

o

_—

H<—x

—_—

where ¢ = k—Bﬁa.

The addition in Ko, turns out to correspond to adding the core elements. So K, is
the inverse image bundle q!AC and we have a short exact sequence

0—qg4C—>D—qg,B—0

(Shriek denotes inverse image.)
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11. Example: duals of TA

For D = TA the core is A. Consider: the kernel of TA — A is the vectors along the
zero section. And the kernel of TA — TM s the vertical vectors. Vertical vectors are
tangent to the fibres and at zero can be identified with points of the fibres.

TA——>TM T*A —— A*

RN

A——sM A——sM

What is the dual of TA over TM ? Apply the tangent functor to A xy A* — R and we
get TA x 1y T(A*) — R, also a non-degenerate pairing. So

T(A*) —>= TM

| L

A——>M A ——— M
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12. The duals are dual

Theorem: DTA — C* and D¥B — C* are themselves dual.

SKETCH PROOF: Take & € DTA and W € D B projecting to same « € C*.
Sayd—~acAand V— be B.

K v b d b
M K M a M

Take any d € D which projects to a and b. The pairing is

-k @ V—>0 4a-——>

H<——5

E— _— v a——-

(O, V) = (d,d)a— (V,d)s.

The subtraction ensures that the RHS is well-defined. X
D¥A — C* and DB — C* are dual as double vector bundles.

Note: We could define
<¢, W>C* = 7<¢7 d)A + <\U, d)B

Apart from the choice of signs, the pairing is unique.



13. The duality group
horizontal.

Now write X for dualization in the vertical structure and Y for dualization in the

N



13. The duality group
horizontal.

Now write X for dualization in the vertical structure and Y for dualization in the

N



13. The duality group

horizontal.

[

i

Now write X for dualization in the vertical structure and Y for dualization in the

><—0

R

N



13. The duality group

horizontal.

[

]

Now write X for dualization in the vertical structure and Y for dualization in the

><—0




13. The duality group

horizontal.

[

Now write X for dualization in the vertical structure and Y for dualization in the

DX — s C*

]

><—0

T

B—M




13. The duality group

horizontal.

[

Now write X for dualization in the vertical structure and Y for dualization in the

B DXHC* DXYHC* DXYXHA
—M A——>M B—M

B—M

><—0




13. The duality group

horizontal.

[

Now write X for dualization in the vertical structure and Y for dualization in the

B DXHC* DXYHC* DXYXHA
—M A——>M B—M

B—M

><—0




13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — > C* DXY — s C* DXYX s A
A——sM A——sM B—M B—m M

The final double vector bundle is the ‘flip’ of the first.



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:
B
M

_

[

r<—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B

L]

C* ——= M

_

[

r<—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B DX = A

L] 1]

C* ——M C*——M

_

[

r<—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B DX = A DY S A

o T T

C* ——=M C* —>M B—m>M

_

[

><—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B DX = A DY S A

o T T

C* ——=M C* —>M B—m>M

_

[

><—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B DX = A DY S A

o T T

C* ——=M C* —>M B—m>M

_

[

><—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D— s B DXHC* DXYHC* DXYXHA
A——sM A——>M B—M B——M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

DY — =B DX = A DY S A

o T T

C* ——=M C* —>M B—m>M

_

[

><—0



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

D——8B DY — =B DX = A DY S A
A—sM C* ——=M C* —>M B—M

DXYX and DYXY are canonically isomorphic. Briefly, XYX = YXY.



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

D——8B DY — =B DX = A DY S A
A—sM C* ——=M C* —>M B—M

DXYX and DYXY are canonically isomorphic. Briefly, XYX = YXY.

Together with X2 = Y2 = | this shows that X, Y generate the symmetric group of
order 6.



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

D——8B DY — =B DX = A DY S A
A—sM C* ——=M C* —>M B—M

DXYX and DYXY are canonically isomorphic. Briefly, XYX = YXY.

Together with X2 = Y2 = | this shows that X, Y generate the symmetric group of
order 6. Write %%, for this group.



13. The duality group

Now write X for dualization in the vertical structure and Y for dualization in the
horizontal.

D——B DX — s C* DXY — s C* DXYX S A
A——sM A——sM B—M B—M

The final double vector bundle is the ‘flip’ of the first. There is no canonical sense in
which the two can be identified.

Now do this the other way round:

D——8B DY — =B DX = A DY S A
A—sM C* ——=M C* —>M B—M

DXYX and DYXY are canonically isomorphic. Briefly, XYX = YXY.

Together with X2 = Y2 = | this shows that X, Y generate the symmetric group of
order 6. Write %%, for this group.

In effect 2%, is the symmetric group on {A, B,C*}.
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14. Triple case

Before going on to the triple case, it's reasonable to ask: Why go further ? Recall:
Lie algebroid on A = Poisson structure on A* —> Lie algebroid on T*(A*)
(Double vector bundle)

In a similar way the cotangent of a double vector bundle is a triple vector bundle. Any
study of bracket structures on a double vector bundle will lead to working with triples.

