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1 Introduction

Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over a field
k and P be a projective A-module of rank n.

A result of Murthy ([Mu], Theorem 3.8) says that if k is an algebraically
closed field and if the top Chern class Cn(P ) in CH0(X) is zero, then P
splits off a free summand of rank 1 (i.e. P ' A⊕Q). We note that over any
base field, the vanishing of the top Chern class is a necessary condition for P
to split off a free summand of rank 1. However, as is shown by the example
of the tangent bundle of an even dimensional real sphere, this condition is
not sufficient. In view of these examples, it is of interest to explore whether
one can classify examples of projective modules over smooth real varieties
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support.
†Partially supported by an NSF grant (DMS-0098654) to Craig Huneke.

1



which have the property that the top Chern class of the projective module
vanishes but the projective module does not split off a free summand of
rank one. More precisely we ask the following:

Question. Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over
R (the field of real numbers) and P a projective A-module of rank n. Under what
further restrictions, does Cn(P ) = 0 imply that P ' A⊕Q ?

The investigation of this question was initiated in [B-RS 1] and it was
shown that if n is odd and KA ' A ' ∧n(P ) then the vanishing of the
top Chern class Cn(P ) is sufficient to conclude that P ' A ⊕ Q, where
KA = ∧n(ΩA/R) denotes the canonical module of A.

In this paper (which should be regarded as a sequel to [B-RS 1]) we car-
ried out this investigation further and settle the above question in complete
generality. For instance we prove the following result (see (4.31) for general
statement):

Theorem Let X be as above. Let R(X) denote the localization AS of A with

respect to the multiplicatively closed subset S ofA consisting of all elements which

do not belong to any real maximal ideal. Assume that the manifold X(R) of real

points of X is connected. Let P be a projective A-module of rank n such that its

top Chern class Cn(P ) ∈ CH0(X) is zero. Then P ' A ⊕ Q in the following

cases:

1. X(R) is not compact.

2. n is odd.

3. n is even, X(R) is compact and ∧n(P )⊗A R(X) 6' KA ⊗A R(X).

Moreover, if n is even and X(R) is compact then there exists a projective A-
module P of rank n such that P ⊕ A ' KA ⊕ An−1 ⊕ A (hence Cn(P ) = 0) but
P does not have a free summand of rank 1.

Note that the above theorem says that if dim(X) is odd then the only
obstruction for an algebraic vector bundle of top rank over X to split off a
trivial subbundle of rank 1 is algebraic, namely the possible nonvanishing
of its top Chern class. However if dim(X) is even and X(R) is compact
and connected, then, apart from the possible nonvanishing of its top Chern
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class, the only other obstruction for an algebraic vector bundle of top rank
over X to split off a trivial subbundle of rank 1 is purely topological viz.
the associated topological vector bundle and the manifold X(R) have the
same orientation. Moreover, in this case, the theorem assures us that indeed
these obstructions genuinely exist.

As an immediate consequence of our theorem we obtain that if X =
Spec(A) is a smooth affine surface over R such that X(R) is a compact,
connected, non-orientable manifold then stably free A-modules are free.
This settles Question 6.5 of [B-RS 1] affirmatively (see (4.32)).

The main thrust of our proof in brief consists in showing that if the top
Chern class Cn(P ) of a projective A-module P of rank n vanishes, then its
Euler class (which is an “oriented zero cycle” associated to P ) vanishes. We
then appeal to a result of ([B-RS 2], Corollary 4.4) to conclude that P splits
off a free summand of rank 1.

The layout of this paper is as follows: In Section 2, we first recall the
definition of the Euler Class group E(A,L) of a Noetherian commutative
ring A with respect to a rank 1 projective A-module L. This group, in the
case whereA is a smooth affine domain, can be essentially thought of as the
group of “oriented zero cycles” modulo a “rational equivalence”. We also
introduce another group E0(A,L) which is a quotient of E(A,L) obtained
by ignoring “orientations”. Then we quote some results which will be used
subsequently. In Section 3 we introduce some constructions regarding “
thickenings of oriented cycles” which are crucial in deducing our main the-
orem. As another application of these constructions, we prove some results
about torsion elements in K0(A) which are of independent interest. In sec-
tion 4, we prove the theorem mentioned in the introduction.

We owe our success in carrying out the investigation of the question
to a satisfactory conclusion, mainly to the insight of Madhav Nori. We
thank him profusely but inadequately. We thank Albert Sheu for clarifying
some results. We also thank the referee for carefully going through the
manuscript and suggesting improvements in the exposition.
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2 Preliminaries

All rings considered in this paper are commutative Noetherian and contain
the field Q of rational numbers. All modules are assumed to be finitely
generated.

We begin this section by stating following two results. The following
theorem of Eisenbud-Evans [E-E] can be deduced from [Pl, p. 1420].

Theorem 2.1 Let A be a ring and P be a projective A-module of rank d. Let

(α, a) ∈ P ∗ ⊕ A. Then there exists an element β ∈ P ∗ such that ht(Ia) ≥ d,

where I = (α + aβ)(P ). In particular, if the ideal (α(P ), a) has height ≥ d then

ht(I) ≥ d. Further, if (α(P ), a) is an ideal of height ≥ d and I is a proper ideal of

A, then ht(I) = d.

When A is a geometrically reduced affine ring we have the following
version of Bertini’s theorem (due to Swan) which is a refinement of (2.1).
This version can be deduced from [Sw, Theorems 1.3 and 1.4]; see also
[Mu]. In this paper we shall refer to this result as Swan’s Bertini theorem.

Theorem 2.2 Let A be a geometrically reduced affine ring over an infinite field

and P be a projective A-module of rank r. Let (α, a) ∈ P ∗ ⊕A. Then there exists

an element β ∈ P ∗ such that if I = (α+ aβ)(P ) then

1. Either Ia = Aa or Ia is an ideal of height r such that (A/I)a is a geometri-

cally reduced ring.

2. If r < dimA and Aa is geometrically integral, then (A/I)a is also geomet-

rically integral.

3. If Aa is smooth, then (A/I)a is also smooth.

Rest of the section may be considered as a quick reference guide to the
generalities of Euler class group theory. We first accumulate some basic
definitions, namely, the definitions of Euler class groups, weak Euler class
groups, the Euler class of a projective module and then quote some results
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which are very much relevant to this paper. A detailed account of these
topics can be found in [B-RS 2]. A reader familiar with this topic can safely
go to the next section.

We start with the definition of the Euler class group.

Definition of E(A,L) : Let A be a ring of dimension n ≥ 2 and let L be a
projective A-module of rank 1. Write F = L⊕ An−1. Let J ⊂ A be an ideal
of height n such that J/J2 is generated by n elements. Two surjections α, β
from F/JF to J/J2 are said to be related if there exists σ ∈ SLA/J(F/JF )
such that ασ = β. Clearly this is an equivalence relation on the set of
surjections from F/JF to J/J2. Let [α] denote the equivalence class of α.
Such an equivalence class [α] is called a local L-orientation of J . By abuse
of notation, we shall identify an equivalence class [α] with α. A local L-
orientation α is called a global L-orientation if α : F/JF � J/J2 can be
lifted to a surjection θ : F � J .

Let G be the free abelian group on the set of pairs (N , ωN ) where N is
anM-primary ideal for some maximal idealM of height n such thatN/N 2

is generated by n elements and ωN is a local L-orientation of N . Now let
J ⊂ A be an ideal of height n such that J/J2 is generated by n elements
and ωJ be a local L-orientation of J . Let J = ∩iNi be the (irredundant)
primary decomposition of J . We associate to the pair (J, ωJ), the element∑

i(Ni, ωNi) ofGwhere ωNi is the local orientation ofNi induced by ωJ . By
abuse of notation, we denote

∑
i(Ni, ωNi) by (J, ωJ).

Let H be the subgroup of G generated by set of pairs (J, ωJ), where J is
an ideal of height n and ωJ is a global L-orientation of J .

The Euler class group of A with respect to L is E(A,L) def= G/H .

Let P be a projective A-module of rank n such that L ' ∧n(P ) and
let χ : L ∼→ ∧nP be an isomorphism. Let ϕ : P � J be a surjection
where J is an ideal of height n. Therefore we obtain an induced surjection
ϕ : P/JP � J/J2. Let γ : L/JL ⊕ (A/J)n−1 ' P/JP, be an isomorphism
such that ∧n(γ) = χ. Let ωJ be the local L-orientation of J given by
ϕ γ : L/JL⊕ (A/J)n−1 � J/J2. Let e(P, χ) be the image in E(A,L) of the
element (J, ωJ) of G. The assignment sending the pair (P, χ) to the element
e(P, χ) of E(A,L) is well defined. The Euler class of (P, χ) is defined to be
e(P, χ).
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Remark 2.3 IfA is Cohen-Macaulay and J is an ideal of height n such that
J/J2 is generated by n elements, then J/J2 is a free A/J-module of rank n
and hence a local L-orientation ωJ of J gives rise to a unique isomorphism
L/JL

∼→ ∧n(J/J2). Conversely, an isomorphism L/JL
∼→ ∧n(J/J2) gives

rise to a local L-orientation of J. Hence we can regard a local L-orientation
on J as an isomorphism L/JL ' ∧n(J/J2).

Now assume that A is a smooth affine domain of dimension n ≥ 2. Let
N be an M-primary ideal for some maximal ideal M such that N/N 2 is
generated by n elements. Let φ′ : L/NL ⊕ (A/N )n−1 ' N/N 2 be an iso-
morphism. By Swan’s Bertini theorem (2.2), there exists an ideal J ⊂ A and
a surjection φ : L⊕An−1 � N∩J such that (1)N+J = A, (2) J is a finite in-
tersection of maximal ideals or J = A and (3) φ⊗A/N = φ′.HenceE(A,L)
is generated by elements of the type (M,ωM ) where M is a maximal ideal
of A and ωM is a local L-orientation of M. In fact E(A,L) = G′/H ′ where
G′ is a free abelian group on the set of pairs (M,ωM ) (M : maximal ideal,
ωM : local L-orientation of M ) and H ′ is a subgroup generated by (J, ωJ)
where J is a reduced ideal of height n and ωJ is a global L-orientation of J
(see [B-RS 2, Remark 4.7] for further details).

Definition of E0(A,L) : Let A,L be as above and let F = L ⊕ An−1. Let
S be the set of ideals N of A where N is an M-primary ideal of height
n such that N/N 2 is generated by n elements. Let F be the free abelian
group on S. Let J ⊂ A be an ideal of height n such that J/J2 is generated
by n elements. Let J = ∩iNi be the (irredundant) primary decomposition
of J . We associate to J , the element

∑
iNi of F . By abuse of notation,

we denote this element by (J). Let K be the subgroup of F generated by
elements of the type (J), where J is an ideal of height n such that there
exists a surjection α : L⊕An−1 � J .

The weak Euler class group of A with respect to L is denoted by E0(A,L)

and is defined as E0(A,L) def= F/K. When L = A, we denote E(A,L) by
E(A) and E0(A,L) by E0(A).

Remark 2.4 It is clear from the above definitions that there is an obvi-
ous canonical surjective group homomorphism ΘL : E(A,L) � E0(A,L)
which sends an element (J, ωJ) of E(A,L) to (J) in E0(A,L).

We state some results on Euler class group and weak Euler class group
for later use. The following result is proved in [B-RS 2, Corollary 4.4].
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Theorem 2.5 Let A be a ring of dimension n ≥ 2 and L be a projective A-module

of rank 1. Let P be a projective A-module of rank n with L ' ∧n(P ) and let

χ : L ∼→ ∧nP be an isomorphism. Let J ⊂ A be an ideal of height n and ωJ be a

local L-orientation of J . Then,

1. Suppose that the image of (J, ωJ) is zero in E(A,L). Then there exists a

surjection α : L⊕An−1 � J such that ωJ is induced by α (in other words,

ωJ is a global L-orientation).

2. P ' Q ⊕ A for some projective A-module Q of rank n − 1 if and only if

e(P, χ) = 0 in E(A,L).

The following result from [B-RS 2, Lemma 5.4] is very much relevant to
this paper.

Lemma 2.6 Let A be a ring of dimension n ≥ 2. Let J ⊂ A be an ideal of

height n and ωJ be a local L-orientation of J . Let a ∈ A/J be a unit. Then

(J, ωJ) = (J, a2ωJ) in E(A,L).

Let S be a multiplicatively closed subset of A such that dim(AS) =
dim(A) ≥ 2. Then from definitions of Euler class groups and weak Euler
class groups, it is easy to see that there exist (canonical) surjective maps
E(A,L) � E(AS , L ⊗A AS) and E0(A,L) � E0(AS , L ⊗A AS). Now we
state a result which describes kernels of these maps and can be proved by
adapting the proof of [B-RS 2, Lemma 5.6].

