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Real x-product Poisson manifolds

stacks of algebroids

(Kashiwara, Kontsevich) Maurer-Cartan elements

Complex



A complex Lie algebroid consists of

m a complex vector bundle A — M,
m abundle map a: A— TcM called anchor

m and a Lie algebra bracket [-, -] on the space of sections
r(A)

such that
m agives a Lie algebra homomorphism from '(A) to X¢(M)
m and the Leibniz rule
[u, fv] = (a(u)f)v + flu, V]

holds V f € C>°(M,C) and u, v € [ (A).



A — vector bundle over M

Ais a Lie algebroid
)

FACT: (T(A*A), A, [,]) is a Gerstenhaber algebra

0
(T(A*A*), A, d) is a differential graded algebra

Here d is a degree 1 derivation of the graded commutative
algebra (I'(A®A*), A) such that d? = 0:

n

(do)(up, ty, -+, un) = > _(=1) a(up)a(uo, -~ , Ty, -+ , Un)

i=0

+Z ’—HOé[U,,U/] u0>"'7L/I\I'7"'7L7/'7"'7uI7)-
i<j



A— M — complex vector bundle.

(F(A*A), A, [,], di) is a differential Gerstenhaber algebra

)

Both A and A* are Lie algebroids + compatibility conditions.

LIE BIALGEBROID




DEFORMATIONS OF LIE BIALGEBROIDS
AND THE MAURER-CARTAN EQUATION



m (A A*) — complex Lie bialgebroid
m Hc(A2A)

Twist the differential d. : T(A*A) — T(A*+1A) by H:
df r(A*A) = T(AT14), dfu=d.u+[H, u].
THEOREM (LI1U-WEINSTEIN-XU, 1997): If H satisfies the
Maurer-Cartan equation
d*H+%[H,H]:0, (1)

then (T(AA), A, [-,]), d) is again a differential Gerstenhaber
algebra. Thus (A, A})) is a Lie bialgebroid.

Any solution H € T(A2A) to (1) is called a Hamiltonian
operator.



The Lie algebroid structure on A}, can be described explicitly:
al=a,+aoH

and

[, A1 = [av, B + [, B]n.

Here
[, B1H = Li(a) B — Lie gy — dh(H¥(a)|3),
forall o, 5 € T(A¥).



MAURER-CARTAN ELEMENTS ON COMPLEX MANIFOLDS
EXTENDED POISSON STRUCTURES



X — complex manifold of complex dimension n with almost
complex structure J

TceX=TXxC

T:X=T*X®C

J:TeX —- TcX — C-linear extension of J

T'0X and TO%'X — its eigenbundles (A = +v/—1)

TPAX = APT'OX @ AITOTX
(TPIX)* = AP(TTOX)* @ AI(TO1X)*



Consider

A=TWOXq((T0X)*, A =T0'Xq(TO0X)

Endow A with a complex Lie algebroid structure as follows:

anchor is Pry
bracket fully determined by
m[0,w] =0, Vf,weQ"
m [X, Y] defined in the usual way, VX,Y e T(T"'0X)
B [X,0]=0, VvXel(T'"'X)and g c Q%' s.t. 90X =0and
00 = 0.

Similarly, A* may also be endowed with a complex Lie algebroid
structure.



We have
NA= P TOX®(THX),
i+j=k
NA = P T¥X & (THOX)",
i+j=k
The Lie algebroid differentials d, and d induced by the Lie
algebroid structures on A* and A are the usual J- and
0-operators, respectively:
d: QU(THOX) — QU (TIOX),
9 QYO(TOX) — F1O(TOX).



A= T1’0XEB(T071X)* A*:T0’1X@(T1’OX)*

FAcT: (A, A*)is a Lie bialgebroid

DEFINITION: An extended Poisson manifold (X, H) is a
complex manifold X equipped with an H € I'(A%A) which is a
Hamiltonian operator with respect to (A, A*), i.e.

GH + 3[H, H] = 0. (2)

H is called an extended Poisson structure.



Write
H=n+0+w,

where

m e l(T20X);
m 0 e (THOX @ (TOX));
B w e [((TO2X)").

