PROJECTIVE GENERATION OF CURVES (I1I)
S. M. BHATWADEKAR AND MRINAL KANTI DAS

ABSTRACT. Let Abe an affine domain of dimension n over a field of characteristic zero.
Let I C A[T] be a local complete intersection ideal of height n such that u(1/1%) = n.
This paper examines under what condition I is surjective image of a projective A[T-
module of rank n. More specifically, one is interested in knowing when is an element
(I,wr) of the Euler class group E(A[T]) obtained as the Euler class of a projective A[T-
module. Itis proved that such a phenomenon occurs if and only if the naturally induced
element (I(0),ws(oy) of the Euler class group E(A) is obtained as the Euler class of a
projective A-module.

1. INTRODUCTION

Let R be a Noetherian ring and I be an ideal of height n. It is well known (by
dimension theory) that n < p(I), where for a finitely generated R-module M, u(M)
denotes the minimal number of generators of M. In view of this, it is of some interest
to know when n = ht(I) = pu(I). Obvious condition is that u(I/1%) = n. Now suppose
that ;4(1/I?) = n. Even then I need not be generated by n elements, as can be easily
seen by taking a non-principal ideal in a Dedekind domain (which is not PID). Such
examples lead us to consider a modified question, namely, if p(1/1 2) = n,is I at least
surjective image of a projective R-module P of rank n? If it is so and P has trivial
determinant (i.e., A"(P) ~ R), then we say that I is projectively generated. It is easy
to see that if n = 2 then I is projectively generated. Therefore we always assume that
n > 3. It can be shown that even if R is a ring of dimension » > 3 and m is a maximal
ideal of R such that R, is regular (hence y(m/m?) = n ), m need not be projectively
generated. For example, let R be the coordinate ring of the real three sphere and m a
real maximal ideal of R. It is well known that every projective R-module of rank three
is free and m is not generated by 3 elements.

On the other hand, if R is a polynomial algebra of a Noetherian ring, there are some
interesting affirmative results. Let R = A[T]| where A is a Noetherian ring and let
I be an ideal of R of height n such that (1) u(I/1?) = n, (2) n > dim(R/I) +2, (3) I
contains a monic polynomial. Then, by a result of Mohan Kumar [Mo], I is projectively
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generated. A subsequent (remarkable) theorem of Mandal [Ma] says that, under the
above assumptions, in fact I is efficiently generated (i.e. p(I) = n ). In particular, if
n > dim(R) — 1 > 3, then I is efficiently generated. Before proceeding further we
would like to point out that the above results of Mohan Kumar and Mandal are not
true without condition (3). To see this, take A to be the coordinate ring of the real three
sphere, m to be a real maximal ideal, R = A[T] and I = mR.

Keeping this background in mind, one needs to address the following question:
Let A be an affine domain of dimension n > 3 over a field k. Let I C A[T] be a local
complete intersection ideal of height n such that u(I1/1?) = n which does not contain any
monic polynomial. When is I projectively generated?

In this paper we give a (partial) solution to the above question. Before stating our
result we need some discussion. For A € k, let I(\) := {f(\)|f(T) € I}. Note that
I(M\)isanidealof Aand I(\) = I+ (T — \)/(T — \) ~ I/IN(T — X). Now assume
that & is a field of characteristic zero. It is easy to see that for almost all A, I(\) is an
ideal of A of height n such that I(\)/I(\)? is generated by n elements. It is obvious
that if [ is projectively generated then so also is I(\). Now suppose, for some \ € k,
say A = 0, that there exists a projective A-module @) of rank n with trivial determinant
and a surjection ¢ : @ — I(0). Then, since 1(0) ~ I /(I N (T)), ¢ can be lifted to a map
6 from Q[T to I /(12 N (T)) (here Q[T] is Q ® 4 A[T)). The core idea of our main result
(Theorem 3.5 below) essentially says that, if for some suitable ¢ a surjective lift 6 exists
then I is projectively generated. More precisely, the following is implicit in the proof
of Theorem 3.5.

Theorem 1.1. Let A be an affine domain of dimension n > 3 over a field k of characteristic
zero. Let I C A[T) be a local complete intersection ideal of height n such that u(I/1%) = n.
Assume that 1(0) is of height n. If there exists a projective A-module Q) of rank n with trivial
determinant and a surjection from Q[T to I/(I? N (T)), then I is projectively generated.

Remark 1.2. Note that if /(0) = A then in the above theorem we can take @ to be
free and then by [BRS1, 3.9] there is a surjection Q[T] — I/(I?T), proving that I is
projectively generated. We do not mention this case in the results below.

Applying our main theorem we prove the following results (see 3.7, 3.11, 3.10).

Corollary 1.3. Let A be an affine domain of dimension n > 3 over a field k of characteristic
zero. Let I C A[T) be a local complete intersection ideal of height n such that I/1? is generated
by n elements. Then I is projectively generated in the following cases :

(1) nis even and 1(0) is a projectively generated ideal of height n;

(2) kisa C, field and 1(0) is a projectively generated ideal of height n;

(3) k is algebraically closed.
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Remark 1.4. The third part of the above corollary has been already proved in [BRS2,
Theorem 2.7]. In fact this paper may be considered as a sequel to [BRS1, BRS2] and the
method of proof adopted here are refinements of techniques from [BRS2].

A diligent reader who is also familiar with the theory of the Euler class groups,
upon seeing the above discussion, will immediately realize that we have proved the
following result : Let (I,wr) be an element of the Euler class group E(A[T]), where wy is a
local orientation of 1. Assume that for the induced local orientation wy (o) of 1(0), the element
(1(0),wr(0)) of the Euler class group E(A) is obtained as the Euler class of a projective A-
module. Then, there exist a projective A[T)-module whose Euler class is (I,wr).

For the complete statement, see (Theorem 3.5). In the proof of this theorem we have
used some basic techniques from the Euler class theory. We shall urge the general
reader to look up Section 2 for the definitions and only a handful of relevant results for
references.

Acknowledgement: We sincerely thank the referees for carefully going through the
manuscript and suggesting improvements in the exposition.

2. PRELIMINARIES

We begin this section with a collection of useful lemmas. The following lemma is a
consequence of a theorem of Eisenbud-Evans [E-E] and is proved in [BRS4].