Lemma 2.7 Let A be a ring of dimension n ≥ 2 and let L be a projective A-

module of rank 1. Let J ⊂ A be an ideal of height n such that J/J2 is generated

by n elements and let ωJ be a local L-orientation of J . Let f ∈ A. Suppose that

(J, ωJ) 6= 0 in E(A,L), but the image of (J, ωJ) = 0 in E(Af , Lf ). Then, there

exists an ideal I of height n and a local L-orientation ωI of I such that If = Af

and (J, ωJ) = (I, ωI) in E(A,L).
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Remark 2.8 Let A be a ring of dimension n ≥ 2 and let L be a projective
A-module of rank 1. Let J be an ideal of A of height n such that J/J2 is
generated by n elements. For notational clarity let us denote the element of
E0(A,L) associated to J by (J)L and the element of E0(A) associated to J
by (J).

Keeping this convention in mind, we quote a result proved in [B-RS 2,
Theorem 6.8].

Theorem 2.9 Let A,L be as above. Then the canonical map βL : E0(A,L) →
E0(A) defined by (J)L 7→ (J) is an isomorphism of groups.

Now suppose thatX = Spec(A) is a smooth affine variety of dimension
n ≥ 2 over a field k. Let CH0(X) denote the group of zero cycles of X
modulo rational equivalence. In this set up, it is easy to see that there exists
a canonical surjection Ψ : E0(A) � CH0(X) such that Ψ((J)) = [J ] where
[J ] denotes the image in CH0(X) of the zero cycle associated to A/J .

In the case k = R (the field of real numbers) the following result is
proved in [B-RS 1, Theorem 5.5].

Theorem 2.10 Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2

over R. Then the canonical surjection Ψ : E0(A) � CH0(X) is an isomorphism.

3 Useful constructions, torsion in K0(A) and set-theoretic

complete intersection

Let A be a ring (which we always assume to be Noetherian) and let K0(A)
denote the Grothendieck group of the category of finitely generated projec-
tive A-modules.

Recall that an ideal I ofA is said to be a local complete intersection ideal
of height d if for every maximal ideal M of A containing I , the ideal IAM
is generated by a regular sequence of d elements. It is easy to see that if an
ideal I is a local complete intersection ideal of height d then the A-module
A/I has projective dimension d. Since K0(A) is canonically isomorphic to
the Grothendieck group of the category of finitely generated A-modules of
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finite projective dimension, if I is a local complete intersection ideal of A then
the A-module A/I defines an element of K0(A) which we denote by [A/I].

Now assume that A is a ring of dimension n ≥ 2. Let I be an ideal of A
of height n such that I/I2 is generated by n elements. Then there exists an
ideal J ⊂ I of height n − 1 such that J/IJ is generated by n − 1 elements
and I/(J + I2) is cyclic. Given such a pair (J, I) and a positive integer r,
we denote the ideal J + Ir by I(r). The following lemma and subsequent
remark say that I(r) (in some sense) is independent of J and hence we may
not always specify J .

Lemma 3.1 LetA, I, J be as above. LetQ be a projectiveA-module of rank n−1.

Then there exists an ideal J1 of height n − 1 such that J1 ⊂ J, J1 is a surjective

image of Q, and I(r) = J + Ir = J1 + Ir.

Proof Since dim(A/I) = 0, Q/IQ ' (A/I)n−1.Hence there exists a surjec-
tion θ′ : Q/IQ � J/IJ. Let θ : Q→ J be a lift of θ′ and let θ(Q) = J1. Then
J1 + IJ = J. Since height of J = n− 1, by repeated application of (2.1), we
can modify θ and assume that height of J1 is n − 1. Since J1 + IJ = J it is
easy to see that J1+IrJ = J. Therefore I(r) = J+Ir = J1+IrJ+Ir = J1+Ir.

Remark 3.2 Let I, J, I(r) be as above. Since I/(J+I2) is cyclic, there exists
a ∈ I such that I = J + (a) + I2. Let L be a projective A-module of rank 1
and let F = L ⊕ An−2. Then, by (3.1), we can assume that J is a surjective
image of F. Therefore it is easy to see that (I(r))L = r(I)L in E0(A,L).

In simple terms the following lemma means that if A is a ring of dimen-
sion n ≥ 2 andK ⊂ A is an ideal of height n such thatK = (a1, · · · , an−1, a

2
n),

then any set of n generators ofK/K2 can be lifted to a set of n generators of
K. However, we will need the general version stated below for later parts
of the paper.

Lemma 3.3 Let A be a ring of dimension n ≥ 2 and let I be an ideal of height

n such that I/I2 is generated by n elements. Let L be a projective A-module of

rank 1. Let F = L ⊕ An−2 and let θ : F ⊕ A � I be a surjective map. Assume
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that θ(F ) = J is an ideal of height n − 1 and let I(2) = J + I2. Let ω be a local

L-orientation of I(2). Then (I(2), ω) = 0 in E(A,L).

Proof Let θ(0, 1) = a. Then I = J + (a) and hence I(2) = J + (a2).
Therefore there exists a surjective map β : F ⊕ A � I(2) such that β(p) =
θ(p); p ∈ F and β(0, 1) = a2. The surjection β defines a global L-orientation
ω0 on I(2). Hence there exists u ∈ A such that (u) + I(2) = A and uω0 = ω
where u denotes the image of u in A/I(2). Since J + (a2) + (u) = A, adding
a suitable multiple of a2 to u if necessary, we assume that J + (u) = I1 is an
ideal of height n. Let α : F ⊕A � I1 be the surjection such that α(p) = β(p)
for p ∈ F and α(0, 1) = u. The surjection α defines a global L-orientation
ω1 on I1.

Let ã2 denotes the image of a2 in A/I1. Note that a is a unit modulo I1.
Since J + (ua2) = I(2) ∩ I1, it is easy to see that (I(2), uω0) + (I1, ã2ω1) = 0
in E(A,L). But, by (2.6), (I1, ã2ω1) = (I1, ω1) and we have (I1, ω1) = 0 in
E(A,L). Therefore it follows that (I(2), ω) = (I(2), uω0) = 0 in E(A,L).
This proves the lemma.

In the next couple of lemmas we deal with I(2). One interesting prop-
erty of I(2) is that, any two local L-orientations of I(2) induce the same
image in E(A,L), as the following lemma shows.

Lemma 3.4 LetA be a ring of dimension n ≥ 2 and L be a projectiveA-module of

rank 1. Let I be an ideal of A of height n such that I/I2 is generated by n elements

and ωI be a local L-orientation of I . Let F = L⊕An−2 and let α : F/IF⊕A/I �

I/I2 be a surjection corresponding to ωI . Let θ : F ⊕A→ I be a lift of α such that

θ(F ) = J is an ideal of height n− 1 (which exists by (2.1)) and let I(2) = J + I2.

Let ω and ω′ be two local L-orientations of I(2). Then, (I(2), ω) = (I(2), ω′) in

E(A,L).

Proof Recall that ωI is given by the equality I = J + (a) + I2. It is easy to
see that there exists an ideal I1 of A of height n such that I + I1 = A and
J + (a) = I ∩ I1. If we set I1(2) = J + I1

2, then J + (a2) = I(2) ∩ I1(2).

Note that I(2) + I1
(2) = A. Let us write I ′ = J + (a2) and fix a local

L-orientation ω̃ of I1(2). This ω̃, together with the local L-orientation ω of
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I(2) will induce a local L-orientation, say, ωI′ of I ′. By (3.3), (I ′, ωI′) = 0
and hence

(I(2), ω) + (I1(2), ω̃) = 0

in E(A,L). By a similar argument we obtain

(I(2), ω′) + (I1(2), ω̃) = 0

in E(A,L). Therefore, (I(2), ω) = (I(2), ω′) in E(A,L).

Remark 3.5 In view of the above lemma, in what follows, we will not
specify any local L-orientation of I(2) and denote by (I(2), ∗) an element of
E(A,L) supported on I(2).

Lemma 3.6 Let A be a ring of dimension n ≥ 2 and L be a projective A-module

of rank 1. Let I, ωI , J, I
(2) be as in the above lemma. Then (I(2), ∗) = (I, ωI) +

(I,−ωI) in E(A,L). As a consequence, if ω′I is any other local L-orientation of I ,

then (I, ωI) + (I,−ωI) = (I, ω′I) + (I,−ω′I) in E(A,L).

Proof Recall that ωI is given by the equality I = J + (a) + I2, where a ∈ I
and J is an ideal of height n−1 such that J is a surjective image of L⊕An−2.

LetB = A/J, I = I/J . Note thatB is a ring of dimension 1, I is an ideal
of B of height 1 and (h) + I

2 = I where h denotes the image of a in B.

Then, since J + (a) + I2 = I , we have (h) = I ∩K1 where K1 is an ideal
of B which is comaximal with I and of height ≥ 1. If height of K1 > 1 then
K1 = B. In that case I = J + (a), (I, ωI) = (I,−ωI) = 0 and I(2) = J + (a2)
and hence we are through. So we assume that K1 is an ideal of B of height
1. Since (h) + I

2 = I , there exists e ∈ I2 such that (h, e) = I . It is easy to see
that K1 + (e) = B.

Claim: There exists w ∈ B such that K1 + (w) = B and ht(h+ w2e2) = 1.

Proof of the claim. Note that, since ht(I) = 1, if a minimal prime ideal N of
B contains h + z for some z ∈ I

2, then I + N = B. Since K1 is a proper
ideal of B and K1 + (e) = B, e is not nilpotent and hence can not belong
to all minimal prime ideals of B. Let {N1, · · · ,Nr} be the set of all minimal
prime ideals of B which do not contain e and let T = {i|Ni + K1 = B}.
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Then it is easy to see that there exists w ∈ ∩i∈TNi such that K1 + (w) = B.
Now we show that ht(h+ w2e2) = 1.

Let N be a minimal prime ideal of B. If w2e2 ∈ N then, since ht(h) = 1,
h + w2e2 6∈ N . If w2e2 6∈ N then N ∈ {N1, · · · ,Nr} and is not comaximal
with K1. Therefore if h+ w2e2 ∈ N then K1 + (h+ w2e2) is a proper ideal
of B which contains h and hence w2e2. But this is a contradiction since
K1 + (w2e2) = B.

The above argument shows that h+ w2e2 does not belong to any mini-
mal prime ideal of B and hence ht(h+w2e2) = 1. Thus the claim is proved.

Let h′ = h + w2e2. Since ht(h + w2e2) = 1 we have (h′) = I ∩ K2

where K2 is an ideal of B of height ≥ 1. If K2 = B then as before we
conclude that (I, ωI) + (I,−ωI) = (I(2), ∗) in E(A,L). So we assume that
K2 is an ideal of height 1. Note that I,K1,K2 are pairwise comaximal and
(hh′) = I

2 ∩K1 ∩K2.

Let x, y ∈ A be preimages of w, e respectively and let b = a + x2y2. Let
I1 and I2 be inverse images of K1 and K2 in A respectively. The equalities

(h) = I ∩K1, (h′) = I ∩K2, (hh′) = I
2 ∩K1 ∩K2

give rise to following equalities

(i) J + (a) = I ∩ I1.

(ii) J + (b) = I ∩ I2.

(iii) J + (ab) = I(2) ∩ I1 ∩ I2.

.

Let ωI1 , ωI2 be the local L- orientations of I1 and I2 obtained from J+(a)
and J + (b) respectively. Since ωI is obtained from J + (a) and b = a +
x2y2, xy ∈ I , ωI is also obtained from J + (b). Therefore we have the
following equations in E(A,L).

(i) (I, ωI) + (I1, ωI1) = 0.

(ii) (I, ωI) + (I2, ωI2) = 0.

(iii) (I,−ωI) + (I2,−ωI2) = 0.
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Since ab = a2 + (xy)2a = b2 − (xy)2b, by (2.6), we see that (I1, ωI1) and
(I2,−ωI2) are obtained from J + (ab). Since J + (ab) = I(2) ∩ I1 ∩ I2, we
have (iv) (I(2), ∗) + (I1, ωI1) + (I2,−ωI2) = 0 in E(A,L). Therefore, using
equations (i), (ii), (iii) and (iv), we get that (I, ωI) + (I,−ωI) = (I(2), ∗) in
E(A,L), as desired.

For the last part of the lemma, let ω′I be another local L-orientation of
I . Recall that ωI is given by the equality I = J + (a) + I2. Therefore, there
exists u ∈ A such that u is a unit modulo I and ω′I is given by the equality
I = J + (ua) + I2.