Then
[w,w] =0
H=r+4+0+wis Ow + [w,0] =0
extended = 960 + 310,0] + [w,7] =0
Poisson om+10,7] =0

[, 7] =0



REMARK: If 7 + 6 + w is a solution of the MC equation, then
S0 is A\t + 0 + A\~ 'w for every A € C*.

EXAMPLES:

H = = is an extended Poisson
< m is a holomorphic Poisson bivector field.

H = ¢ is an extended Poisson < 90 + }[0,6] = 0.

Moreover, if & o 6” — 1 is invertible, 0 is equivalent to a
deformed complex structure.

H = w is an extended Poisson < dw = 0.



MORPHISMS OF EXTENDED POISSON STRUCTURES
(VIA COISOTROPIC SUBMANIFOLDS)



Coisotropic submanifolds

YCcX — complex submanifold

(THOY)L = {g e (TYOX) |y st (€]v) =0, Vv e T1’°Y}

DEFINITION: A complex submanifold Y of an extended
Poisson manifold (X, H) is called coisotropic if

H(vi, ) =0, Yvi,ve TOY g (THOY)L



IF H ==, THEN Y is coisotropic < it is coisotropic in the
usual sense, i.e. 7# ((T1OY)+) C T'OY or n(¢4,&) =0,
Vér, &2 € (THOY)L.

IF H=w, THEN Y is coisotropic < (*w = 0, where
t: Y — X is the embedding map.

IF H = 0, THEN Y is coisotropic < 6°(T%'Y) c T'.0Y.



Morphisms of extended Poisson structures

Let (X4, Hy) and (X2, H>) be two extended Poisson manifolds.
A holomorphic map f: X{ — X> is called an extended
Poisson map if its graph

Gr = {(x,f(x)) | x € Xy}

is a coisotropic submanifold of X1 x X}, where X}, means
(Xo, H} = —7 + 0 — w).



FACTS:

Let f: Xi — X, be a holomorpic map between two
extended Poisson manifolds (X1, Hy) and (X2, H>) with
H==mi+0+w,i=1,2.

f is an extended
Poisson map

=

fomy = mo
f*CUQ = W1
f, o 9? = 9; of,

The composition of two extended Poisson maps is again
an extended Poisson map.



HOMOLOGY AND COHOMOLOGY
OF EXTENDED POISSON MANIFOLDS



Lichnerowicz-Poisson cohomology

H*(X, H) = cohomology of the Lie algebroid A},
(aka tangent cohomology)

It is the cohomology of the cochain complex

L rakay 2 pakrtay 2
where o
r(A"A) = @ Q%/(T"°X)
i+j=k
and

M =0d+H,]



PARTICULAR CASE |

H==m — holomorphic Poisson bivector field
A; = TO1 X 0 (T10X)% “matched pair”
H*(X, H) = total cohomology of the double complex

d dre dr
QO0(X, T20X) —0. 0.1(x, T20X) — 0. Q02(X, T2OXP— ...
dr dr dr
QOO(X, T1OX) —0o 0.1(X, T1OX) — 2o QO2(X, T1OXP— ...
dr dr dr

Q00(X, T00X) —2- Q01 (X, TOOX) —- QO2(X, TOOXf— ...




EXAMPLE
Consider X = CP' x CP!

m dim HO(X, A2TX) =9
m In the affine chart

U={(1:x],[1:w)},
any holomorphic bivector field reads as

T = (@4 + @X + asx® + asw + asxw + agx’w + a;w?

o 0
2 2..,2

as Xw AgX“W)— N —
+ agxw” + ag )6x B’

where a;, i = 1,2,...9 are constant numbers.