D——=B TD——TB T*D —— DB
Ny N N
A——M

And there is always curiosity. As it turns out the answer in the triple case is surprising.
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X E1,2,3>f/—:23 —Ep3
Eip3 ———Ep3
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On the RHS is EX. Imagine calculating EXYXZ this way ...it gets unwieldy very
quickly. Instead ...

Each face of E is a double vector bundle and has a core (denoted by removing
commas).

Further, there is the set of all elements e € Ej 5 3 which project to zeros in all three of
Ei2, Eo3 and Eg . Itis a vector bundle on base M, denoted Ej»3 and called the
ultracore.

For brevity write Eg = Ej,5.
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Ei23 X 5 Ep3 Ei23TE3 — Ep3
Eis Es Ey1oTEs — E3
E1’2 e E2
o N\ Exs1TE —|—> B>

Ef ———M \ \

Eo%M

X leaves E, and Ej fixed and interchanges E; with Ey.

I [TE&EJE[E]E]
X[ E | E|B]|E
Y E [E | E | E
Z 1 E [E | B | E

So the group of dualization functors acts as S, on Eq, E», E5 and Ey.
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17. Duality for triple vector bundles

We have a surjection 2%3 — S, and want the kernel.

S, is generated by o1 = (01), o2 = (02), o3 = (03). These are subject to
of =1, (0joj)® =1, (giojoiok)? =1,

for i,j, k distinct.

We know that X2 = Y2 = Z? =1, and that (XY)3 = ... =1.

Is it also true that (XYXZ)2 =1 ?

To settle this, look at the ‘automorphisms’ of E.
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First the double vector bundle case.

A statomorphism ¢: D — D is an automorphism which induces the identity on A, B
and the core C.

We may as well consider just the decomposed case, D = A xy B xy C.

Then ¢ is
e(a,b,c) = (a,b,c+¢(a b))

where £: A xy B — C is a bilinear map. We usually write £: A®@ B — C.

In the triple case we have the cores Eio, Ej3, Eos of the lower faces and the ultracore
Ei23. So an element of a decomposed triple vector bundle is
(&1, €2, €3, €12, €13, €23, €123)

and a statomorphism is determined by six bilinear maps

(172,03): E1(X)E2—>E127 (173,02) E1(X)E3—>E137 (273,01) E2(X)E3—>E237
(1,23,0): Ey ® Ep3 — Eqp3, (2,13,0): E2 ® Ey3 — Eqz3, (3,12,0): E3 ® Eqj2 — Eqzs,

and one trilinear map: (1,2,3,0): E1 ® Eo ® Ez — Eqo3.
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Now a dualization operator will act on statomorphisms. In the double case applying X
to £&: AQ B— C sendsitto —¢: A® C* — B*. (We use the same letter for

A® B — C and the rearrangements A® C* — B*, AQ B® C*, ...) The minus sign
comes from the minus sign in the pairing of duals.

The triple case :

(1,2,03) | (1,3,02) | (2,3,01) | (1,23,0) | (2,13,0) | (3,12,0
X | =(2,13,0) | —(3,12,0) | (2,3,01) | —(1,23,0) | —(1,2,03) | —(1,3,02
Y || =(1,23,0) | (1,3,02) | —(3,12,0) | —(1,2,03) | —(2,13,0) | —(2,3,01
Z (1,2,03) | —(1,23,0) | —(2,13,0) | —(1,3,02) | —(2,3,01) | —(3,12,0

We can now calculate the effect of a word such as (XYXZ)? on the statomorphisms
and we get

(1,2,03) (1,38,02) (2,3,01) (1,23,0) (2,13,0) (3,12,0)

X [ =(2,13,0) | —(3,12,0) (2,3,01) | —(1,23,0) | —(1,2,08) | —(1,3,02)

YX (2,13,0) (2,3,01) | —(3,12,0) (1,2,03) (1,23,0) | —(1,3,02)
XYX [ —(1,2,08) (2,3,01) (1,3,02) | —(2,13,0) | —(1,23,0) (3,12,0)
XYXZ || —(,2,03) (2,13,0) (1,23,0) | —(2,3,01) | —(1,8,02) | —(3,12,0)
(XYXZ)2 (1,2,08) | —(1,3,02) | —(2,3,01) | —(1,23,0) | —(2,13,0) (3,12,0)
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So (XYXZ)? does not act as the identity on the statomorphisms. This certainly
suggests that (XYXZ)? is a nonidentity element of the kernel. However, we have not
yet made clear what the group 2.%3 is and when an element is the identity.

Duality of ordinary vector bundles is a contravariant functor. For triple vector bundles,
X, Y, Z are contravariant functors (on suitable categories) and XY, for example, is a
covariant functor.

Defn: Two words W; and Ws in X, Y, Z define the same element of 273 if they
induce the same permutation on Eq, Eo, E3, Ey and if W, WZ*1 is naturally isomorphic

to the identity through statomorphisms.