Now we can apply the same arguments as in the first part of this lemma
to obtain that (I, ω′I) + (I,−ω′I) = (I(2), ∗) in E(A,L). Therefore (I, ωI) +
(I,−ωI) = (I, ω′I) + (I,−ω′I) in E(A,L). Thus the proof is complete.

Proposition 3.7 There is a group homomorphism E0(A,L) → E(A,L) which

sends (I) to (I, ωI) + (I,−ωI). As a consequence, if (I) = 0 in E0(A,L) then

the element (I, ωI) + (I,−ωI) = 0 in E(A,L).

Proof Recall that E0(A,L) = F/K, where F is the free abelian group on
the set S of ideals N ⊂ A such that N ⊂ A is an M-primary ideal for some
maximal ideal M of height n and N/N 2 is generated by n elements.

Let N ∈ S be arbitrary. Take any local L-orientation ωN of N . Then, by
(3.6), the association (N ) 7→ (N , ωN ) + (N ,−ωN ) does not depend on the
choice of ωN and it is easy to see that it extends to a group homomorphism
ψ′ : F −→ E(A,L).

Now K is the subgroup of F generated by elements (I) where I is an
ideal of height n such that there exists a surjection α : L ⊕ An−1 � I .
Then α induces a global L-orientation, say, ω′I of I . Therefore, (I, ω′I) =
0 = (I,−ω′I) in E(A,L) and clearly ψ′((I)) = 0. Hence ψ′ induces a group
homomorphism ψ : E0(A,L) −→ E(A,L).

Last statement of the proposition is now obvious.

Remark 3.8 The last conclusion of the above proposition was earlier proved
in [B-RS 2, Corollary 7.9] in the case L = A.
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LetA, I be as in (3.3). Further assume that I is a local complete intersec-
tion ideal (of height n). In this situation it is easy to see that for any choice
of I(r), the ideal I(r) is also a local complete intersection ideal. Moreover,
for a suitable choice of I(r) we have [A/I(r)] = r[A/I] in K0(A). This can be
proved as follows. Since I/I2 is generated by n elements, using standard
arguments about avoidance of prime ideals, one can show that there exists
an A-regular sequence {a1, · · · , an−1} such that if J = (a1, · · · , an−1) then
J ⊂ I , I/J is a local complete intersection ideal of A/J of height 1 and
I/(J + I2) is a free A/I-module of rank 1. Now I(r) = J + Ir will do the
job. Moreover, in this case, if r = (n− 1)! then, by [Mu, Theorem 2.2], there
exists a projective A-module P of rank n such that I(r) is a surjective image
of P and [P ]− [Ar] = −[A/I] in K0(A). In what follows we tacitly assume
that for a local complete intersection ideal I (of height n) our choice of I(r)

is such that [A/I(r)] = r[A/I] in K0(A).

Theorem 3.9 Let A be a ring of dimension n ≥ 2 containing the field Q of ra-

tional numbers and let J be a local complete intersection ideal of height n. If the

element [A/J ] ∈ K0(A) is torsion then J is set theoretically generated by n ele-

ments.

Proof Let t be a positive integer such that t[A/J ] = 0 and let J (t) be the
ideal as constructed above. Hence [A/J (t)] = t[A/J ] in K0(A). Since the
ideals J (t), J have the same radical, replacing J by J (t) we assume that
[A/J ] = 0 in K0(A). Let I = J ((n−1)!). Then, by [Mu, Theorem 2.2], there
exists a projective A-module P of rank n such that I is a surjective image
of P and [P ] − [An] = −[A/J ] in K0(A). Since [A/J ] = 0, P is stably free
and hence, as I being a surjective image of P , (I) = 0 in E0(A). Therefore,
by (3.7), (I, ωI) + (I,−ωI) = 0 in E(A) for a local orientation ωI of I . But
then, by (3.6), (I(2), ∗) = 0 in E(A). Hence, by (2.5), I(2) is a complete
intersection ideal. Since I(2), I, J have the same radical, J is a set theoretic
complete intersection ideal.

Remark 3.10 In the case J is not a local complete intersection ideal, J
will be still set theoretically generated by n elements if we assume that (J)
is a torsion element of E0(A). The following example shows that even if
A is a smooth affine domain over an algebraically closed field, an ideal J

14



can be set theoretically complete intersection without [A/J ] being torsion
in K0(A).

Example 3.11 LetA = C[X1, X2, X3]/(X1
4+X2

4+X3
4−1) and letF 2K0(A)

denote the subgroup of K0(A) generated by elements of the type [A/M ]
where M is a maximal ideal of A.

Claim: F 2K0(A) is a nonzero torsion-free group.

Proof. Since dim(A) = 2, F 2K0(A) is precisely the kernel SK0(A) of the

group homomorphism K̃0(A)
det
� Pic(A). Moreover the canonical map

CH0(Spec(A)) → F 2K0(A) sending [M ] to [A/M ] is an isomorphism.

Let Y be the smooth hypersurface in P3(C) defined by the equation
U4 + V 4 +W 4 − T 4 = 0. Then Spec(A) is an affine open subset of Y. Since
pg(Y ) 6= 0, by a result of Mumford [M], the group A0(Y ) of zero cycles
of Y of degree zero modulo rational equivalence is not finite dimensional.
Hence, by [Mu-S, Theorem 2], F 2K0(A) 6= 0. Since F 2K0(A) is isomorphic
to CH0(Spec(A)), by [Bl-M-S, Proposition 2.1], it is torsion-free. Thus the
claim is proved.

Since F 2K0(A) 6= 0 there exists a maximal ideal M of A such that
[A/M ] 6= 0 in K0(A). By (2.2), there exists a prime element f in A such
that A/(f) is a smooth affine domain of dimension 1 over C. Therefore
Pic(A/(f)) is a divisible group. Since [A/M ] 6= 0, m = M/(f) can not be
a principal ideal. Putting these facts together we see that there exists an
invertible ideal K of A/(f) comaximal with m such that m ∩K is not prin-
cipal but m ∩K2 is a principal ideal. Let I be the inverse image of K in A
and let I(2) = (f) + I2. Then it is easy to see that M ∩ I(2) is generated by 2
elements. This shows that the idealM ∩I is set theoretically generated by 2
elements. Since F 2K0(A) is torsion-free, if [A/(M ∩ I)] is a torsion element
of K0(A) then [A/(M ∩ I)] = 0.

Claim: [A/(M ∩ I)] 6= 0.

Proof. Since M and I are comaximal, [A/(M ∩ I)] = [A/M ] + [A/I]. By
similar argument, we see that [A/(M ∩I(2))] = [A/M ]+[A/I(2)] = [A/M ]+
2[A/I]. Since M ∩ I(2) is generated by 2 elements we see that [A/M ] +
[A/I(2)] = 0 in K0(A). But [A/M ] 6= 0. Putting these facts together we
see that [A/(M ∩ I)] 6= 0.
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In the rest of this section we discuss some interesting applications of the
results proved above.

Let A be a ring of dimension n and let P be a projective A-module of
rank n with ∧n(P ) ' A. It is known that if P ' A ⊕ Q for some projective
A-moduleQ and if an ideal J of height n is a surjective image of P , then J is
generated by n elements (see [MK]). In this context, the following converse
question is natural.

Question. Let A be a ring of dimension n and let P be a projective A-module
of rank n with ∧n(P ) ' A. Let J ⊂ A be an ideal of height n such that J is
generated by n elements. Assume that there is a surjective map α : P � J . Then,
is P ' Q⊕A?

The question has an affirmative answer when A is an affine algebra
over an algebraically closed field (see [MK]). However, it does not have an
affirmative answer in general as can be seen by the following example.

Example 3.12 Let A = R[X0, · · · , Xn]/(
∑n

i=0Xi
2 − 1) be the coordinate

ring of the real n-sphere Sn. Assume that n is an even integer. Let n = 2d.
Let v be the unimodular row [x0, · · · , xn] ofAn+1 and let P be the projective
A-module An+1/Av. Let J denote the ideal (x1, x2, · · · , xn) of A. It is easy
to see that ht(J) = n. The surjection An+1 →→ J defined by

e0 7→ 0, e2i−1 7→ −x2i, e2i 7→ x2i−1, 1 ≤ i ≤ d

induces a surjection α : P →→ J. Since An+1 ' P ⊕ A we have ∧n(P ) ' A.
However, since P corresponds to the tangent bundle of Sn and n (= 2d) is
even, it follows that P 6' Q⊕A.

The following theorem shows that the above question has an affirma-
tive answer if one of the generators of J is a square. Interestingly, in this
case we do not need to assume that ∧n(P ) ' A.

Theorem 3.13 Let A be a ring containing Q and let J ⊂ A be an ideal of height

n such that J = (f1, · · · , fn−1, f
2
n). Let P be a projective A-module of rank n.

Assume that there is a surjective map φ : P � J . Then P ' Q ⊕ A for some

projective A-module Q.
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Proof Let ∧n(P ) ' L and let χ : L ∼→ ∧nP be an isomorphism. The pair
(φ, χ) induces a local L-orientation, say ωJ of J and therefore in terms of
Euler class we have e(P, χ) = (J, ωJ) in E(A,L). By (2.5), it is enough to
prove that (J, ωJ) = 0 in E(A,L).

Let I = (f1, · · · , fn−1, fn). We first show that with respect to L, J can
be realised as I(2). Let K = (f1, f2, · · · , fn−1). We can clearly assume that
K has height n − 1 and K/IK is generated by n − 1 elements. Therefore,
there exists a surjection β : L ⊕ An−2 � K/IK (note that dimA/I = 0
and hence L/IL is free). Let α : L ⊕ An−2 → K be a lift of β and let
K1 = α(L ⊕ An−2). We can clearly assume that height of K1 is n − 1.
Now K1 + I2 = K1 + IK + I2 = K + I2 = (f1, f2, · · · , fn−1, f

2
n) = J and

I = K1 + (fn) + I2. This shows that J = I(2) with respect to L.

Since I is generated by n elements, (I) = 0 in E0(A). Since, by (2.9),
E0(A) ∼→ E0(A,L) it follows that (I)L = 0 in E0(A,L). Consequently, by
(3.6) and (3.7) it follows that

(J, ωJ) = (I(2), ∗) = (I, ωI) + (I,−ωI) = 0

in E(A,L). This is what we wanted to prove.

Theorem 3.14 LetA be a ring of dimension n ≥ 2 containing Q and I be an ideal

of A of height n such that I = (f1, · · · , fn−1, fn) + I2. Let

J = (f1, · · · , fn−1) + I2. Let P be a projective A-module of rank n. Assume that

there is a surjective map φ : P � J . Then any surjection Ψ : P � J/J2 can be

lifted to a surjection ψ : P � J .

Proof Let K = (f1, · · · , fn−1). Then J = I(2) with respect to K. Let L =
∧n(P ). Following the same arguments as in (3.13), it follows that there
exists an ideal K1 ⊂ J of height n − 1 such that K1 is a surjective image
of L ⊕ An−2 and J = K1 + I2. This means J = I(2) with respect to K1.
Therefore, by Lemma 3.4, (J, ω) = (J, ω′) in E(A,L) for any two local L-
orientations of J .

Let χ : L ∼→ ∧nP be an isomorphism. The pair (χ, φ) induces a local
L-orientation, say ωJ of J , and hence e(P, χ) = (J, ωJ) in E(A,L).

Now consider the surjective map Ψ : P � J/J2. It is easy to see that
there exists a surjection θ : P � J ∩ J1, where : (i) J1 ⊂ A is an ideal of
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height at least n; (ii) J+J1 = A; (iii) θ⊗A/J = Ψ. Computing the Euler class
of P using (χ, θ) we will have e(P, χ) = (J, ω′J)+(J1, ωJ1) inE(A,L), where
ω′J , ωJ1 are local L-orientations of J, J1 respectively, induced by (χ, θ). To
show that Ψ lifts to a surjection ψ : P � J , by [B-RS 2, Corollary 4.3], it is
enough to show that e(P, χ) = (J, ω′J) in E(A,L). But as mentioned above,
by (3.4) it follows that e(P, χ) = (J, ωJ) = (J, ω′J) in E(A,L). This proves
the theorem.

4 The Main Theorem

In this section we prove our main theorem (4.31).

We first set up some notations which will be used throughout this sec-
tion unless otherwise specified.

Notations. In what follows, varieties are assumed to be irreducible.
X = Spec (A) will always denote a smooth affine variety over the field R
of real numbers, X(R) will denote the set of real points of X and R(X) will
denote the localization AS of A with respect to the multiplicatively closed
subset S of A consisting of all elements which do not belong to any real
maximal ideal. The group of zero cycles of X modulo rational equivalence
will be denoted by CH0(X).