THEOREM (HONG & XU): The Poisson cohomology of
(X = CP' x CP',7) is

dim H2(X) = 1
dim H!(X) = 6 — rank(M)
dim H2(X) = 9 — rank(M)
dmH. (X)=0 (i>3)
where M is the matrix
—aos a 0 —ay a 0
—2ay; 0 2a; —-a a 0
0 —as ao —3ag as 0
—as as 0 —-2a; 0 2a
M = —28g 0 2a, —2ag 0 2a,
0 —8 a5 —2ag3 0 2ag
—a3 a O 0 -a &
—2a9 0 2a; 0 —ag as

0 —dg as 0 —dg dp



PARTICULAR CASE I
H=0cQ®(T'9X) — a Mayrer—Cartan element such
that 6 o 8” — 1 is invertible

Then
=~ P H(X,NTpX).
i+j=k
TyX — the holomorphic tangent bundle
of the deformed complex mani-
fold X

In particular, if H = 0, then

H(X,H) = € H'(X,NTX).
i+j=k



Koszul-Brylinski homology

H.(X, H) = cohomology of the Lie algbd Ay, with coeff in .Z
LRYL = QA*H — Evens-Lu-Weinstein module



B — X — complex Lie algebroid with anchor map a

EVENS-LU-WEINSTEIN MODULE

Qg = N"PB@ ANPTEX

The representation of B on Qg is given by

n
Va(a1A--~Aan®u):Z(a1/\--~/\[a,oz,-]/\-~~/\an®,u)
i=1
+a1/\"‘/\04n®La(a)M7

where a, a1, ,ap € T(B), u € T(APTEX).



Now

Aip=T¥ X & (THOX)",
QA,*_, — /\n(T1’0X)* Q /\n( T1’OX)*.
Accordingly,
1
_ N2 ~ An/T1,0 *
g_OA:,_/\ (THX)™.
Associated differential operator:

d’: TN A® 2) —» TN A 2).



LEMMA: The diagram

FAfA® £) F(AM1AR 2)
@i—j:n—k QY Bt [0m] @i—j:n—k—1 Q"
commutes.
tHA = —H -\

— Clifford action



PROPOSITION: The Koszul-Brylinski homology Hk (X, H) of
the extended Poisson manifold (X, H) is isomorphic to the
cohomology of the cochain complex

D 27, 5+10.m))

i—j=n—k



EXAMPLE |
H=m

(S, arxiv:0903.5065)

holomorphic Poisson bivector field

Then H,(X, H) is isomorphic to the total cohomology of the

double complex

ce 5 Qn—k+1,0
3]
R o Uit S
]

e Qn—k+1,2

d

(=)0

Qn—k,O
d
1+k
(=)0 Qn—k,1
d
2+k
C770 | gn-ke2
d

(_1)k+1 O

(_1)1+k+187r

(71)2+k+18,,

Qn—k—1 ,0

a71' = [87 I7r]

_— .



THEOREM (S): For any holomorphic Poisson bivector field =
on X = CP' x CP', we have

Ho(X,7) =0
Hy(X,7) =0
Ho (X, 7) = C*
Ha(X,7) =0

Hy(X,7) = 0.



EXAMPLE I
H=we QOvQ(X) with dw = 0

Then o
Ho(X,H)= H( € Q7,5+ 0wA)
i—j=n—k

— the twisted Dolbeault cohomology



ExAmMPLE Il

H=0cQ®(T'9X) — a Mayrer—Cartan element such
that 8" o #° — I is invertible

Then N
Hk(X7 9) = @ Hg/(x)a
j—i=n—k

where ng(X) is the Dolbeault conomology of the deformed
complex structure.



Evens-Lu-Weinstein duality

m X — compact complex manifold
m B — acomplex Lie algebroid over X with rankcB = r

There is a natural map
1 1
¢ : T(AB*xQB)aI (AP K B*x Q) — I(A\'PB*©Qp) = T(ANPTEX)
Integrating, one gets the pairing
1 1
F(AKB* x QF) @ T(A\P~FB* x Q) — C,

§®77’—>/X¢(§®77)-



THEOREM (EVENS-LU-WEINSTEIN 1997, BLOCK 2005): For
a complex Lie algebroid B over a compact manifold X, map (3)
induces a pairing

1 1
H*(B, Q3) ® H**~%(B, Q) — C.

Moreover,

B is an elliptic Lie algebroid \ = \pairing is non-degenerate




A complex Lie algebroid B is called elliptic,
if Reoag: B— TXis surjective.

ag:B— TcX — anchormap
Re: TcX — TX — taking real part



MAIN THEOREM: Assume that (X, H) is a compact extended
Poisson manifold of complex dimension n.