Consideraword W in X, Y, Z. If W is in the kernel, then it is a covariant
(auto)functor on the category of triple vector bundles,

Theorem: The action of W on the set of statomorphisms is the identity if and only if
W is naturally isomorphic to the identity functor through statomorphisms.

So (XYXZ)? # 1. Equivalently, (XYX)Z # Z(XYX). So ‘flipping’ in the XY -plane
does not commute with dualizing in the Z direction.



21. Structure of the group 2.7

Write Ky for the kernel of 273 — S,.

RN Ge



21. Structure of the group .73

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)? # 1 isin K;. Likewise (YZYX)? and (ZXZY)? are in Ky, and
(with 1) form the Klein 4-group Kj .




21. Structure of the group .73

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.

1—)K4—>9¢7@\3—>S4—>1.




21. Structure of the group .73

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—)K4—>9¢7@\3—>S4—>1.

In particular %35 has order 96.

u]
o)
I
u
it




21. Structure of the group 9.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—)K4—>@ﬁ3—>84—)1.

In particular %35 has order 96.
Action of S4 on Kj: for (01) use X:

X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)? = (YZXZ)? = (ZXZY)?,

and so on.



21. Structure of the group 2.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—)K4—>@ﬁ3—)84—)1.

In particular %35 has order 96.

Action of S4 on Kj: for (01) use X:
X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)2 = (YZXZ)2 = (ZXZY)Z,
and so on. The extension is not semi-direct.

» Question: What do the (non-identity) elements in the kernel represent? They have
order 2 so are like classical duality operations (but are covariant).



21. Structure of the group 2.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—)K4—>@ﬁ3—)84—)1.

In particular %35 has order 96.

Action of S4 on Kj: for (01) use X:
X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)2 = (YZXZ)2 = (ZXZY)Z,
and so on. The extension is not semi-direct.

» Question: What do the (non-identity) elements in the kernel represent? They have
order 2 so are like classical duality operations (but are covariant).



21. Structure of the group 9.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—>K4—>@3/73—)S4—>1.

In particular %35 has order 96.

Action of S4 on Kj: for (01) use X:
X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)2 = (YZXZ)2 = (ZXZY)Z,
and so on. The extension is not semi-direct.

» Question: What do the (non-identity) elements in the kernel represent? They have
order 2 so are like classical duality operations (but are covariant).
However they affect only the “internal structure”. They are “covert.”



21. Structure of the group 9.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1= Ky = 293 — Sy — 1.
In particular %35 has order 96.
Action of S; on Ky: for (01) use X:
X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)? = (YZXZ)? = (ZXZY)?,
and so on. The extension is not semi-direct.

» Question: What do the (non-identity) elements in the kernel represent? They have
order 2 so are like classical duality operations (but are covariant).
However they affect only the “internal structure”. They are “covert.”

» The main consequence of the determination of 22%3 may be expressed as:



21. Structure of the group 9.7

Write K, for the kernel of 2%3 — S,.

We have that (XYXZ)2 # 1 isin Ky . Likewise (YZYX)? and (ZXZY)? arein K;, and
(with 1) form the Klein 4-group Kj .

So 2%73 is an extension of S; by the Klein four—group.
1—>K4—>@3/73—)S4—)1.

In particular %35 has order 96.

Action of S4 on Kj: for (01) use X:
X(XYXZ)2X = X(XYXZ)(XYXZ)X = YXZXYXZX = (YXZX)2 = (YZXZ)2 = (ZXZY)Z,
and so on. The extension is not semi-direct.

» Question: What do the (non-identity) elements in the kernel represent? They have
order 2 so are like classical duality operations (but are covariant).
However they affect only the “internal structure”. They are “covert.”

» The main consequence of the determination of 22%3 may be expressed as:
In addition to the identity (XY)3 = 1 (and its conjugates), which arise

from the duality of the duals of a double vector bundle, in the triple case
there is only one further identity, namely (XYXZ)* =1.
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22. Four-fold case

9%, is an extension of S5 by K5 = Co x Co X Co X Co X Co.
1> Ks = 9%4 — S5 — 1.

9%4 has order 3,840.

9%, has nontrivial centre Co.

Defining relations:
For ordinary duality we have X2 = /.
For the duality of doubles we have, as well, (XY)3 = /.
For the duality of triples we have, as well, (XYXZ)* = I.
For n = 4 we have, as well,
(1213)2.(1413)2.(3424)% = I, (1213)2.(1214)2.(2434)%.(1434)2 = |,

where (1213)2 is short for (Xj Xo X X3)?, etc.
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23. Remarks

» These groups seem unreasonably large. However neither S, ¢ nor K, is
interesting in itself; it is the extension that is significant, especially the set of
relations needed to define the group (using as generators the basic dualizations).

» This work arose from studying bracket structures on double vector bundles.

See tomorrow’s talk for this.

» The groups 2%, are not invariants of any one n-fold vector bundle, but rather of
the whole class of n-fold vector bundles. As far as we know, these groups have
not been studied before.
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