Throughout this section we assume thatA has at least one real maximal
ideal and dim(A) = n ≥ 2.

Let L be a projective A-module of rank one. We denote, by abuse of
notation, the Euler class group of R(X) with respect to L ⊗A R(X) by
E(R(X), L).

Remark 4.2 X(R) is a real smooth manifold (C∞-manifold) of dimension
n with finitely many connected components. Since X(R) 6= ∅, R(X) has di-
mension n. It is easy to deduce from well known topological results that the
group Pic(R(X)) of rank 1 projective R(X)-modules is a 2-torsion group.

To begin with we derive a structure theorem for E(R(X), L) which
plays a major role in our proof of the main theorem. The following lemma
is crucial for this structure theorem.
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Lemma 4.3 Let L1 be a projective R(X)-module of rank 1. Let m be a maximal

ideal of R(X) and ωm be a localL1-orientation ofm. Then (m,ωm)+(m,−ωm) =

0 in E(R(X), L1). Moreover, if ω̃m is another local L1-orientation of m then

either (m, ω̃m) = (m,ωm) or (m, ω̃m) = (m,−ωm) in E(R(X), L1).

Proof For simplicity of notation we write B = R(X). Since B is a
localization of the regular ring A, L1 is a projective B-module of rank 1,
and B/m = R, there exists a projective A-module L of rank 1 and a real
maximal ideal M of A such that L1 = L⊗A B and MB = m.

Let F = L ⊕ An−2. Then, by Swan’s Bertini theorem (2.2), it is easy to
see that there exists an A-linear map φ : F → A such that if J = φ(F ) then
J ⊂ M and A/J is a smooth affine domain of dimension 1 over R. Let
K = JB. Then, m = m/K is an invertible ideal of the Dedekind domain
B/K.

Let X = Spec(A/J). Then it is easy to see that R(X) = B/K and hence
every rank one projective B/K-module is 2-torsion. This implies that the
invertible ideal m2 is a principal ideal. Therefore m(2) = K + m2 is a sur-
jective image of F ⊗A B ⊕ B = L1 ⊕ Bn−1. Now the result follows from
(3.6).

Let ω̃m be another local orientation of m. Then, since R(X)/m = R, it
follows (from definition of orientation ) that there exists λ ∈ R∗ such that
ω̃m = λωm. If λ > 0 then there exists δ ∈ R such that λ = δ2 and hence,
by (2.6), (m, ω̃m) = (m,ωm). If λ < 0, by similar argument we see that
(m, ω̃m) = (m,−ωm).

To deduce a structure theorem for E(R(X), L) we need to set up some
machinery.

Let E be a rank 1 projective A-module. Let D =
⊕

−∞<i<∞
E i and let

Z = Spec(D). It is easy to see that Z is a smooth affine variety of dimen-
sion n + 1 over R and hence the set Z(R) of all real points of Z is a real
manifold of dimension n+ 1. Moreover the canonical map Z → X induces
the map Π : Z(R) → X(R) which is surjective, open and continuous in the
Euclidean topology. Note that the projective module E gives rise to a topo-
logical line bundle over the manifold X(R) (which, by abuse of notation,
we still denote by E) and Z(R) is the complement of the zero section of E .
Let C be a connected component of X(R) and let EC denote the restriction
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of E to C. Then it is easy to see that Π−1(C) is nothing but the complement
of the zero section of EC . Hence, if EC ' C × R, then Π−1(C) is a disjoint
union (C × R+)

⋃
(C × R−).

It is a well known topological fact that if C is compact and EC 6' C ×R,
then the complement Π−1(C) is connected.

Let N be a real maximal ideal of D and let M = N ∩A. Then the canon-
ical map E/ME → D/N(= R) is an isomorphism of vector spaces. Hence
there exists a unique non-zero element e of E/ME which goes to 1 under
this isomorphism. Let us consider the following set :

T ′ = {(M, e)|M ∈ X(R), e ∈ E/ME − (0)}.

It is easy to see that the correspondence N 7→ (M, e) gives a bijective map
from Z(R) to T ′.

Hence onward we work in the following set up.

Let L be a projectiveA-module of rank 1 and let E = L⊗AKA whereKA

denotes the canonical module ∧n(ΩA/R). Let D,Z, T ′ be as defined above.

Now consider the set T of pairs (M,ωM ) where M is a real maximal
ideal ofA and ωM is a local L-orientation ofM . The next lemma shows that
there exists a bijection between T andZ(R). Before proceeding to prove this
lemma, we make the following remark.

Remark 4.4 Since maximal ideals of R(X) are in one to one correspon-
dence with real maximal ideals of A, we identify T with the set of pairs
(m,ωm) where m is a maximal ideal of R(X) and ωm is a local L⊗A R(X)-
orientation of m. This identification remains intact even if we replace A by
Ag for g ∈ A which does not belong to any real maximal ideal. Hence we
can (and will) replace A by Ag whenever necessary.

Since Pic(R(X)) is a 2-torsion group, there exists g ∈ A such that g
does not belong to any real maximal ideal of A and L2 ⊗A Ag ' Ag where
L2 = L⊗A L. Therefore, replacing A by Ag if necessary, we always assume
that L2 ' A. In what follows, we fix a generator κ of L2.

Lemma 4.5 There exists a bijection (of sets) Θ : Z(R) → T .
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Proof We have already seen that there is a bijective map between the sets
Z(R) and T ′. Therefore it is enough to show that there is a bijection from T
to T ′.

Let M be a real maximal ideal. Then the differential map d : A→ ΩA/R
gives rise to an isomorphism

∧n(d) : ∧n(M/M2) ∼→ KA/MKA.

Recall that a local L-orientation ωM on M can be thought of as an
isomorphism

ωM : L/ML
∼→ ∧n(M/M2).

Composing ωM with ∧n(d), we get an isomorphism, say,

φωM : L/ML
∼→ KA/MKA.

Let ∆ωM : L/ML⊗L/ML(= L2/ML2) ∼→ L/ML⊗KA/MKA(= E/ME) be
the isomorphism defined as:

∆ωM (l ⊗ l′) = l ⊗ φωM (l′); l, l′ ∈ L/ML.

Let κ denote the image of κ in L2/ML2 and let ∆ωM (κ) = e. It is easy to see
that (M,ωM ) 7→ (M, e) defines a bijection from T to T ′.

Using the bijection Θ, we now define a relation ∼ on Z(R) as follows:

Definition 4.6 Let z1, z2 ∈ Z(R) and let Θ(zi) = (Mi, ωMi), i = 1, 2. We
say z1 ∼ z2 if image of (M1, ωM1) = image of (M2, ωM2) in E(R(X), L).
Obviously ∼ is an equivalence relation on Z(R).

Our aim is to show that∼ is an open relation on the manifold Z(R). For
this we need some preliminaries.

For the sake of simplicity of notation, from now on we will denote KA

by K. Suppose f ∈ A be such that Lf ' Af ' Kf . Let us fix generators τ
and ρ of Lf andKf respectively. Then Ef is generated by τ⊗ρ and therefore
Df = D⊗AAf = Af [T, T−1]; T = (τ ⊗ ρ). Let Z ′ = Spec(Df ). With respect
to the pair (τ, ρ), we assign to every z ∈ Z ′(R) an element of the group
{1,−1} (and call it the signature of z) as follows.

Let sgn denote the group homomorphism from R∗ to {1,−1} defined as
sgn(µ) = 1 if µ > 0 and sgn(µ) = −1 if µ < 0.
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Definition 4.7 Let (M, e) be an element of T ′ associated to z. Then f 6∈M
and hence e = λτ ⊗ ρ for some λ ∈ R∗. We define the signature of z to be
sgn(λ) and denote it by sgn(τ,ρ)(z).

Let Θ(z) = (M,ωM ) where M is a real maximal ideal of A such that
f 6∈ M and ωM is a local L-orientation of M . We call sgn(τ,ρ)(z) to be the
signature of (M,ωM ) and denote it sgn(τ,ρ)(M,ωM ).

Remark 4.8 Let M be a real maximal ideal of A and let ωM , ω̃M be two
local L-orientations of M. Then there exists α ∈ R∗ such that ω̃M = αωM . If
f 6∈M then it is easy to see that sgn(τ,ρ)(M, ω̃M ) = sgn(α)sgn(τ,ρ)(M,ωM ).

Every z ∈ Z ′(R) corresponds to a real maximal idealN ofAf [T, T−1], T =
(τ ⊗ ρ). It is easy to see that, if N = (M,T − δ); δ ∈ R∗ and (M, e) ∈ T ′ is
associated to z, then e = δ−1τ ⊗ ρ. Hence sgn(δ) = sgn(τ,ρ)(z).

Let X ′ = Spec(Af ). Then Z ′(R) = Π−1(X ′(R)) can be thought of as
a disjoint union (X ′(R) × R+)

⋃
(X ′(R) × R−) where z ∈ X ′(R) × R+ if

sgn(τ,ρ)(z) = 1 otherwise it belongs to X ′(R)× R−.

To show that ∼ is an open relation on Z(R), we need couple of lemmas.
The following lemma is standard and hence we omit the proof.

Lemma 4.9 Let A be a smooth affine domain of dimension n over R and let M be

a real maximal ideal of A. Let L be a rank 1 projective A-module. Assume that A

is a surjective image of R[l] where R[l] denotes a polynomial algebra in l variables.

Then there exists a set of variables {T1, · · · , Tl} (i.e. R[l] = R[T1, · · · , Tl]) and

f 6∈M such that A is a finite module over R[T1, · · · , Tn], ΩAf /R[T1,···,Tn] = 0 and

Lf ' Af .

The following lemma, which plays a very important role in our proof,
is essentially proved in ([B-RS 1], Lemma 4.6).

Lemma 4.10 Let F = (f1(t), · · · , fl(t)) : (a, b) → Rl be a C∞ embedding. As-

sume that for every t ∈ (a, b), (f1
′(t), · · · , fl

′(t)) 6= (0, · · · , 0). Then for every

t0 ∈ (a, b) and a Euclidean neighbourhood W ⊂ Rl of F (t0), there exists a neigh-

bourhood (c, d) of t0 contained in (a, b), such that :
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1. For any point t2 ∈ (c, d), the distance (square) function G : (c, d) −→ R
given by G(t) =‖ F (t)− F (t2) ‖2 has the property that G′(t) > 0 for

t > t2 and G′(t) < 0 for t < t2.

2. As a consequence, for any two points t1, t3 ∈ (c, d) with t1 < t3, there exists

a sphere Sl−1 in Rl contained inW having center F (t2) where t1 < t2 < t3,

which intersects F (a, b) in precisely two points F (t1) and F (t3). Moreover,

the intersections are transversal.

Now we are ready to prove that the relation ∼ defined in (4.6) is an
open equivalence relation. Before doing so we summarize the set up for
the convenience of a reader.

1. X = Spec(A) is a smooth affine variety of dimension n ≥ 2 over R.

2. L is a projective A-module of rank one. We assume that L2 = L ⊗A

L ' A. We fix a generator κ of L2.

3. K denotes the canonical module ∧nΩA/R. Let E = L ⊗A K. Let D =⊕
−∞<i<∞

E i and Z = Spec(D).

4. There is a bijection Θ from the set Z(R) of real points of Z to the set
of pairs (M,ωM ) where M is a real maximal ideal and ωM is a local
L-orientation of M .

5. For two elements z, z′ ∈ Z(R), we say z ∼ z′ if Θ(z) = Θ(z′) in
E(R(X), L). Clearly ∼ is an equivalence relation on Z(R).

Proposition 4.11 With set up as above, the relation ∼ is an open

equivalence relation on Z(R).

Proof Let z ∈ Z(R) and let Θ(z) = (M,ωM ) where M is a real maximal
ideal of A and ωM is a local L-orientation of M . Let x ∈ X(R) be the point
corresponding to M .

Since X is affine, we can assume that X is a closed subvariety of the
affine space Rl. Then, by (4.9), there exists a suitable choice of a coordinate
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system of Rl, such that the projection map π : Rl → Rn when restricted
to X(R) has finite fibers. Moreover, there exists f ∈ A such that f 6∈ M,
Lf ' Af and ΩAf /R is generated by dT1, · · · , dTn. Therefore, by the In-
verse Function Theorem, there exists a Euclidean neighbourhood U of x
contained in the Zariski neighbourhood Spec(Af ) such that the restriction
of the projection map π to U is a C∞ diffeomorphism onto an open ball B
in Rn with center π(x).

We fix a generator τ of Lf . Note that the canonical module Kf = K ⊗A

Af is generated by ρ = dT1 ∧ · · · ∧ dTn.