Lemma 2.1. [BRS4, 2.13] Let A be a Noetherian ring and P be a projective A-module of rank
n. Let (o,a) € (P* @ A). Then there exists an element 3 € P* such that ht(1,) > n, where
I = (a+ap)(P). In particular, if the ideal (a(P), a) has height > n, then ht(I) > n. Further,
if (a(P), a) is an ideal of height > n and I is a proper ideal of A, then ht(I) = n.

The following couple of lemmas are easy. However, we prove them for the sake of
completeness.

Lemma 2.2. Let A be a Noetherian ring, I C A an ideal and P be a projective A-module.
Assume that there exists « € Hom (P, A) such that «(P) C I. Then, o : P — T isa
surjection if and only if I = o(P) + I? and V (a(P)) = V(I) in Spec(A).

Proof. We write J = a(P). Let I = I/J, where bar denotes reduction modulo J. Then
T =T and therefore T is generated by an idempotent € . If ¢ € I is a preimage of &,
then I = (J,e) and e(1 —e) € J.

To prove that J = I, it is enough to check that I, = J,, for all p € Spec(R). If p 2 J,
then p 2 I, and therefore, I, = A, = J,. Now letp D J. As V(I) = V(J), we have
p D I,and since I = (J,e) withe(1 —e) € J and A, is a local ring, we have I, = J,. O
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Lemma 2.3. Let B be a Noetherian ring with dim(B) = d and P be a projective B-module of
rank n > d + 1. Let I, L be ideals of B such that L C I 2. Assume that there is a surjection
¢ P — I/L. Then ¢ can be lifted to a surjection ¥ : P — 1I.

Proof. Let ¢ : P — I be a lift of ¢. Then we have ¢(P) + L = I. As L C I?, by [BRS1,
Lemma 3.2] there exists e € L such that ¢(P) + (e) = I.

We now apply Lemma 2.1 to the element (1), e) of P* @ B to obtain § € P* such that
if K = (¢ + ef)(P), then ht(K.) > n. Asdim(B) = d < n — 1, it follows that K, = B,
and consequently, ¢! € K for some positive integer I.

We have K + (¢) = I and e € L C I?. Applying Lemma 2.2 it is easy to see that
K = I. We rename v + ef) as V. Then ¥ : P — [ is a surjection. Since e € L, clearly ¥
lifts ¢. 0

Lemma 2.4. Let A be a Noetherian ring with dim(A) = d. Let I C A[T] be an ideal with
ht (I) > 2. Assume that there is a projective A-module Q) of rank n > d + 1 such that there is
a surjection ¢ : Q[T) — I/(I*T). Then ¢ can be lifted to a surjection ® : Q[T] — 1.

Proof. We can choose s € 12 N A such that ht (s) = 1. Let bar denote reduction modulo
(s). Applying Lemma 2.3 it is easy to see that ¢ has a lift to a surjection 0 : Q[T] — 1.
Therefore, if 6 is a lift of § to Hom(Q[T], I) and ¢; is a lift of ¢ to Hom(Q[T7], I), then
we have (0 — ¢1)(Q[T]) C (I*T) + (s). If we write n = 6(0) — ¢1(0), then we observe
that (Q) C (s). Let @ — n(T) be denoted by ¢, where 7(T') stands for n ® A[T]. From
the above relations we have: (1) I = (¢/(Q[T1]), s); (2) 8'(0) = ¢1(0) = ¢(0), and hence
0'(0)(Q) = I(0). A local-global argument, similar to the one given in the proof of
Lemma 2.2 above, implies that I = (¢'(Q[T), sT). Applying Lemma 2.1 we can find
7 € Hom(Q[T, A[T]) such that the ideal I"” = (¢’ + sT'7)(Q[T]) satisfies the following
properties:

(1) I” = I NI where I' is an ideal of height > d + 1;
(2) I' + (sT) = A[T).

Clearly I’ contains a monic polynomial and therefore, by [L, Lemma 1.1, p. 79], we
have I' N A + (s) = A, implying that I’ contains an element of the form 1 + sa where
a € A

Let us write o = ¢’ + sT'r. We have the surjection oy 454 : Q[T]1454 — I14+s4. On the
other hand we have a surjection ¢(0)s(T) : Qs[T] — I1(0)s[T] = A[T] = I,. It is easy to
check that the kernels of the induced surjections a(144) and ¢(0)(1454)(7) are both
extended. Since these two surjections are the same modulo 7', by [BRS4, Lemma 2.9]
there is an automorphism o (7') of Q(14.54)[T] such that ¢(0) = id and a1 454)0(T) =
#(0)s(14s4)(T). As 0(0) = id, one can now apply [BRS4, Lemma 2.10] and patch the
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surjections a1454 and ¢(0)s(7") to obtain a surjective map ¢ : Q[T'] — I. Using [BRS4,
Lemma 2.10] it can be easily checked that ® lifts ¢. O

Lemma 2.5. Let R be a Noetherian ring of dimension n > 3 and I C R[T| be an ideal of height
n. Let Q be a projective R-module of rank n such that there is a surjection o : Q[T] — I1/(I*T).
Let b € 12 N R be any non-zerodivisor. Then we can find a lift 3 € Hom(Q[T), I) of o with the
following properties :

(1) I" + (bT) = I, where I" = B(Q[T]);

(2) I"=INTI,whereht(I') > n;

(3) I' + (bT) = R[T).

Proof. The proof is very similar to the first part of the proof of the above lemma. Write
A = R/(b) and let “bar” denote reduction modulo (b). Then dim(A) < n—1. Applying
the above lemma we obtain a surjection ® : Q[T] — I which lifts @. If ¢ is a lift of ®
to Hom(QI[T],I) and « is a lift of o to Hom(QI[T], I), then we have (¢ — a;)(Q[T]) C
(I*T) + (b). If we write n = ¢(0) — a1(0), then we observe that 7(Q) C (b). Let
¢ — n(T') be denoted by «’. From the above relations we have: (1) I = (¢/(Q[T]),b);
(2) &/(0) = a1(0) = «(0) and hence /(0)(Q) = I(0). A simple local-global argument
implies that I = (/(Q[T)),bT).