Then the map
Qi’j®Qk’l—>(C:C®17r—>/(C/\17)t°p
X

induces a pairing on the Koszul-Brylinski Poisson
homology:

Hi(X, H) ® Hop_k(X,H) = C (4)
And if
F = (conjugation + @) & 7* : TO'X @ (T"0X)* — T'0X,
where H = 7 + 6 + w, is surjective, then

m H*(X,H) and H,(X, H) are all finite-dimensional;
m the pairing (4) is non-degenerate.



NOTE:

If the 6-term is missing, i.e. H =71 + w,
then F is automatically surjective.

If H= 0, we recover the Serre duality pairing on

H(X.H) = @ HY(X).
Jj—i=n—k



QUESTION: What is Z Kdim H (X, H)?

For a compact holomorphic Poisson manifold (X, 7), we have
> _(=1)fdim He(X, m) = (=1)"x(X),
K

where x(X) denotes the standard Euler characteristic of X.
(S, arxiv:0903.5065)



MODULAR CLASSES

modular class of a obstruction class for the
complex Lie algebroid =  Evens-Lu-Weinstein module
B Qg to be trivial



m B — complex Lie algebroid over X
with rankcB =randdimX =m
B Qg=NBoAN"TEX — ELW module of B

Consider the complex of sheaves over X

80 %, g1 Gy g2 95, gr (5)
where
m S — sheaf of nowhere vanishing smooth complex
valued functions on X
m S* — sheaf of sections of A®*B* (soft sheaf)
m dpf = dglogf= %' vfeC®U,C*), UcX
m dg — usual Lie algebroid cohomology differential
m H*(B,C*) — hypercohomology of this

complex of sheaves



IEI'(B, C*) can be computed by the total cohomology of the
Cech double complex

(% 8% —% EOw; STy~ EOw;Ss?) — % ...
1) 1 é
Sl 80 — % &\ w.s'y — % E\w;s?) % ...

1) 1 1

o 8%) —s (8T s (w87 U

s 5 5
(6)
where
m % ={U},.; — good covering of X

mo — usualCech coboundary operator



MODULAR CLASS OF B

wij — nowhere vanishing sections of Qg over U;

3! fj € C(Uj, C*) such that w; = fjw;

& €T(B*|y) st. Vxwj = (& X)wi, VX € T(Bly) —
modular 1-form on U; corresponding to w;

Hence

daf; )
=&+ defy
fi

§i=¢§+

&, fi) is a 1-cocycle of the double complex (6)
i

Y

defines aclass| mod (B) = [(&, fj)] € H'(B,CX)




A complex Lie algebroid B is said to be unimodular if its
modular class vanishes.

Because the sheaves S* are soft, the short exact sequence of
sheaves
0-7Z-CZ x50

induces the long exact sequence of cohomology groups

.= HY(B,C) — H'(B,C*) 5 H*(M,Z) —

We have
7(mod(B)) = ¢1(QB).



B is unimodular

)
Qg is isomorphic to the trivial module C
T
Cq (QB) =0

and 3 a nowhere vanishing w € '(Qg)
s.t. Vxw=0,VX el (B)



DEFINITION: An extended Poisson manifold (X, H) is
unimodular if its corresponding complex Lie algebroid Aj; is

unimodular.

PROPOSITION: Let (X, H) be an extended Poisson manifold.

’ (X, H) is unimodular \ =

Generalized Calabi-Yau condition

(usual Calabi-Yau for H = 0)

3 a nowhere vanishing
w € QM0 g t.
Ow ~+ dvyw =0




COROLLARY: For any unimodular extended Poisson manifold
(X, H) of complex dimension n, we have

Hi(X, H) = H?2"=kK(X, H).



Proof:

3 a nowhere vanishing
’ (X, H) is unimodular | «— we Q) st,
Ow+ Otgw =0

— the cohomologies of

ElH
ANAL® L = AN AL %
3 1,0\
where ¥ = Qf\p = A"(Ty")
and
° d;‘j o1
N Ay —=— A + An
are isomorphic

Thus, if (X, H) is unimodular, then Hy (X, H) = HX(X, H) and
the result follows from ELW duality on KB homology.



— Thank You —