Since, f 6∈ M, z corresponds to a real maximal ideal of Df = D ⊗A

Af . Since Df = Af [T, T−1], T = (τ ⊗ ρ) we can assign to z its signature
sgn(τ,ρ)(z).

Recall that if Z ′ = Spec(Df ) and X ′ = Spec(Af ) then
Z ′(R) = X ′(R)× R+

⋃
X ′(R)× R−.

Without loss of generality we may assume sgn(τ,ρ)(z) is positive. Then
z ∈ X ′(R) × R+ and hence z ∈ U × R+. To prove the proposition it is
enough to prove that, z ∼ z′ for every z′ ∈ U × R+. In what follows, we
detail the proof in steps.

Step 1. Let Π(z′) = x′. Note that x′ ∈ U .

If x = x′ then z′ corresponds to a local L-orientation ω̃M of M. Let
λ ∈ R∗ be such that ω̃M = λωM . Since z, z′ ∈ U × R+, it follows that λ is a
positive real number and hence is a square. Therefore, by (2.6), (M, ω̃M ) =
(M,ωM ) in E(A,L) and hence in E(R(X), L). Therefore z ∼ z′.

Step 2. So we assume that x 6= x′. Let W be an open subset of Rl such that
W ∩X(R) = U . Since x 6= x′, π(x) 6= π(x′). Without loss of generality we
assume that π(x) = (0, · · · , 0) and π(x′) = (γ1, · · · , γn). Moreover, without
loss of generality, we assume that γn 6= 0. The line L joining the two points
π(x) = (0, · · · , 0) and π(x′) = (γ1, · · · , γn) is given by n− 1 equations :

Hi : Ti − ζiTn, ζi = γi/γn, 1 ≤ i ≤ n− 1.

Let L1 be the segment of L contained in π(U) = B. Then there exists an
open interval (a, b) and a C∞ function from (a, b) to L1 given by :

t 7→ (ζ1t, ζ2t, · · · , ζn−1t, t).
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Composing the above function with π−1 we obtain a C∞ embedding
F (t) = (f1(t), · · · , fn(t), · · · , fl(t)) from (a, b) to π−1(L1) ⊂ U ⊂ Rl. It is
easy to see that fi(t) = ζit for i = 1, · · · , n − 1, fn(t) = t and fj(t) =
gj(ζ1(t), · · · , ζn−1(t), t) for j = n+ 1, · · · , l.

Let t0 ∈ (a, b), Since fn
′(t) = 1, by (4.10), there exists a neighbourhood

(c, d) of t0 contained in (a, b) such that for c < t1 < t3 < d there exists a
sphere Sl−1 in Rl contained in W having center F (t2) where t1 < t2 < t3,
which intersects F (a, b) in precisely two points F (t1) and F (t3). Moreover,
the intersections are transversal.

Suppose that the sphere Sl−1 centered at the pointF (t2) = (f1(t2), · · · , fl(t2))
has radius r =‖ F (t1)− F (t2) ‖=‖ F (t3)− F (t2) ‖. Then its defining

equation is H :
l∑

i=1
(Ti − fi(t2))2 − r2.

Step 3. LetM1,M3 be real maximal ideals ofA corresponding toF (t1), F (t3)
respectively. In this step we show that, replacing A by Ag (g ∈ A belongs to
only complex maximal ideals) if necessary, there exists a surjection
β : L⊕An−1 � M1 ∩M3.

Since Sl−1 ⊂ W, Sl−1 ∩ X(R) ⊂ U. Therefore, if h denotes the image
of H in A, then the ideal (f, h) of A is contained in only complex maximal
ideals of A. Since we are interested in only real maximal ideals and their
local
L- orientations, inverting f2 + h2 we assume that (f) + (h) = A.

Recall that the line L is given by n − 1 equations Hi : Ti − ζiTn, i =
1, · · · , n − 1. Let hi denote image of Hi in A. Then, since Sl−1 intersects
F (a, b) in precisely two points F (t1) and F (t3) and the intersections are
transversal, we get that (h1, h2, · · · , hn−1, h) = M1 ∩M3 ∩ I where M1,M3

are real maximal ideals ofA corresponding to F (t1), F (t3) ∈ U respectively
and I is an ideal ofA not contained in any real maximal ideal ofA. Let b ∈ I
be such that b does not belong to any real maximal ideal of A. So, inverting
b if necessary, we assume that (h1, h2, · · · , hn−1, h) = M1 ∩M3.

Let J = M1 ∩M3. Since (f) + (h) = A, we have L/hL = Lf/hLf . Recall
that Lf ' Af and τ is a generator of Lf . Therefore there exists l ∈ L such
that l ≡ τ mod (h). We write hn for h. Now using the fact that L/hnL '
A/(hn) and J = (h1, · · · , hn−1, hn) we see that there exists a surjection β :
L ⊕ An−1 � J such that β(l) − h1 ∈ (hn) and β(ei) = hi; 2 ≤ i ≤ n where
(e2, · · · , en) denotes a basis of An−1.
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Step 4. The surjection β : L ⊕ An−1 � M1 ∩ M3 gives rise to local L-
orientations ωM1 and ωM3 on M1,M3 respectively. This step is devoted to
prove the following claim about the signatures of (M1, ωM1) and (M3, ωM3)
(for definition of signature, see (4.7)).

Claim: sgn(τ,ρ)(M1, ωM1) 6= sgn(τ,ρ)(M3, ωM3).

Proof of the claim: Since ΩAf /R is generated by dT1, · · · , dTn, it follows that

dh1 ∧ dh2 · · · ∧ dhn = υ dT1 ∧ dT2 · · · ∧ dTn = υρ

for some υ ∈ Af . So υ defines a continuous function from U to R. Let
t ∈ (a, b). Then F (t) ∈ U. It is easy to see that υ(F (t)) = G′(t) where
G(t) =‖ F (t)− F (t2) ‖2 . Therefore, by (4.10), υ(F (t1)) < 0 and υ(F (t3)) >
0 as c < t1 < t2 < t3 < d.

Let “bar” denote reduction modulo M1. Recall that κ is a generator of
L2 and τ is a generator of Lf . Therefore κ = u(τ ⊗ τ) for some u ∈ Af

∗.
Hence u defines a continuous function from U to R∗. Since U is connected,
u(U) ⊂ (0,∞) or u(U) ⊂ (−∞, 0). Note that in L/M1L, we have l = τ .

Since h̃1∧h2∧· · ·∧hn = h1∧h2∧· · ·∧hn, in∧n(M1/M1
2) where h̃1 = β(l),

it clearly follows that under the isomorphism ωM1 : L/ML
∼→ ∧n(M1/M1

2),
we have τ 7→ h1 ∧ h2 ∧ · · · ∧ hn. Further, ∧n(d)(h1 ∧ h2 ∧ · · · ∧ hn) = dh1 ∧
dh2 ∧ · · · ∧ dhn = υ ρ and υ = G′(t1).

Now the above discussion shows that ∆ωM1
(κ) = G′(t1)u (τ ⊗ ρ) where

∆ωM1

def= id⊗ ∧n(d)ωM1 : L/M1L⊗ L/M1L −→ L/M1L⊗K/M1K.

Therefore sgn(τ,ρ)(M1, ωM1) = sgn(G′(t1)u). Note that u = u(F (t1))
By similar argument, we see that sgn(τ,ρ)(M3, ωM3) = sgn(G′(t3)u(F (t3)).
Since G′(t1) < 0 < G′(t3) and u(F (t1))u(F (t3)) > 0, we are through.

Step 5. LetM1R(X) = m1 andM3R(X) = m3. LocalL-orientations ωM1 , ωM3

induce local L-orientations ωm1 , ωm3 on m1,m3 respectively. Then we have
(m1, ωm1)+(m3, ωm3) = 0 inE(R(X), L). Since, by (4.3), we have (m1, ωm1)+
(m1,−ωm1) = 0 we see that (m1,−ωm1) = (m3, ωm3) in E(R(X), L). Thus
image of (M1,−ωM1) = image of (M3, ωM3) in E(R(X), L). Moreover,

sgn(τ,ρ)(M1,−ωM1) = −sgn(τ,ρ)(M1, ωM1) = sgn(τ,ρ)(M3, ωM3).
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Since t1, t3 are arbitrary elements of (c, d),we get that if z1, z3 ∈ F (c, d)×
R+ then z1 ∼ z3.

Step 6. We define a relation on (a, b) as follows : We define two points
y, w ∈ (a, b) to be related, if there exists an open interval I contained in
(a, b) and containing the points y, w, such that for every zi, zj ∈ F (I)× R+

zi ∼ zj .

The above discussion shows that the above relation is reflexive.
By definition this relation is symmetric. It is easy to see that this relation
is also transitive. Thus (a, b) is a disjoint union of equivalence classes.
Each equivalence class is open in (a, b). Since (a, b) is connected, it fol-
lows that there is only one equivalence class viz (a, b). Therefore, since
z, z′ ∈ F (a, b)× R+, z ∼ z′.

Thus we have proved that ∼ is an open equivalence relation on Z(R).

Now we proceed to prove series of lemmas needed to obtain a structure
theorem for E(R(X), L). We first state a result.

Theorem 4.12 Let Ỹ be a complete smooth curve over R and let Ỹ (R) be the set

of real points of Ỹ . Let C be a connected component of Ỹ (R) in the Euclidean

topology. Let f be a nonzero rational function on Ỹ . Then the number of points of

C at which f has odd order is even.

Remark 4.13 The referee brought to our attention that this theorem can
be proved very easily using simple results from calculus (modulo the re-
sult that any real smooth compact connected manifold of dimension 1 is
diffeomorphic to the circle S1). However, as far as we know, an algebraic
proof of this theorem is due to Knebusch [Kn, Theorem 3.4] and his proof
works for any real closed field.

As a consequence of above theorem, we prove the following lemma
which is a generalization of ([B-RS 1], Lemma 4.2).

Lemma 4.14 Let L be a projective A-module of rank 1. Let J ⊂ A be a reduced

ideal of height n which is a surjective image of L⊕ An−1. Then A/J is supported

on an even number of points on each compact connected component of X(R).
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Proof Let F = L ⊕ An−2 and let β : F ⊕ A � J be a surjection. Let C
be a compact connected component of X(R), such that A/J is supported
on at least one point of C. Since J is reduced, we may assume (by Swan’s
Bertini theorem (2.2)), that if I = β(F ) then I is a prime ideal and B = A/I
is smooth of dimension 1. Let β(0, 1) = a.

Let Y = Spec(B) and let C ′ = C ∩ Y (R). Let C ′1, · · · , C ′l be connected
components of C ′. Note that since C is compact, C ′i are compact, 1 ≤ i ≤ l.

Let Ỹ denote the smooth projective completion of Y. Then it is easy to see
that C ′i is also a compact connected component of Ỹ (R), for each i. Let a′

denote the image of a in B. By (4.12), the number of points of C ′i at which
a′ has odd order is even. Hence the lemma follows.

Lemma 4.15 Assume that X(R) is compact. Let K be the canonical module

∧n(ΩA/R) and L be a projective A-module of rank one. Let E = L ⊗A K,

D =
⊕

−∞<i<∞
E i and Z = Spec(D). Let Π : Z(R) → X(R) be the canonical

map. Then for every equivalence class U (with respect to the relation ∼), the pro-

jection Π(U) is contained in some connected component ofX(R) (in the Euclidean

topology).

Proof Let U ⊂ Z(R) be an equivalence class and let C be a connected
component of X(R). In order to prove the lemma it is enough to show that
either Π(U) ⊂ C or Π(U) ∩ C = ∅.

If X(R) is connected then there is nothing to prove. So assume that
X(R) is not connected. Let C be a connected component of X(R) such that
Π(U)∩C 6= ∅. If Π(U) 6⊂ C then there exists another connected component
C1 of X(R) such that Π(U) ∩ C1 6= ∅. Let z, z1 ∈ U be such that Π(z) ∈ C
and Π(z1) ∈ C1. Let Θ(z) = (M,ωM ) and Θ(z1) = (M1, ωM1). Let m =
MR(X) and m1 = M1R(X). Let ω, ω1 be local L ⊗A R(X)-orientations on
m,m1 induced by ωM , ωM1 respectively. Since z, z1 ∈ U z ∼ z1 and hence
(m,ω) = (m1, ω1) inE(R(X), L). Therefore, by (4.3), (m,ω)+(m1,−ω1) = 0
in E(R(X), L). Therefore, by (2.5), there exists g ∈ A such that g does not
belong to any real maximal ideal of A and a surjection β : Fg ⊕ Ag �
(M ∩M1)g where F = L ⊕ An−2. Since Ag is smooth, by (2.2), we assume
that B = Ag/J is a smooth affine domain of dimension 1 where J denotes
the ideal β(Fg). Let Y = Spec(B) and Ỹ be a smooth completion of Y.
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Since g does not belong to any real maximal ideal of A, it is easy to see
that Y (R) is a closed subset of X(R) and hence compact. This implies that
Y (R) = Ỹ (R).