We can now apply Lemma 2.1 to conclude the rest. O

Remark 2.6. In the above lemma, if R is a geometrically reduced affine algebra over an
infinite field then applying Swan’s Bertini Theorem [BRS3, 2.11] in place of Eisenbud-
Evans theorem, we may further obtain that I’ is reduced.

We now recall the definitions of the Euler class groups and collect the results relevant
to this paper. For a Noetherian ring A of dimension n containing Q, the n!* Euler class
group E™(A) has been defined in [BRS4]. This definition has been extended to the
definition of the n* Euler class group E"(A[T]) in [D1]. We refer to these two papers
for further details and unexplained terms related to the Euler class theory. Also, since
in this paper we are only concerned about the n'" Euler class groups, we shall simply
write them as F(A) and E(A[T]).

Definition 2.7. (The Euler class group E(A)) Let A be a commutative Noetherian ring
(containing Q) of dimension n > 2. Let J C A be an ideal of height n such that J/J?
is generated by n elements. Two surjections «, 8 from (A/J)" to J/J? are said to be
related if there exists o € SL,(A/J) such that aoc = (. Clearly this is an equivalence
relation on the set of surjections from (A/J)" to J/J2. Let [o] denote the equivalence
class of a. Such an equivalence class [o] is called a local orientation of J. By abuse of
notation, we shall identify an equivalence class [a] with «. A local orientation « is
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called a global orientation if o : (A/J)" — J/J? can be lifted to a surjection 6 : A™ — J.
Let G be the free abelian group on the set of pairs (N, wy) where A is an M-primary
ideal for some maximal ideal M of height n such that /N2 is generated by n elements
and wy is a local orientation of N. Now let J C A be an ideal of height n such that
J/J?is generated by n elements and w be a local orientation of .J. Let J = N;N; be the
(irredundant) primary decomposition of .J. We associate to the pair (J,wy), the element
> (Ni,wp;) of G where wy, is the local orientation of V; induced by w;. By abuse of
notation, we denote >, (N;,wp;) by (J,wy). Let H be the subgroup of G generated by
the set of pairs (J,wy), where J is an ideal of height n and w; is a global orientation of

J. The Euler class group of A is E(A) “a /H.

Definition 2.8. (The Euler class of a projective A-module) Let P be a projective A-
module of rank n such that A ~ A"(P) and let y : A = A"P be an isomorphism.
Let ¢ : P — J be a surjection where .J is an ideal of height n. Therefore we obtain
an induced surjection 3 : P/JP — J/J?. Let¥ : (A/J)™ = P/JP be an isomorphism
such that A"(¥) = Y. Let w, be the local orientation of J givenby 375 : (4/J)" — J/J2.
Let e(P, x) be the image in E(A) of the element (J,w;) of G. The assignment sending
the pair (P, x) to the element e(P, x) of E(A) is well defined (see [BRS4]). The Euler
class of (P, x) is defined to be e(P, x).

Theorem 2.9. [BRS4] Let A be a Noetherian ring (containing Q) of dimension n > 3. Let
I C A be an ideal of A of height n such that I/I? is generated by n elements and wy be a
local orientation of I. Let P be a rank n projective A-module with trivial determinant with a
trivialization x : A ~ N\"(P).

(a) Suppose that the image of (I, wr) is zero in E(A). Then wy is a global orientation of 1.

(b) Suppose that e(P,x) = (I,wr) in E(A). Then there exists a surjection o : P — I such
that wy is induced by o and x (as described above).

(c) P has a unimodular element if and only if e(P, x) = 0in E(A).

Definition 2.10. (The Euler class group E(A[T])) Let A be a Noetherian ring of di-
mension n > 3 containing Q. Let I C A[T] be an ideal of height n such that I/1? is
generated by n elements. Two surjections « and 3 from (A[T]/I)™ — I/I? are said to
be related if there exists o € SL,(A[T]/I) such that ac = (. This is an equivalence
relation on the set of surjections from (A[T]/I)" to I/I?. Let [a] denote the equivalence
class of a. We call such an equivalence class [«] a local orientation of I. It was shown
in [D1, Proposition 4.4], that if a : (A[T]/I)® — I/I? can be lifted to a surjection
6 : A[T)™ — I then so can any [ equivalent to a. We call a local orientation [«] of I a
global orientation of I if the surjection « : (A[T]/I)™ — I/I? can be lifted to a surjection
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0 : A[T|" — I. Let G be the free abelian group on the set of pairs (I, w;) where I C A[T]
is an ideal of height n such that Spec(A[T]/I) is connected, I/I? is generated by n
elements and w; : (A[T]/I)* — I/I? is a local orientation of I. Let I C A[T] be an
ideal of height n and w; a local orientation of . Now I can be decomposed uniquely as
I = 1;N---N1I,, where the I;,’s are ideals of A[T] of height n, pairwise comaximal, such
that Spec(A[T]/1}) is connected for each k. Clearly w; induces local orientations wy, of
I for1 < k <r. By (I/,ws) we mean the element 3(I;, wr, ) of G. Let H be the subgroup
of G generated by set of pairs (I,wr), where I is an ideal of A[T] of height n generated
by n elements and wy is a global orientation of I given by the set of generators of 1. We
define the Euler class group of A[T], denoted by E(A[T), tobe G/H.

Remark 2.11. For details on this remark the reader is referred to [D1, D2]. There is a
canonical injective group homomorphism ¢ : E(A) — E(A[T]). It has been proved
in [D2, Theorem 3.3] that there is a surjective group homomorphism ¥ : E(A[T]) —
E(A) such that the composite map ¥® is identity on E(A). Further, the map ¥ has
the property that if (I,w;) € E(A[T]) is such that ht(Z(0)) = n, then ¥(({,w;)) =
(1(0),wr(0)), where I(0) = {f(0)|f € I} and wy () is the local orientation of 1(0),
naturally induced by w;.

Definition 2.12. (The Euler class of a projective A[T]-module) Let P be a projective
A[T)-module of rank n with trivial determinant. Fix a trivialization y : A[T] = A"(P).
Let o : P — I be a surjection such that I is an ideal of height n. Note that, since P has
trivial determinant and dim(A[7T]/I) < 1, P/IP is a free A[T]/I-module. Composing
a ® A[T]/I with an isomorphism v : (A[T]/I)™ = P/IP with the property A"(y) =
x ® A[T]/I, we get a local orientation, say wr, of I. Let e(P, x) be the image in E(A[T)
of the element (1, wy) of G. (We say that (I,wy) is obtained from the pair («, x)). It can
be proved that the assignment sending the pair (P, x) to e(P, x) is well defined (see
[D1, Lemma 4.6]). We define the Euler class of P to be e(P, x).

Theorem 2.13. [D1] Let A be a Noetherian ring (containing Q) of dimension n > 3. Let
I C A[T) be an ideal of A[T) of height n such that I/I? is generated by n elements and wy be a
local orientation of I. Let P be a rank n projective A[T|-module with trivial determinant with
a trivialization x : A[T] ~ A" (P).

(a) Suppose that the image of (I,wr) is zero in E(A[T]). Then wy is a global orientation of 1.
(b) Suppose that e(P, x) = (I,wr) in E(A[T]). Then there exists a surjection o : P — I such
that wr is induced by o and x (as described above).

(c) P has a unimodular element if and only if e(P, x) = 0 in E(A[T]).
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We need the following remark for subsequent discussions. Let us first explain some
of the notations used in this remark and the next section.

Let R be a Noetherian ring of dimension n, containing Q, and let (J,w) € E(R). Let
ube aunitin R/J. Let 7 € GL,(R/J) be a matrix with det(7) = u. By the notation uw
we mean the local orientation of .J given by the composite: (R/J)" = (R/J)" — J/J>.
Note that (J, uw) € E(R) does not depend on the choice of 7. ’ )

Remark 2.14. Let R be a Noetherian ring of dimension n, containing Q, and let (J,w) €
E(R). Assume that there is a projective R-module P of rank n and an isomorphism
X : R = A"(P) such that e(P, ) = (J,uw) in E(R), where u is a unit in R. Then if we
take 1 to be the composite R u—z R % A™(P), it is easy to see that e(P, x1) = (J,w).

The following proposition and the subsequent remark are crucial to the next section
where we prove the main theorem. These results assert that it is enough to prove
the main theorem for reduced rings. As in the main theorem we are considering
affine algebras over a field of characteristic zero, it further reduces the problem to
geometrically reduced rings. The main advantage of this reduction is that we can then
apply Swan’s Bertini theorem (see remark 2.6) and move to the residual ideal which is
reduced. The whole proof of the main theorem hinges on this special type of residual
ideal.

Proposition 2.15. Let R be a Noetherian ring of dimension n, containing Q and ® : E(R) ~
E(Ryeq) be the canonical isomorphism as illustrated in [BRS4, 4.6]. Let (J,w) € E(R) be
such that ®((J,w)) = e(P’,x’), where P’ is a projective R,;-module of rank n and x' :
Ryeqg ~ A"P' an isomorphism. Then there exists a projective R-module P of rank n and an
isomorphism x : R ~ A" P such that e(P, x) = (J,w) in E(R).

Proof. Let a be the nilradical of R. So R,.q = R/a. Since there is a bijection between the
isomorphism classes of finitely generated projective R-modules and the isomorphism
classes of finitely generated projective R/a-modules, there exists a projective R-module
P of rank n such that P ® R/a = P/aP ~ P’ (see [W, Lemma 2.2, page 70]). Since the
canonical map from R* to (R/a)* is surjective, in view of the above remark we may
assume that P/aP = P’ and x’ is induced by some isomorphism x : R ~ A"(P).
Under the map @, the element (J,w) goes to (J,w), where J = (J +a)/a = J/(J Na)
and w is naturally induced by w (for details see [BRS4, 4.6]). Denoting R/a by R, P/aP
by P and x’ by X, we rewrite the hypothesis of the proposition as : ¢(P,Y) = (J,w) in
E(R).
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We choose an isomorphism o : (P/JP) = (R/J)" such that \"o = x ® R/J and
obtain the surjection « : P/JP — J/J? which is the composite

g

P/IP 5 (R)I)" 5 J)J2,

Now o will induce  : P/JP = (R/J)" and similarly we will get @. The hypothesis
e(P,X) = (J,w) implies that there is a surjection 8 : P — J such that it lifts &. We
now consider the following patching diagram, patch a and  to obtain a surjection
w:P/(JNa)P - J/(J?Na).

P/(JNa)P P/aP
¢ 8
\}/(J?rm) \J/(aﬁj)
P/JP P/(a+J)P
|
\ J/J? \J>(J2,Jﬂ a)

As P is projective, we can find 6 : P — J which is a lift of ¢. As ¢ lifts a and 3, so
does 6. Therefore, we have : (1) (P)+J? = J; and (2) §(P)+ (anJ) = J. As theideal a
is nilpotent, it follows from (2) that V(J) = V(8(P)) in Spec(R). Now the proposition
can be easily deduced from Lemma 2.2. O

Remark 2.16. It has been proved in [D3, Proposition 2.15] that E(R[T]) ~ E(Ryeq[T]).
Exactly the same proof as above will show that Proposition 2.15 is true for E(R[T]) as
well.

3. THE MAIN THEOREM

In this section, by a ring we shall mean a commutative Noetherian ring. Further,
we make the blanket assumption that the rings considered here contain Q, although
some of the results may be true without this hypothesis.

We need some preparatory results to prove the main theorem.

Lemma 3.1. Let R be a ring of dimensionn > 2, J C R be an ideal of height > n—1 and @ be
a projective R-module with trivial determinant. Then there exists b € J? such that ht(b) = 1
and Q14 is a free Ry p-module.
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Proof. As the determinant of @ is trivial and dim(R/J?) < 1, it follows that Q/.J?Q
is a free R/J?-module. Consequently, @, 2 is a free Ry, jo-module. Therefore, there
exists b € J? such that Q1. is free. If ht(b) = 0 then we can find ¢ € J? such that
ht (b4 ¢b+ ¢) = 1. Now since (1 + b)(1 + ¢) = 1 + b+ bc + ¢, we can assume, without
loss of generality, that ht (b) = 1 and Q14 is free. O

Before stating our next lemma, we recall from Remark 2.11 that there is a surjective
group homomorphism ¥ : E(A[T]) — E(A) with the property thatif (I,w;) € E(A[T])
is such that ht(7(0)) = n, then ¥((1,w)) = (1(0),w (o)), where 1(0) = {f(0)| f € I}
and wy() is the local orientation of (0), naturally induced by wj.