Let x, x1 ∈ Y (R) be points corresponding to maximal idealsMg/J,M1g/J.
Since x ∈ C ∩Y (R) and x1 ∈ C1 ∩Y (R), x, x1 belong to different connected
components of Y (R). It is easy to see that b ∈ B vanishes at only two points
of Y (R) viz. x and x1 and it has order 1 at these points, where b is the image
of β(0, 1) in B. But this is a contradiction by (4.12) as Y (R) = Ỹ (R). This
completes the proof.

Let X,A,L,K, E , Z be as above. Let z ∈ Z(R) and let Θ(z) = (M,ωM ).
Let m = MR(X) and let ωm be the induced local L⊗A R(X)- orientation of
m. In what follows, depending upon context, we regard (m,ωm) as Θ(z).

Lemma 4.16 Let X,A,L,K, E , Z, C be as in above lemma. Let x, y ∈ C and

let mx,my be corresponding maximal ideals of R(X). Let ωx and ωy be local L-

orientations of mx and my respectively. Let KC and LC denote restriction of

(induced) line bundles on X(R) to C. If KC 6' LC then (mx, ωx) = (my, ωy)

in E(R(X), L). As a consequence, in this case, 2(mx, ωx) = 0 in E(R(X), L).

If KC ' LC , then either (mx, ωx) = (my, ωy) or (mx, ωx) = (my,−ωy) in

E(R(X), L).

Proof Let z, w ∈ Z(R) be such that Θ(z) = (mx, ωx) and Θ(w) = (my, ωy)
respectively. Since Π(z) = x,Π(w) = y, we have z, w ∈ Π−1(C). IfKC 6' LC

then EC 6' C × R. Therefore Π−1(C) is connected and hence contained in
an equivalence class (w.r.t. ∼). Hence z ∼ w, implying (mx, ωx) = (my, ωy)
in E(R(X), L). Now suppose w′ ∈ Z(R) be such that Θ(w′) = (my,−ωy).
Then Π(w′) ∈ C and hence w′ ∈ Π−1(C). Therefore, as before we conclude
that z ∼ w′. Hence (mx, ωx) = (my,−ωy) in E(R(X), L). Since, by (4.3),
(my, ωy) + (my,−ωy) = 0 in E(R(X), L), we have 2(mx, ωx) = (my, ωy) +
(my,−ωy) = 0 in E(R(X), L).

If KC ' LC , then EC ' C × R. Therefore Π−1(C) can be thought of as a
disjoint union (C × R+)

⋃
(C × R−). Without loss of generality we assume

that z ∈ C ×R+. Since y ∈ C, there exists w′ ∈ C ×R+ such that Π(w′) = y.
Since C × R+ is a connected component of Z(R), as before we see that it
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is contained in an equivalence class. Therefore z ∼ w′. This means that if
Θ(w′) = (my, ω̃y) then (mx, ωx) = (my, ω̃y) in E(R(X), L).

Since, by 4.3, (my, ω̃y) = (my, ωy) or (my, ω̃y) = (my,−ωy) we are
through.

As a consequence of above lemma we deduce the following result.

Lemma 4.17 Assume that X(R) is not compact and let C be a noncompact con-

nected component of X(R). Let L be a rank 1 projective module over A. Let

x ∈ C and let m be the corresponding maximal ideal of R(X). Let ωx be a lo-

cal L-orientation of m. Then (m,ωx) = 0 in E(R(X), L).

Proof Let X̃ be the smooth projective completion ofX. It is easy to see that
there exists an affine open subset X1 = Spec(A1) of X̃ such that X1(R) =
X̃(R). Therefore (X∩X1)(R) = X(R). SinceX∩X1 is an affine open subset
of X1 and Pic(R(X1)) is a 2-torsion group, it is easy to see that R(X ∩X1)
is a localization of R(X1). Now since X ∩ X1 is an open subset of X and
(X ∩ X1)(R) = X(R), we have R(X ∩ X1) = R(X). Let L1 be a rank 1
projective over A1 such that L1 and L define the same projective module
over R(X). Note that since X̃ is projective, X1(R) is compact.

Since X ∩X1(R) = X(R), we regard C as a connected subset of X1(R).
Therefore there exists a connected component C1 of X1(R) such that C ⊂
C1. Since C1 is compact but C is not compact, there exists y ∈ C1 such that
y 6∈ C. Note that C1 6⊂ X(R) (otherwise C1 being connected, C1 ⊂ C).
Therefore we can assume that y 6∈ X(R).

Let my denote the corresponding maximal ideal of R(X1). Since y 6∈
X(R), we have myR(X) = R(X). Let ωy be a local L1-orientation of my.
Since x, y ∈ C1, by (4.16), either (mx, ωx) = (my, ωy) or (mx, ωx) = (my,−ωy)
inE(R(X1, L1). Since R(X) = R(X∩X1) is a localization of R(X1), there ex-
ists a (surjective) group homomorphism from E(R(X1), L1) to E(R(X), L).
Since, under this group homomorphism, (my, ωy) 7→ 0 in E(R(X), L) we
are through.

Lemma 4.18 Let {C1, · · · , Ct} denote the set of all compact connected compo-

nents of X(R) in the Euclidean topology. Let L be a projective A-module of rank

1. Then, E(R(X), L) is generated by t elements.
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Proof Let xi ∈ Ci, 1 ≤ i ≤ t and let mi be a maximal ideal of R(X)
corresponding to xi. Let ωxi be a local L-orientation of mi for 1 ≤ i ≤ t. Let
F be a free abelian group with a basis (e1, · · · , et). Let ∆ : F → E(R(X), L)
be a group homomorphism defined by ∆(ei) = (mi, ωi); 1 ≤ i ≤ t. We
show that ∆ is surjective.

SinceE(R(X), L) is generated by elements of the type (m,ωm) wherem
is a maximal ideal of R(X) and ωm is a local L-orientation ofm, it is enough
to show that (m,ωm) is in the image of ∆.

Let x ∈ X(R) be the corresponding element. If x 6∈ Ci,∀i, 1 ≤ i ≤ t
then x belongs to a noncompact component of X(R) and hence, by (4.17),
(m,ωm) = 0.

Now assume that x ∈ Ci. Let K denote the canonical module of A and
let E = L ⊗A K. If ECi 6' Ci × R then, by (4.16), (m,ωm) = (mi, ωxi) =
∆(ei). If ECi ' Ci × R, then, again by 4.16, (m,ωm) = (mi, ωxi) = ∆(ei) or
(m,ωm) = (mi,−ωxi) = −(mi, ωxi) = −∆(ei).

Thus, in any case, (m,ωm) belongs to the image of ∆ and hence we are
through.

Lemma 4.19 Let C be a compact connected component of X(R). Let R(C) be

the ring obtained by inverting all elements of A which do not vanish at any point

x ∈ C. Let E be a projective A-module of rank 1. Then E ⊗A R(C) ' R(C) if and

only if the restriction E|C of (induced) line bundle on X(R) to C is trivial.

Proof Let C(C,R) denote the ring of real valued continuous functions on
C. Then, since there is a ring homomorphism R(C) → C(C,R), it is easy to
see that if E ⊗A R(C) ' R(C), then E|C is a trivial line bundle on C.

Now suppose E|C is a trivial line bundle on C. To prove that E ⊗A

R(C) ' R(C) we can assume without loss of generality that X(R) is com-
pact. This can be seen as follows.

If X(R) is not compact then (taking a smooth projective completion
of X), we see as in (4.17) that there exists a smooth affine variety X1 =
Spec(A1) birational to X such that X1(R) is compact and X(R) is its open
subset. Since C is a compact connected component of X(R) it follows that
C is a connected component of X1(R) also. Note also that R(X) is a lo-
calization of R(X1) and R(C) is a localization of R(X). In fact it is easy to
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see that R(C) is obtained by inverting all elements of A1 which do not van-
ish at any point of C. Moreover, there exists a rank 1 projective A1-module
E1 such that E1 ⊗A1 R(C) = E ⊗A R(C). Therefore, replacing X by X1 if
necessary, we can assume that X(R) is compact.

SinceC is a connected component ofX(R) and E|C is trivial, there exists
a continuous section σ : X(R) → E such that σ(x) = 1 ∀x ∈ C and σ(y) =
0 ∀y 6∈ C. Let U be an open neighbourhood of σ(X(R)) such that U ∩
(E|C) = C × (0,∞). Then, by ([Bo-C-R], Theorem 12.3.1), there exists an
algebraic section s : X(R) → E such that s(X(R)) ⊂ U. This means that
there exists e ∈ E such that if x ∈ C and Mx is the corresponding real
maximal ideal of A then e 6∈ MxE . Therefore E ⊗A R(C) is generated by
e⊗ 1.

Thus E ⊗A R(C) ' R(C).

Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over
the field R of real numbers. Let K be the canonical module of A. Let M be
a real maximal ideal of A and let ωM : K/MK ' ∧n(M/M2) be a local K-
orientation of M. Recall that the differential map d : A → ΩA/R gives rise
to an isomorphism ∧n(d) : ∧n(M/M2) ∼→ K/MK and hence composing
ωM with ∧n(d), we get an isomorphism, say, φωM : K/MK

∼→ K/MK.
Therefore ∃λ ∈ R∗ such that φωM is multiplication by λ. We denote by
sgn((M,ωM )) the signature sgn(λ). Recall that sgn(λ) takes value in the
multiplicative group {1,−1}. This assignment is very similar to one we
have already stated in the case K ⊗A K ' A.

Though a proof of the following lemma is implicit in [B-RS 1, Proposi-
tion 4.12] for the sake of completeness we prove it.

Lemma 4.20 Let A,X,K be as above. Let C be a compact connected component

of X(R). Let I = ∩Mi; 1 ≤ i ≤ l where for ∀i, Mi is a real maximal ideal of A

corresponding to xi ∈ C. Let β : K ⊕ An−1 � I be a surjection and ωi be a local

K- orientation of Mi induced by β. Then
∑l

i=1 sgn((Mi, ωi)) = 0.

Proof Let {e2, e3, · · · , en} be a basis of An−1 and let β(ei) = ai, 2 ≤ i ≤ n.
By (2.2), we can assume that if J = (β(L), a2, · · · , an−1) then Y = Spec(A/J)
is a smooth a affine curve. Let ”tilde” denote reduction modulo the ideal
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J . Then we have the following exact sequence

0 −→ J/J2 ea 7→gd(a)−→ ΩA/R/J(ΩA/R) −→ Ω eA/R −→ 0.

Let F = K ⊕ An−2. Then, since β(F ) = J we get an isomorphism
β̃ : F/JF ' J/J2. Since Ã is smooth, Ω eA/R is a projective Ã-module of
rank one. Hence ΩA/R/J(ΩA/R) ' F/JF ⊕ Ω eA/R. Since ∧n−1(F ) = K =

∧n(ΩA/R) we get that Ω eA/R ' Ã.

Let Θ be a generator of Ω eA/R and let v be its preimage in ΩA/R/J(ΩA/R).

Now it is easy to see that the map K/JK → K/JK given by l̃ 7→ d̃(β(l)) ∧
d̃(a2) · · · ∧ ˜d(an−2) ∧ v is an isomorphism and hence multiplication by b for
some invertible element b of A/J.

Replacing v by b−1v and Θ by b−1Θ, we can assume that b = 1. Let
d̃ : A/J → Ω eA/R be the differential map for the smooth affine curve Y and

let d̃(ãn) = uΘ where u ∈ A/J. Then, since (ãn) = ∩(Mi/J), 1 ≤ i ≤ l and
A/Mi = R, we see that there exists λi ∈ R∗ such that λi is the image of u in
A/Mi.

Let “bar” denote reduction modulo I. The surjection β : L⊕ An−1 � I
induces a local K-orientation ωI : K/IK ' ∧n(I/I2) and hence an isomor-
phism K/IK ' K/IK defined as l 7→ d(β(l)) ∧ d(a2) · · · . ∧ d(an) which is
nothing but multiplication by u. If ωi is the induced local K-orientation on
Mi then it is easy to see that sgn(Mi, ωi) = sgn(λi). So we want to show
that

∑l
i=1 sgn(λi) = 0.

Let Ỹ denote the smooth projective completion of Y = Spec(A/J). Since
C is compact, C∩Y (R) is also compact (though not necessarily connected).
As Y (R) is an open subset (in the Euclidean topology) of Ỹ (R) andC∩Y (R)
is a compact and open subset of Y (R) (note that C is a connected compo-
nent of X(R) ), C ∩ Y (R) is a finite union of (compact) connected compo-
nents of Ỹ (R). Therefore, by applying ([Kn],Theorem 3.3) to the differential
form Θ/ãn, we see that ∑

y∈C∩Y (R)

resy(Θ/ãn) = 0.

Let y1, · · · , yl be points of C ∩ Y (R) corresponding to the maximal ideals
M1, · · · ,Ml. Then ãn is a uniformising parameter precisely at these points
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and at any other point y of C ∩ Y (R), ãn is a unit. Now, since d̃(ãn) = uΘ
(where u ∈ A/J), we have

∑
y∈C∩Y (R)

resy(Θ/ãn) =
l∑

i=1

(sgn(λi
−1)).

Since sgn(λ) = sgn(λ−1), we are through.

Lemma 4.21 Let L be a projective A-module of rank 1 and let K be the canonical

module of A. Let C be a compact connected component of X(R) and let R(C) be

the ring obtained by inverting all elements of A which do not vanish at any point

x ∈ C. Suppose that L⊗A R(C) ' K ⊗A R(C). Then E(R(C), L) = Z.

Proof First note that, by abuse of notation, we have written E(R(C), L)
forE(R(C), L⊗AR(C)). SinceL⊗AR(C) ' K⊗AR(C),we haveE(R(C), L) =
E(R(C),K).

Letm be a maximal ideal of R(C) and ωm be a localK-orientation (more
precisely local K ⊗A R(C)-orientation) of m. Let M = m ∩A and let ωM be
a local K-orientation of M which gives rise to ωm. We call sgn((M,ωM )) to
be the signature of (m,ωm) and denote it by sgn((m,ωm)).

Let G be a free abelian group on the set of pairs (m,ωm), where m is a
maximal ideal of R(C) and ωm is a local K-orientation. Let H be the sub-
group of G generated by the set of pairs (I, ωI) where I is the intersection
of finitely many maximal ideals and ωI is a global K-orientation of I . Since
R(C) is a localization of A (a smooth affine domain), it is easy to see that
the canonical map G/H → E(R(C),K) is an isomorphism.

Now consider the map Sgn : G � Z; (m,ωm) 7→ sgn((m,ωm)). Apply-
ing (4.20), we see that Sgn(H) = 0.Hence we get a surjectionE(R(C),K) �
Z. Therefore, sinceE(R(C), L) = E(R(C),K), we get a surjectionE(R(C), L) �
Z.

Since R(C) is a localization of R(X) we get a surjection E(R(X), L) �
E(R(C), L). Let C = C1, · · · , Ct be the compact connected components of
X(R) and let ∆ : F → E(R(X), L) be the surjective map defined in (4.18).
Composing ∆ with the surjection E(R(X), L) � E(R(C), L) we get a sur-
jection ∆C : F � E(R(C), L). Let x ∈ X(R) and let mx be the corre-
sponding maximal ideal of R(X). If x 6∈ C then mxR(C) = R(C). Hence
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∆C(ei) = 0 for 2 ≤ i ≤ t. This shows that E(R(C), L) is a cyclic group.
Since Z is a surjective image of E(R(C), L) we get that E(R(C), L) = Z.

Thus the proof is complete.

Now we prove a structure theorem for E(R(X), L).

Theorem 4.22 Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2

over the field R of real numbers and let K = ∧n(ΩA/R) be the canonical module

of A. Let L be a projective A-module of rank 1. Let C1, · · · , Cr, Cr+1, · · · , Ct be

the compact connected components of X(R) in the Euclidean topology. Let KCi

and LCi denote restriction of (induced) line bundles on X(R) to Ci. Assume that

LCi ' KCi for 1 ≤ i ≤ r and LCi 6' KCi for r + 1 ≤ i ≤ t. Then,

E(R(X), L) = G1 ⊕ · · · ⊕Gr ⊕Gr+1 ⊕ · · · ⊕Gt,

where Gi = Z for 1 ≤ i ≤ r and Gi = Z/(2) for r + 1 ≤ i ≤ t.

Proof Let xi ∈ Ci, 1 ≤ i ≤ t and let mi be a maximal ideal of R(X)
corresponding to xi. Let ωi be a local L-orientation of mi for 1 ≤ i ≤ t. Let
F be a free abelian group with basis (e1, · · · , et). Let ∆ : F → E(R(X), L)
be a group homomorphism defined by ∆(ei) = (mi, ωi); 1 ≤ i ≤ t. Recall
that, by (4.18), ∆ is surjective.

Recall that R(Ci) denotes the ring obtained by inverting all elements of
A which do not vanish at any point x ∈ Ci. Since R(Ci) is a localization
of R(X) we have a surjection E(R(X), L) � E(R(Ci), L). Composing this
surjection with ∆ we get a surjection ∆Ci : F � E(R(Ci), L). Note that
∆Ci(ej) = 0 if j 6= i. If 1 ≤ i ≤ r, then, sinceKCi ' LCi , by (4.19) and (4.21),
E(R(Ci), L) = Z. Hence ∆Ci(ei) = sgn(mi, ωi) = ±1.

Let nj ∈ Z, 1 ≤ j ≤ t be such that ∆(
∑t

j=1 njej) = 0. Then ∆Ci(
∑t

j=1 njej) =
ni∆Ci(ei) = 0. Therefore, if 1 ≤ i ≤ r, then ni = 0.

If r + 1 ≤ j ≤ t, then, since LCj 6' KCj , by (4.16), 2(mj , ωj) = 0 and
hence 2∆(ej) = 0. Therefore to complete the proof, it is enough to show
that nj is even for ∀j, r + 1 ≤ j ≤ t.

If nj is odd for some j, then without loss of generality we can assume
that ∃l, r + 1 ≤ l ≤ t such that nj is odd for r + 1 ≤ j ≤ l and nj is even
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for j > l. Then, 0 = ∆(
∑t

j=r+1 njej) = ∆(
∑l

j=r+1 ej). This implies that if
I = ∩mj , r + 1 ≤ j ≤ l and ωI is the local L-orientation of I induced by
ωj , r + 1 ≤ j ≤ l then (I, ωI) = 0 in E(R(X), L). Hence, by (2.5), I is a
surjective image of L⊗A R(X)⊕ R(X)n−1.

Let J = I ∩ A. Then J ⊂ A is a reduced ideal of height n. Moreover,
since I is a surjective image of L ⊗A R(X) ⊕ R(X)n−1, replacing A by Ag

(g ∈ A does not belong to any real maximal ideal of A) if necessary, we see
that J is a surjective image of L⊕An−1. But, by (4.14), this is a contradiction
as A/J is supported only at points xj ∈ Cj ; r + 1 ≤ j ≤ l.

Thus we have shown that nj is even for ∀j, r + 1 ≤ j ≤ t and hence we
are through.

Remark 4.23 A special case of the above theorem viz L = K, has been
already proved by Ian Robertson (see [Ro, Theorem 12.6]).

Let W = S1 × S1
⋃
S1 × S1 be a disjoint union where S1 denotes

(real) circle. Then the orientable manifold W has two compact connected
components C1, C2 each isomorphic to S1 × S1. It is easy to see that there
exists a topological line bundle L on W such that L|C1 ' C1 × R but L|C2 6'
C2×R. The following example shows that a similar situation can be realised
algebraically also.

Example 4.24 Let f(Z) = Z(Z − 1)(Z − 2)(Z − 3) ∈ R[Z] be a polynomial
in one variable and let B = R[W,Z]/(W 4 + f(Z)). It is easy to see that if
λ ∈ R then f(λ) ≤ 0 if and only if λ ∈ [0, 1]∪[2, 3]. Therefore if Y = Spec(B)
then Y (R) is compact and has only two connected components C1, C2. In
fact, if F (Z, T ) = Z(Z − T )(Z − 2T )(Z − 3T ) then W 4 + F (Z, T ) defines a
smooth curve Ỹ in the projective plane P2(R) and Y (R) is the set of all real
points of Ỹ .

Let x = (0, 0) and y = (0, 3) be elements of Y (R) and letMx = (w, z),My =
(w, z−3) be corresponding real maximal ideals ofB. We assume that x ∈ C1

and hence y ∈ C2. Note that Pic(R(Y )) = Z/(2) ⊕ Z/(2) generated by Mx

and My.

LetA = B[U, V ]/(U2+V 2−1) and letX = Spec(A). ThenX is a smooth
affine variety of dimension 2 and the canonical module KA ' A. Moreover
the orientable manifold X(R) = C1 × S1

⋃
C2 × S1.
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Let L = MxA. Then L is a projective A-module of rank 1 such that the
induced line bundle on X(R) when restricted to C1 × S1 is non-trivial but
trivial when restricted to C2 × S1.

Recall that for a smooth affine variety X = Spec(A) of dimension n ≥ 2
over R and a rank 1 projective A-module L, we denote by E0(A,L) the
weak Euler class group of A with respect to L and by CH0(X) the group
of zero cycles of X modulo rational equivalence. If L = A, we write E0(A)
for E0(A,A). Moreover, if J is an ideal of A of height n such that J/J2 is
generated by n elements, then we denote by (J)L the element in E0(A,L)
associated to the ideal J and by [J ] the image in CH0(X) of the zero cycle
associated to A/J . By (2.9) and (2.10), there exists an isomorphism
ΨL : E0(A,L) ∼→ CH0(X) such that ΨL((J)L) = [J ] (viz ΨL = ΨβL). More-
over, composing ΨL with the canonical surjection E(A,L) � E0(A,L), we
get a surjection ΘL : E(A,L) � CH0(X).

Having proved a structure theorem for E(R(X), L), our next aim is to
study the surjection ΘL.

Since R(X) is a localization ofA and of dimension n, it is easy to see that
there exists a canonical surjective group homomorphisms ΓL : E(A,L) �
E(R(X), L). Let EC(L) denote the kernel of ΓL.

Remark 4.25 Let AC = A ⊗R C and Y = Spec(AC). Then AC is a smooth
affine ring of dimension n over the field C of complex numbers and hence
CH0(Y ) is a divisible group. Let π : Y → X be the canonical map. Note
that π is a finite morphism and it induces group homomorphisms π∗ :
CH0(X) → CH0(Y ) and π∗ : CH0(Y ) → CH0(X) such that the compo-
sition π∗π∗ is multiplication by 2. Let G = π∗(CH0(Y )).

Lemma 4.26 G = π∗(CH0(Y )) is a divisible group and if n ≥ 2 then it is

torsion-free.

Proof Since G is a surjective image of the divisible group CH0(Y ), G is
divisible. Now we assume that n ≥ 2. We want to show that G is torsion-
free.

Since n ≥ 2, by [Bl-M-S, Proposition 2.1], CH0(Y ) is torsion-free. Now
let z ∈ CH0(X) be a torsion element, say, rz = 0. Then, π∗(rz) = rπ∗(z) =
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0. But π∗(z) ∈ CH0(Y ) and CH0(Y ) is torsion-free, which implies that
π∗(z) = 0. Therefore, π∗π∗(z) = 2z = 0. So any torsion element of CH0(X)
is a 2-torsion and hence every torsion element of G is 2-torsion. But G is
divisible. Putting these two facts together we see that G is torsion-free.

Lemma 4.27 ΘL(EC(L)) = G.

Proof G is generated by π∗[N ] where N is a maximal ideal of AC and [N ]
denotes the zero cycle in CH0(Y ) associated to AC/N.

Let M = A ∩ N. Note that if M is a complex maximal ideal of A then
[M ] = π∗[N ] and if M is a real maximal ideal then 2[M ] = π∗[N ] ([M ]
denotes the zero cycle associated to A/M in CH0(X)). This shows that if
I is an ideal of A of height n such that I/I2 is generated by n elements
and I is contained in only complex maximal ideals then [I] ∈ G. Therefore,
since, by (2.7), every element of EC(L) is of the form (I, ωI), where I is a
an ideal of height n (with I/I2 generated by n elements) contained only
in complex maximal ideals and ωI is a local L-orientation of I , we see that
ΘL(EC(L)) ⊂ G.

Now to complete the proof it is enough to show that if M is real a max-
imal ideal of A then 2[M ] ∈ ΘL(EC(L)).

Let ωM be a local L-orientation of M. Then 2[M ] = ΘL((M,ωM ) +
(M,−ωM )). By (4.3), (M,ωM )+(M,−ωM ) ∈ EC(L).Hence we are through.

The assertion that 2[M ] ∈ G still holds even in the case dimension of A
is 1 as M2R(X) is a principal ideal.