Lemma 3.2. Let R be a ring of dimension n > 3 and @) be a projective R-module of rank n
with trivial determinant. Fix x : R = A\"™(Q). Let (I,w;) € E(R[T)) be such that ht [(0) = n
and (1(0),wr(0)) € E(R), where wy) is the local orientation of 1(0) induced by wy. Assume
that there is a surjection o : Q — I(0) such that (v, x) induces e(Q, x) = (1(0),wr(q)). Then
there is a surjective map 0 : Q[T) — 1/(I*T) such that 6(0) = a.

Proof. As ) has trivial determinant, we have Q[T"]/IQI[T] free over R[T]/I. We choose
an isomorphism & : Q[T]/IQ[T] = (R[T]/I)" such that A\"(5) = (x ® R[T]/I)~1.
Therefore, the composite surjection

0" Q[T] - Q[T]/IQIT] 5 (RIT)/I)" = 1/ 12

is such that ¢'(0) ® R/I(0) = a ® R/I(0). Applying [BRS1, 3.9] we can lift ¢’ to a
surjection 0 : Q[T] — I/(I*T). O

Proposition 3.3. Let R — B be a flat extension of rings such that dim(R) = dim(B) =n >
3. Let Q be a projective R-module of rank n with trivial determinant such that Q @ B is a
free B-module and P’ be a projective B[T'|-module of rank n with trivial determinant such that
P'/TP' is a free B-module. Let x : R = A"(Q), X' : B[T] = A"(P') be isomorphisms. Let
I C R[T] be an ideal of height n such that ht(I1(0)) = n and both I B[T| and I(0)B are proper
ideals. Let w : R[T|™ — I/I? be a local orientation of I. Assume that there are surjections
a:Q —» I(0)and B : P — IBIT] such that (38, Y’) induces e(P',x') = (IB[T],w ® B) €
E(B|T)), whereas (v, x) induces e(Q,x) = (1(0),w(0)) € E(R), where w(0) is the local
orientation of 1(0) induced by w. Then, there is an isomorphism ¢ : P'/TP' = Q @ B and a
surjection n) : P — IB[T] such that n(0) = (a ® B)y (where « @ B : Q ® B — 1(0)B is
induced by «).

Proof. Let us denote P'/TP' by P). Letwbe givenby : I = (f1,--- , fn) + I*.
First we need to briefly explain what it means when we say, “the pair (3, x’) induces
e(P',x') = (IB[T),w ® B) in E(B[T])”. In what follows ‘tilde” will denote reduction
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modulo I B[T] and ‘bar’ will denote reduction modulo 7(0) B. Note that P'/IB[T|F’ is
a free B[T']/IB[T]-module of rank n. We now choose a basis pi, - - - , p, of P'/IB[T|P’
such that p1 A --- Ap, = X' ® B[T]/IB[T] and we have

3:P'/IB[T|P' — IB|[T]/I?BI[T]

where p; goes to fi. Reducing modulo 7', we have a basis p;(0),--- ,p,(0) of the
free B/I1(0)B-module P;/I(0)BPFj. This basis of Pj/I(0)BF} can be lifted to a basis
py,--+,p0 of the free B-module Pj. Note that if we reduce E modulo 7T, the induced
map takes p;(0) to f;(0) fori =1,--- ,n.

On the other hand we have that ¢(Q, x) = (1(0),wy(o)) in E(R) and there is a surjec-
tion a : Q — I(0) such that (o, xo) induces the Euler class (1(0),w;()). We choose a
basis q1, - - - , g, of the free B-module Q ® B such that g1 A--- A g, = x® B and we have

QeB)  I10)B
I(0)B(Q® B)  1(0)°B

a®B:

where g; goes to f;(0),i=1,--- ,n.

Let us take the two free B-modules Q® B and P}, withbases ¢, - -+ , g, and p?, - -- , p?,
respectively. Let ¢ : P} = Q ® B be the isomorphism which sends p{ to ¢; for
t1=1,--,n.

Consider the composite map ¢ = (a ® B)y : Py — I(0)B. By the way this map
is constructed, it follows that 5(0) ® B/I(0)B = ¢ ® B/I(0)B. Therefore, we have a
surjection 0 : P' — IB[T]/(I*T)B[T] such that 3 ® B[T]/IB[T] = 6 ® B[T|/I1B[T] (i.e.
B lifts ® modulo I2B[T)).

Now we move to the ring B(T'), which is obtained from B[T] by inverting all the
monic polynomials. Here we have the induced map

0® B(T): P'® B(T) - IB(T)/I*’B(T),

of which f ® B(T) is clearly a lift onto /B(T"). Now applying [D1, 4.8] we see that
there exists a surjection ) : P’ — I B[T such that 7 lifts . We further note that the map
n(0) : Py — I(0)B is precisely ¢. O

We shall also need the following proposition to prove the main theorem. The proof
of this proposition can be easily derived following the proof of [B1, Proposition 3.2];
it is essentially contained there. One crucial ingredient for the proof is [B1, Proposi-
tion 3.1], which asserts that if R is a semilocal ring of dimension one containing Q,
then Pic(R[T) is a divisible group. This result is proved using the Milnor conductor
diagram for Pic, details on which can be found in [B1].

Lemma 3.4. Let B be a semilocal ring of dimension one containing Q. Then, Pic(B[T)]
= 0.

) is
a divisible group. Let M be an invertible ideal of BIT) such that dim(B[T]/M) Let
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b = M N Band let (0) = b N a, where a is an ideal of B such that M + a[T] = B[T). Then,
given any positive integer d, there exists an invertible ideal N of B[T) such that

(1) N + Ma[T] = B[T);

() NN M = (f), for some non-zerodivisor f € B[T);

(3) dim(B[T]/N) = 0.
We now prove the main theorem.

Theorem 3.5. Let R be an affine algebra of dimension n > 2 over a field k of characteristic
zero. Let (I,wr) € E(R[T]). Let A € k be such that ht (I1(\)) > n and there exists a projective
R-module Q of rank n and an isomorphism x : R = A™(Q) such that e(Q, x) = (I(A),wy(x))
in E(R). Then there is a projective R[T|-module P of rank n and an isomorphism x1 : R[T] =
A" (P) such that e(P, x1) = (I,wr) in E(R[T]). Moreover, P/TP ~ Q.

Proof. If n = 2, then any (/,w;) € E(R[T]) is the Euler class of a projective module,
without any hypothesis on I(\) (see[D1]). Therefore, in what follows, we assume
n > 3. We can make the transformation 7" — T — X and replace I(\) by I(0). By
Remark 2.16 we may further assume that R is reduced. Since Q C R, it follows that
R is geometrically reduced (we shall need this in applying Swan’s Bertini Theorem in
Step1).

Step 1. We have e(Q, x) = (1(0),wy(p)) in E(R). Therefore, there is a sutjection o : Q —
1(0) such that («, x) induces the Euler class (1(0),w)). Applying (3.2) we obtain a
surjection 6 : Q[T] — I/(I*T) such that 6(0) = «.

Let wy be given by: I = (f1,---, fa) + I%. Note that if I(0) = R, then we can take
@ to be free and a simple argument shows that there exist g1,--- , g, such that I =
(g1, ,gn) + (I?T) where g; — f; € I?. The argument given in (3.2) is a generalization
of this phenomenon. Keeping this remark in mind, in what follows we assume that
ht (1(0)) = n and work with the set up as obtained in the last paragraph.

Let J = I N R. By (3.1) there exists a non-zerodivisor b € J 2 such that Q14 is a free
R, p-module of rank n.

Recall from above that we have a surjection 6 : Q[T] — I/(I*T). As R is geometri-
cally reduced, applying (2.5, 2.6), it is easy to see that there is a lift v € Hom(Q[T'], R[T)
of 6 such that

(1) I =1"+ (bT), where v(Q[T]) = I";
Q) I"=INnI;
(3) I + (bT) = R[T];
(4) ht(I;) =nand R[T]/I, is reduced.
From (1) and (2) we further have,
®) e(Q[T],x®R[T]) = ({,wr)+ (I1,wr,) in E(R[T]), where wy, is induced by (7, x).
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Step 2. Let B = R;y1,r. We first note that if I B[T| = B[T], then we have v ® BI[T] :
Q@ ® B[T] — IB[T] which lifts § ® B[T] and we are done by [D1, 3.8]. Therefore we
assume that I3 B[T] is a proper ideal. As I} B[T] + bB[T] = B[T] and bB is contained
in the Jacobson radical of B, we conclude that I; B[T| is intersection of finitely many
maximal ideals of height n in B[T'|. Hence if K = BN I; B[T] then K is a reduced ideal
of height n — 1 and K + bB is an ideal of height n. Moreover if q is a minimal prime
ideal of K then By is a regular local ring. Now the image of b belongs to the Jacobson
radical of the one-dimensional reduced ring B/K and hence (B/K), is a product of

fields. Therefore, we can find aq, -+ ,a,—1 € K such thatht(ay, -+ ,a,-1) =n—1and
ht(ai, -+ ,an—1,b) = n. Further, note that K, = (a1, -+ ,apn—1)p + Kg and therefore,
Ky = (a1, - ,an—1)q for all minimal prime ideals q of K. Let (a1, -+ ,ap—1) = K N K

be a reduced primary decomposition .

Step 3. Let B=RB / (a1, ,ap— 1) Then B is semilocal of dimension one and in B, we

have (0) = K N bK;. Moreover, I, [} is an invertible ideal such that I; + b K 1[ ] = E[T]

Now note that B is a subring of B/K @& B/b K, with the conductor ideal K + b K.
Applying Lemma 3.4 we can find an invertible ideal N of BIT] such that

(@) N+ 10K [T] = BIT];
(b) N¢n IlB T] = (f ) f) for some non-zerodivisor f € B[T];
(¢) dim (B[T]/N) =

Since in B we have K .IN( 1= @ and N + b K [T] = B[T), it is easy to check that any
maximal ideal of B[T] containing N must contain KI[T).

Let I, be the inverse image of N in B[T]. Let M be a maximal ideal of B[T] con-
taining I5. Then K C M N B. Now M N B = q is a prime ideal of B of height n — 1
containing K and hence it is minimal over K. Therefore B, is a regular local ring and
consequently B[T), is also regular. This shows that the ideal /> has finite projective
dimension and it is locally generated by a regular sequence of length n. Moreover
LN Iéd) is a complete intersection of height n. As I; N Iéd) = (a1, - ,an-1, f), it
follows that both I; and IQ(d) are independent of the local orientations (this is implicit
in the proof of Proposition 3.12 of [D3]). Therefore, in particular, if we denote the local

(d)

orientation of I, ’ induced by (a1, - ,an—1, f) as w, we have

©6) (Ii,wn,) + (I3”,w) = 0in E(B[T]).
By a result of Murthy [Mu, 2.2], there exists a projective B[T]-module P’ of rank n
with trivial determinant such that the following hold:
(7) [P') = [B[T]"] = =[B[T]/L] in Ko(B[T]), and
(8) There is a surjection § : P — IQd
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Choose any isomorphism x’ : B[T| ~ A"(P’) and observe that e(P’, ) = (Iéd),w).

Since QB[T] is free, from (5) we have (I,wy) + (I1,wr,) = 0 in E(B[T]). Therefore,
e(P',x'") = (I,wr) in E(B[T]). By [D1, 4.10], there exists a surjection 5 : P’ — IB[T]
such that (3, x’) induces e(P’, x') = (I,wy) in E(B[T]).

Since I is comaximal with bB[T] and b belongs to the Jacobson radical of B, we have
I + (T') = B[T]. In other words, I5(0) = B. Therefore, specializing equation (7) above
atT = 0 we obtain [P'/TP’| — [B"] = 0in K((B), implying that P’ /TP’ is a stably free
B-module. As the Jacobson radical of B has height at least one, we further conclude
that P'/TP’ is free.

As dim (By) = dim Ry14pr) < n — 1, the ideal I3, is a complete intersection. So
we have, [P]] — [By[T|"] = —[By[T]/I2) = 0in Ko(By[T]). Therefore P} is stably free
By[T]-module of rank n and as dim (B;) < n — 1, it is actually free.