Remark 4.28 Assume that X(R) has precisely t compact connected com-
ponents. Colliot-Thélène and Scheiderer have proved in ([CT-S], Theorem
1.3(d)) that CH0(X)/G is a vector space of dimension t over the field Z/(2).

Lemma 4.29 Let B be an affine ring of dimension 1 over R such that B does not

have any real maximal ideal. Let L be a projective B- module of rank 1 and let J be

an invertible ideal of B. Then for any positive integer r there exists an invertible

ideal J1 of B such that J + J1 = B and L ' J ∩ J1
r.
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Proof Since B does not have any real maximal ideal, the group Pic(B) of
rank 1 projective B-modules is divisible. This can be seen as follows:

We can assume without loss of generality that B is reduced. Let B̃ be
the normalization of B in the total quotient ring of B. Then B̃ is a smooth
affine ring of dimension 1 over R without any real maximal ideal and hence
Pic(B̃) is divisible. Let K be the conductor ideal of B̃ over B. Then since B̃
does not have any real maximal ideal it is easy to see that the group (B̃/K)

∗

of invertible elements of B̃/K is divisible. Now divisibility of Pic(B) fol-
lows from the following exact sequence:

(B̃/K)
∗
→ Pic(B) → Pic(B̃) → 0.

Let E = L ⊗B J−1. Then, since E ∈ Pic(B) and Pic(B)is divisible,
there exists a rank 1 projective module E1 over B such that E ' E1

r. Since
dim(B) = 1, E1/JE1 ' A/J. Therefore there exists an invertible ideal J1

such that J+J1 = B andE1 ' J1. Therefore L ' J⊗BJ1
r = JJ1

r = J∩J1
r.

Let A be a smooth affine domain of dimension n ≥ 2 and L be a rank
1 projective A-module. Let I be an ideal of height n such that I/I2 is gen-
erated by n elements. Suppose I is contained in only complex maximal
ideals. Let ωI be a local L-orientation of I and let b ∈ J be such that b does
not belong to any real maximal ideal. Then with the help of above (moving
)lemma it is easy to see that there exists an ideal I1 of height n with proper-
ties (1) I1+(b) = A, (2) I1/I12 is generated by n elements, (3) I1 is contained
in only complex maximal ideals (4) (I, ωI) = (I1, ωI1) in E(A,L) for some
local L-orientation ωI1 of I1.

Proposition 4.30 Let X = Spec(A) be a smooth affine variety of dimension n ≥
2 over the field R of real numbers and let K = ∧n(ΩA/R) be the canonical module

of A. Let L be a projective A-module of rank 1. Let C1, · · · , Cr, Cr+1, · · · , Ct be

the compact connected components of X(R) in the Euclidean topology. Let KCi

and LCi denote restriction of (induced) line bundles on X(R) to Ci. Assume that

LCi ' KCi for 1 ≤ i ≤ r and LCi 6' KCi for r+ 1 ≤ i ≤ t. Let ΘL : E(A,L) �

CH0(X) be the canonical surjection. Then, ker(ΘL) is a free abelian group of rank

r.
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Proof Recall that if EC(L) denotes the kernel of the surjection
ΓL : E(A,L) � E(R(X), L) then, by (4.27), ΘL(EC(L)) = G. Therefore we
get a surjection Θ′

L : E(R(X), L) � CH0(X)/G. Since, by (4.28),CH0(X)/G
is a vector space of dimension t over the field Z/(2) it follows from (4.22)
that ker(Θ′

L) = 2E(R(X), L) which is a free abelian group of rank r.

Note that ΓL(ker(ΘL)) = ker(Θ′
L). So if we show that the restriction

of ΓL to ker(ΘL) is injective then we are through. But this is equivalent to
showing that the restriction ΘL|EC(L) is injective. We now proceed to prove
this.

Let x ∈ EC(L)). Then x = (I, ωI) where I is an ideal of A of height n
contained in only complex maximal ideals. Suppose that Θ((I, ωI)) = 0.
First note that since I is contained in only complex maximal ideals, every
unit of A/I is a square. Therefore, in view of (2.6), in order to prove that
(I, ωI) = 0 in E(A,L) it is enough to show that there is a surjection α :
L⊕An−1 � I .

Since I is contained in only complex maximal ideals there exists b ∈ I
which is contained in only complex maximal ideals. Let A = A/(b2), and
I = I/(b2). Let α′ : L/IL ⊕ A/In−1 � I/I2 be a surjection. Then since
dim(A) = n − 1, using (2.1), we see that α′ can be lifted to a surjection
α : L/b2L⊕A

n−1
� I. Hence if α̃ : L⊕An−1 → I is a lift then

α̃(L⊕ An−1) + (b2) = I . Let α̃(L) = K Then I = K + (a1, · · · , an−1, b
2). By

[B-RS 1, Lemma 5.1], there exists c ∈ A such that the element a1 + cb2 does
not belong to any real maximal ideal of A. So, replacing a1 by a1 + cb2 if
necessary, we can assume that a1 does not belong to any real maximal ideal
of A. Moreover, adding suitable multiples of b2 to a2, · · · , an−1 we assume
that the ideal (a1, · · · an−1) has height n− 1.

Let B = A/(a1, · · · an−1) and J = I/(a1, · · · an−1). Then B is an affine
ring of dimension 1 over R which does not have any real maximal ideal and
J is an invertible ideal ofB.Hence, by (4.29), there exists an invertible ideal
J1 ofB such that J+J1 = B and J ∩J1

2 is a surjective image of L⊗AB. Let
I1 be an ideal of A such that (a1, · · · an−1) ⊂ I1 and I1/(a1, · · · an−1) = J1.
Let I1(2) = (a1, · · · an−1) + I1

2. From construction it is clear that there exists
a surjection β : L⊕An−1 � I ∩ I1(2). So if we show that I1(2) is a surjective
image of L⊕An−1, we are through.

First note that I1 is contained in only complex maximal ideals and hence
the zero cycle [I1] ∈ G. The surjection β shows that [I] + [I1(2)] = 0 in
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CH0(X). Since, by assumption, [I] = 0 inCH0(X),we have 2[I1] = [I1(2)] =
0. Since [I1] ∈ G and G is torsion-free, [I1] = 0 in CH0(X). Since
ΨL : E0(A,L) → CH0(X) is an isomorphism, (I1)L = 0 in E0(A,L).

Let K = (a1, · · · , an−1). Since I1/K is an invertible ideal of A/K = B,
there exists a ∈ I1 such that K + (a) + I1

2 = I1. Since K/I1K is free over
A/I1 of rank n − 1, There exists a surjection γ′ : F/I1F � K/I1K where
F = L⊕An−2. Let γ : F → K be a lift. Then γ(F )+I1K = K. Since ht(K) =
n−1 = rank(F ), by (2.1), there exists c ∈ I1K and δ ∈ HomA(F,A) such that
γ+cδ(F ) is an ideal of height of n−1. So, replacing γ by γ+cδ if necessary,
we assume that K1 = γ(F ) has height n− 1. Since K = K1 + I1K ⊂ I1, we
have K1 + I1

2 = K1 + I1K + I1
2 = K + I1

2 = I1
(2) and I1 = K1 + (a) + I1

2

Since (I1) = 0 in E0(A,L), if ω is a local L-orientation of I1, then, by
(3.6), we have (I1(2), ∗) = (I1, ω) + (I1,−ω) = 0 in E(A,L). Hence, by (2.5),
I1

(2) is a surjective image of L⊕An−1 = F ⊕A.

Thus the proposition is proved.

Now we prove our main theorem.

Theorem 4.31 Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2

over the field R of real numbers. LetK denote the canonical module ∧n(ΩA/R). Let

P be a projectiveA-module of rank n and let ∧n(P ) = L.Assume thatCn(P ) = 0

in CH0(X). Then P ' A⊕Q in the following cases:

1. X(R) has no compact connected component.

2. For every compact connected component C of X(R), LC 6' KC where KC

and LC denote restriction of (induced) line bundles on X(R) to C.

3. n is odd.

Moreover, if n is even and L is a rank 1 projective A-module such that there

exists a compact connected component C of X(R) with the property that LC '
KC , then there exists a projective A-module P of rank n such that P ⊕ A '
L⊕An−1 ⊕A (hence Cn(P ) = 0) but P does not have a free summand of rank 1.
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Proof Let χ : L ∼→ ∧nP be an isomorphism and e(P, χ) ∈ E(A,L) be
the Euler class of P . The image of e(P, χ) under the canonical surjection
ΘL : E(A,L) � CH0(X) is Cn(P ).

Proof of (1) and (2). Under the assumption of either (1) or (2), by (4.30), ΘL is
an isomorphism and hence Cn(P ) = 0 implies that e(P, χ) = 0 in E(A,L).
Therefore, by (2.5), P ' A ⊕ Q for some projective A-module Q of rank
n− 1. This proves (1) and (2).

Proof of (3). Since n is odd, there is an automorphism ∆ of P with determi-
nant −1. Let α : P � I be a surjection where I ⊂ A is an ideal of height n
and let ωI be the local L-orientation of of I induced by α. Then, by defini-
tion, e(P, χ) = (I, ωI) in E(A,L). Clearly (α∆, χ) will induce (I,−ωI) and
hence e(P, χ) = (I,−ωI) inE(A,L). Therefore 2e(P, χ) = (I, ωI)+(I,−ωI).

Now since Cn(P ) = 0, [I] = 0 in CH0(X). Since ΨL : E0(A,L) →
CH0(X) is an isomorphism and ΨL((I)) = [I] = 0, we get that (I) = 0
in E0(A,L). But then, by (3.7), (I, ωI) + (I,−ωI) = 0 in E(A,L). Thus
2e(P, χ) = 0 in E(A,L). Since Cn(P ) = 0, e(P, χ) is in the kernel of the sur-
jection ΘL : E(A,L) � CH0(X) which, by (4.30), is a free abelian group.
Hence e(P, χ) = 0 in E(A,L). Therefore as before we see that P ' A⊕Q.

For the last part of the theorem we now suppose that n is even and
there exists a compact connected component C of X(R) with the property
that LC ' KC .

In this case, by (4.30), ker(ΘL) is a free abelian group of rank ≥ 1. This
shows that, since ΨL : E0(A,L) ' CH0(X) and ΘL factors through the
canonical surjection E(A,L) � E0(A,L), this surjection is not an isomor-
phism. As in [B-RS 1, Lemma 3.3] we can show that the kernel of the canon-
ical surjection E(A,L) � E0(A,L) is generated by all elements of the type
(J, ωJ), where J is an ideal of A of height n which is a surjective image of
L⊕An−1 and ωJ is local L-orientation of J. Since E(A,L) is not isomorphic
to E0(A,L), there exists an ideal I of height n which is a surjective image of
L⊕An−1 and a local L-orientation ωI such that (I, ωI) 6= 0 inE(A,L). Since
n is even, adapting the proof of [B-RS 1, Lemma 3.6], we see that there exists
a projective A-module P of rank n which is stably isomorphic to L⊕ An−1

and an isomorphism χ : L → ∧n(P ) such that e(P, χ) = (I, ωI) 6= 0 in
E(A,L).

Since e(P, χ) 6= 0, P does not have a free summand of rank 1. On the
other hand, since P is stably isomorphic to L⊕An−1 it is clear that Cn(P ) =

42



0 in CH0(X). This completes the proof.

Remark 4.32 Let X = Spec(A) be a smooth affine surface over R such
that X(R) is compact and connected and the canonical module KR(X) is
not trivial. In this set up, (4.31) says that every stably free A-module of
rank 2 has a free summand of rank 1 and hence all stably free A-modules
are free. This yields an affirmative answer to Question 6.5 of [B-RS 1].

Remark 4.33 Let A,X,P be as in the theorem. Assume that X(R) has at
least one compact connected component, dim(A) is even and Cn(P ) = 0.
The above theorem says that, in this set up, we can not always conclude
that P ' A ⊕ Q. However, by [ B-RS 2 Proposition 6.3], we always have
A⊕P ' A⊕A⊕Q. Moreover, if X(R) is connected, then the only possible
obstruction for P to split off a free summand of rank 1 is purely topological
viz. the associated topological vector bundle and the manifold X(R) have
the same orientation.

Statements (1) and (3) of the theorem have been already proved in
[B-RS 1] in the special case K ⊗A R(X) ' R(X) ' ∧n(P )⊗A R(X).

We end this paper by posing the following question.

Question. Let X = Spec(A) be a smooth affine variety of dimension n ≥ 2 over
a field k of characteristic 0. Let P be a projective A-module of rank n such that
Cn(P ) = 0 in CH0(X). Then, does there exist a projective A-module Q of rank
n− 1 such that P ⊕A ' Q⊕A⊕A ?
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