Step 4. Applying (3.3) we obtain an isomorphism ¢ : P'/T P’ = Q® B and a surjection
n : P’ — IB[T] such that n(0) = a1.

Now consider the two surjections : (1) ay(T') : Qp[T] — Ip(= 1(0)p[T]), induced by «
and (2) n : P" — IRy yg[T]. Over the ring Ry 14r)[T] we have

a(T)p+or) * Qoiror) [T = Ioiror) (= Ryror)[T]),

M : Py — Iyater) (= Re(ior)[T])

Now recall that both Q1445 [T], Py are free Ry14yp)[T]-modules. Let us write Ky =
ker(a(T)p145r)) and Kz = ker(mp). Since dimRy(144z) < 7 — 1and Q C R, by [R, 2.5]
K1, K5 are both locally free and therefore, by Quillen’s local-global principle [Q], they
are extended from Ry 4yr). Further, reducing modulo 7' we observe that oy 4r) b =
m,(0). This implies that K and K5 are isomorphic and there is an isomorphism ¥ :
P} ~ Quu4sr)[T] such that ¥(0) = +3. By a standard patching argument the result
follows. O

As mentioned in the introduction, we have essentially proved the following result,
which is apparent from the proof of Theorem 3.5 above. The reader may note that at
the beginning of Step 1 in the proof of (3.5), the hypothesis of the following theorem is
achieved.

Theorem 3.6. Let A be an affine domain of dimension n > 3 over a field k of characteristic
zero. Let I C A[T] be a local complete intersection ideal of height n such that p(I/1?) = n.
Assume that 1(0) is of height n. If there exists a projective A-module ) of rank n with trivial
determinant and a surjection from Q[T to I /1% N (T), then I is projectively generated.
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When the dimension of the ring is even, we have the following stronger conclusion.
We also give an example (3.9) to show that a similar result as below does not hold when
the dimension is odd.

Corollary 3.7. Let R be an affine algebra of dimension n over a field k of characteristic zero,
where n is even. Let I C R[T) be an ideal such that I/1* is generated by n elements. Let
X € k be such that ht (I(\)) > n and there exists a projective R-module () of rank n (with
trivial determinant) such that ) maps onto I(X). Then there exists a projective R[T'|-module
P of rank n (with trivial determinant) such that P maps onto I.

Proof. Without loss of generality, as in the theorem, we may assume that A = 0.

Let us choose a set of generators of I/1?, say, I = (f1,---, fn) + I? and denote the
corresponding local orientation by w. Therefore (I,w) is an element of the Euler class
group E(R[T]). If I(0) = R, by [BRSI, 3.9], w can be lifted to a surjection R[T]" —
I/(IT). The result then follows from the above theorem by taking @ to be free.

Now assume that /(0) is proper. Then (1(0),w(0)) € E(R), where w(0) is induced by
w. It is given that there is a surjection o : Q — I(0) where @ is a projective R-module
of rank n with trivial determinant. Fix x : R ~ A"(Q). Then («, x) will induce a local
orientation, say, o of I(0) and we have ¢(Q, x) = (1(0),0) in E(R). By [B2, 2.2] there
exists a unit a € (R/1(0))* such that aoc = w(0) (by this expression we mean that w(0)
is the composition of o with a matrix in GL,(R/I(0)) whose determinant is a). Now,
by [BRS4, 5.1], there exists a projective R-module Q' where Q ® R = Q' @ R and an
isomorphism ' : R ~ A"(Q’) such that e(Q',x") = (I(0),a" '0) in E(R). As n is
even, we have (1(0),a" 'o) = (I1(0),a0) in E(R) by [BRS4, Lemma 5.4]. Therefore,
e(Q',x') = (1(0),w(0)) in E(R). Now we can apply the above theorem. O

Remark 3.8. In the above corollary P/T P is stably isomorphic to Q.

The following example is based on [BRS1, 5.2], [BRS3, 5.9] and we request the reader
to look at these papers for the details. The ideal J; below is the same as the one
considered in [G, p. 39].

R[Xo,X1,X2,X B . .
Example 3.9. Let R = (XgJE;%}%ngLI) = R[zg, z1, 22, 3], the coordinate ring of the

real 3-sphere. Consider the following ideals in R
Jo = (21, m2,23), J1 = (wow1, 32(1 — 22) — 5, 21 (1 — 22), 23).

Then Jy is a reduced ideal of height 3 in R and J; is an m-primary ideal, where
m = (zg,z1,22 — 1,23). Moreover, J; is a local complete intersection which is not
generated by 3 elements.
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D R[X0,X1,X2,X3,X4]
Now let B = e S X7 X D)

= R[xzo, z1, x2, x3, 24]. Consider

Jo = (x1,z9, 23, 24), J1 = (zox1, xo(1 — 22) — 22, 21 (1 — 9), T3, 24).

Then E/(m) = R, jo/(m) = Jp and <71/(x4) = Ji. It has been proved in [BRS1, 5.2]
that .J; is not generated by 4 elements.

Let S = % = R[zg, 21, ¥2]. Then we have S = R/(x3) = R/(x3,x4). Let
Ko = (z1,22) = Jo/(x3,24) and K1 = Ji/(x3,24). Then both Ky, K, are surjective
images of the projective S-module Q = S3/(zgeo + x1€1 + z2e2), Where eg, €1, e are
standard basis elements of the free module S® (see [BRS1, 5.2]). Further, as proved in
[BRS1, 5.2], there exists a prime ideal N of S[T] of height two such that: (1) N is a
surjective image of Q[T] and (2) N(0) = Ky, N(1) = K;. Note that u(N/N?) = 2.

Let I be the inverse image of N under the surjection from R[T] to S[T]. Similarly,
let I be the inverse image of N under the surjection from R[T] to S[T|. Then Tisa
prime ideal of R[T] with ht(I) = 4 such that I(0) = Jy and I(1) = J;. Now, from
[BRS1, 5.2] we know that .J; is not generated by four elements. Since I(1) = .J, it
follows that I is not generated by four elements. It is easy to see that I = I/(x4) and
I/(z3) = N. Therefore I C R[T] is a prime ideal with ht(1) = 3 and p(I/I?) = 3. But
I is not generated by three elements. As projective R[T]-modules of rank 3 are free,
it is equivalent to saying that I is not projectively generated. Note that I(0) = Jp =
(21,2, x3). O

For general n we have the following corollaries.

Corollary 3.10. Let R be an affine algebra of dimension n over a C\ field k of characteristic
zero. Let I C R[T) be an ideal of height n such that 1/I? is generated by n elements. Let \ € k
be such that ht (I(\)) > n and there exists a projective R-module Q of rank n (with trivial
determinant) such that () maps onto I(\). Then there exists a projective R|[T|-module P of
rank n with trivial determinant and a surjection ¢ : P — 1.

Proof. There exists A € k such that ht(/(\)) > n. We can make the transformation
T — T — X and assume that ht (1(0)) > n.

Let us choose a set of generators of I/1 2 say, I = (f1,--,fu) +1 2 and denote the
corresponding local orientation by w. Therefore (I, w) is an element of the Euler class
group E(R[T]). If I(0) = R, by [BRS1, 3.9], w can be lifted to a surjection R[T]" —
I/(IT). The result then follows from the above theorem by taking @ to be free.

Now assume that 7(0) is proper. Then (1(0),w(0)) € E(R), where w(0) is induced
by w. By assumption, there exists a projective R-module () of rank n with trivial
determinant such that there is a surjection o : Q@ — I(0). Let x : R = A"(Q) be an
isomorphism. Now the weak Euler class e(Q) is (1(0)) in Ep(R). As E(R) ~ Ey(R)
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(see [D2, 5.2] for a proof), it follows that the Euler class of @) induced by (a, x) is
e(@,x) = ({(0),w(0)) in E(R). The result now follows from the above theorem. O

The following result was proved in [BRS2, 2.7].

Corollary 3.11. Let R be an affine algebra of dimension n over an algebraically closed field k
of characteristic zero. Let I C R[T) be an ideal of height n such that I/1? is generated by n
elements. Then there exists a projective R[T'|-module P of rank n with trivial determinant and
a surjection ¢ : P — 1.

Proof. Without loss of generality we take A = 0 and we further assume that 7(0) is an
ideal of height n (the case /(0) = R being clear).

By [D1, Proof of 5.8], there exists a projective R-module () of rank n such that the
determinant of () is trivial and there is a surjection @ : @ — I(0). The result now
follows from Corollary 3.10. O

Corollary 3.12. Let k be a field of characteristic zero and R be a k-algebra which is essentially
of finite type over k and is semilocal of dimension n. Let I C R[T'| be any ideal of height n such
that I]I? is generated by n elements. Then there is a projective R[T|-module P of rank n with
trivial determinant and a surjection ¢ : P — 1.

Proof. The proof is similar to the above corollaries and therefore we just give a sketch.
If 7(0) = R, then we are done. In the case when I(0) is proper, note that as R is
semilocal, any set of generators of 1(0)/1(0)? can be lifted to a set of generators of 1(0).
This means that any w : R[T]" — I/I? can be lifted to 6 : R[T|" — I/(I?T). Therefore,
applying the main theorem, the result follows. O

Let R be a commutative Noetherian ring of dimension n > 2, containing Q. Let us
now mention one of the most intriguing open problems in the Euler class theory. Let
Proj,,(R) denote the set of projective R-modules of rank n. Consider the following
subset of E(R)

H ={(J,wy) € E(R)|3P € Proj,(R),x : R = A"P with e(P, x) = (J,w,)},

i.e., H is the set of all those elements of E(R) which occur as the Euler class of some
projective module. The following question is then natural.

Question 3.13. Is H a subgroup of E(R)?

If n = 2, then it can be deduced from [BRS1, 2.14] that H = E(R). If R is an affine
algebra over an algebraically closed field then also H = E(R), showing that the answer
is in the affirmative (see [D1, Proof of 5.8]). On the other hand, if R is the coordinate
ring of the 3-dimensional real sphere, then H is the trivial subgroup. The question is
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open in general. In the special case when R is the coordinate ring of the n-dimensional
real sphere, this question has been studied in [Ma-S].

Similarly we can consider an analogous subset of E(R[T]), which we call as K, and
ask the same question. Obviously H C K and there is an example [BRS1, 6.4] from
where one can see that // may not be equal to K. Here we prove,

Proposition 3.14. Let R be an affine algebra of dimension n over a field k of characteristic
zero. Then, H is a subgroup of E(R) if and only if K is a subgroup of E(R[T]).

Proof. Let H be a subgroup of E(R). Let (I1,w1),(I2,w2) € K be two arbitrary ele-
ments. To prove that K is a subgroup of E(R[T]), we have to show that (I;,w;) —
(I2,wq) € K. By [D1, 6.2], there exists I3 C R[T] of height n and a local orientation ws;
such that I3 + I; N I, = R[T]| and (I3, w2) + (I3,ws) = 0. Let Iy = I N I3 and w4 be the
local orientation induced by w; and w3. We then have

(I4,UJ4) = ([1,&)1) -+ (Ig,u]g) = (Il,wl) — (IQ,CL)Q)

in E(R[T]). Since k is infinite, we can choose A € k such that htI;(\) > n, for i =
1,---,4. Using the transform 7" +— T — A we may assume that A = 0.

There is a group homomorphism ¥ : E(R[T]) — E(R) which roughly works like
specializing at 7' = 0 (see [D2] for details). It is easy to check that the elements
(11(0),w1(0)), (12(0),w2(0)) € H. Applying ¥ to the above equations we have

(14(0),w4(0)) = (11(0),w1(0)) + (13(0), w3(0)) = (11(0),w1(0)) — (12(0), w2(0))
in E(R). By hypothesis, H is a subgroup of E(R) and hence,
(14(0), w4(0)) = (11(0),w1(0)) — (12(0),w2(0)) € H.

Therefore, there exists a projective R-module @) of rank n together with x : R ~ A"(Q)
such that e(Q, x) = (14(0),w4(0)). By the main theorem, there exists a projective R[T]-
module P of rank n and an isomorphism x; : R[T]| ~ A™(P) such that e(P, x;) =
(I4,wsq) in E(R[T]). Therefore, (I1,w1) — (I2,w2) = (I4,ws) € K.

It is easy to see that the converse is obvious and is true even when R is a Noetherian

ring containing Q. O
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