“Pl.GLUING” FOR LOCAL COMPLETE INTERSECTIONS
MRINAL KANTI DAS, SOUMI TIKADER, AND MD. ALI ZINNA

ABSTRACT. We prove an analogue of the Affine Horrocks” Theorem for local complete
intersection ideals of height n in R[T'], where R is a regular domain of dimension d,
which is essentially of finite type over an infinite perfect field of characteristic unequal
to2,and 2n > d + 3.

Dedicated to Professor S. M. Bhatwadekar on his seventieth birthday.

1. INTRODUCTION

Traditionally, many questions on the theory of algebraic vector bundles on affine
varieties (or, more generally, projective modules over commutative Noetherian rings)
have been motivated from topology. On the other hand, in nice situations, algebraic
vector bundles are deeply connected with local complete intersection ideals of the
associated coordinate ring of the variety. Therefore, results on algebraic vector bundles
inspire one to ask analogous questions on these ideals. For example, the classical
Quillen-Suslin Theorem [Q, Su] asserts that any algebraic vector bundle on the affine
space A} (k field) is trivial. The following conjecture of M. P. Murthy, in some sense,
may be regarded as an analogue of the Quillen-Suslin Theorem. Recall that the notation
p(—) stands for the minimal number of generators.

Conjecture 1.1. [Mu] Let k be a field and let A = k[T, - - -, Ty] be the polynomial ring. Let
n € Nand I C A be an ideal such that ht(I) = n = u(I/I?). Then u(I) = n.

The conjecture is still open in general. See the appendix to this paper and [F2] for
the clarification on the status of Murthy’s conjecture in light of recent developments.
The best known answer to this conjecture is due to Mohan Kumar [Mo 2, Theorem 5]:

Theorem 1.2. [Mo 2] Let k be a field and let A = k[Th,--- ,Tq4). Let I C A be an ideal such
that u(1/1?) = n > dim(A/I) + 2. Then u(I) = n.

It is well-known that applying a change of variables one can assume that / contains
a monic polynomial in 7,; with coefficients from R := k[T, -- ,T;_1]. Mohan Kumar
actually proves:
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Theorem 1.3. [Mo 2] Let R be a commutative Noetherian ring and I C R[T] be an ideal
containing a monic polynomial. Let u(I/I?) = n > dim(R[T]/I) + 2. Then there is a
projective R[T'|-module P of rank n and a surjective R[T)-linear map o : P — 1.

Since projective k[T, - - - , T4]-modules are free by the Quillen-Suslin Theorem, Mo-
han Kumar obtains (1.2) as a corollary of (1.3). Later, Mandal improves (1.3) in [Ma 1],
by showing that P can be taken to be free (under the same assumptions as in (1.3)), and
therefore, 11(I) = n. A closer inspection of Mandal’s proof shows that he essentially
proves the following:

Theorem 1.4. [Ma 1] Let R be a commutative Noetherian ring and I C R[T] be an ideal
containing a monic polynomial. Let I = (f1,-- , fn) + 12, wheren > dim(R[T)/I)+ 2. Then
there exist g1, ,gn € I suchthat I = (g1,--- , gn) with g; — f; € I?. In other words, the n
generators of I /12 can be lifted to a set of n generators of I.

We now recall one result on algebraic vector bundles which is closely associated
to the Quillen-Suslin Theorem. It is the Affine Horrocks” Theorem [Q]: Let R be any
commutative ring and € be a vector bundle on Ak,. If € extends to a vector bundle on P, then
& is extended from Spec(R). In particular, (in algebraic terms) we have:

Theorem 1.5. [Q] Let R be a commutative ring and P be a projective R[T|-module. Assume
that the projective R(T)-module P @ g R(T') is free. Then P is a free R[T|-module. (Here
R(T) is the ring obtained from R[T) by inverting all the monic polynomials).

The above theorem may be termed as a monic inversion principle for (freeness of)
projective modules. From around the time it was proved, the monic inversion principle
became a recurrent theme in various allied areas. It has been glaringly missing from
the area of complete intersections. Motivated by the preceding discussion on Murthy’s
conjecture, we therefore pose the following natural question.

Question 1.6. Let R be a commutative Noetherian ring of dimension d > 2. Let I C R[T'] be
an ideal of height n such that u(I/1?) = n. Let I = (f1,- -+, fn) + I? be given. Assume that
IR(T) = (Gy,- -+ ,Gy) with G; — f; € I*R(T). Then, do there exist F,--- , F,, € I such
that I = (Fl,- o ,Fn) with F; — fz e I??

Remark 1.7. When d = n = 2, the answer to the above question is negative (see [BRS 1,
Example 3.15]). However, in this case it follows from [D, Section 7] that (1) = 2.
When d = n > 3, the above question has an affirmative answer if either R is local,
or if R is an affine domain over an algebraically closed field of characteristic zero [D,
Proposition 5.8].

We settle Question 1.6 affirmatively in the following form (Theorem 5.11 in the text).
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Theorem 1.8. Let R be a regular domain of dimension d which is essentially of finite type over
an infinite perfect field k of characteristic unequal to 2. Let I C R[T| be an ideal of height n
such that u(I1/1?) = n, where 2n > d + 3. Let I = (f1,-+- , fn) + I? be given. Assume that
IR(T) = (Gy,--- ,Gy) with G; — f; € I?R(T). Then, there exist F\,--- , F,, € I such that
I=(F,--,F,) with F; — f; € I.

As our methods involve quadratic forms and orthogonal groups, we require 2R =
R. We now spend a few words on the line of proof. We have I = (f1,---, f,) + I*.
Let wy : (R[T]/I)™ — 1/I? be the corresponding surjective map. Applying Nakayama
Lemma we can find h € I? such that h — h? = fig1 + - - + fngn, for some g1, -+ , gn €
RI[T]. Now consider the following pointed set

Qén(R[T}) = {(xla T, Y1, aynaz) € R[T]2n+1 | szyz + 22 = 1}
i=1

with a base point (0,---,0,0,---,0,1). Let Oz,41(R[T]) be the orthogonal group pre-
serving the quadratic form X Y1+ --+X,,Y,+Z 2, Let EOg,,11(R[T)) be the elementary
subgroup of Og,41(R[T]). To the pair (I,w;) we associate the EOo,1(R[T])-orbit of
v = (2f1, ,2fn:291, -+ ,2gn, 1 — 2h) in the orbit space Q5,,(R[T])/EO2n+1(R[T]).
This association does not depend on the choices made for h and ¢, - , g, above.
Further, we show that, to lift w; to a surjection ¢ : R[T|" — I, it is enough to prove
the following “quadratic” analogue of a monic inversion principle of Ravi Rao [Ra,
Theorem 1.1]. See Theorem 5.8 below.

Theorem 1.9. Let A be a reqular domain containing a field k of characteristic # 2. Let n > 2
and v = (a1, ,an, B1,  , Bnsy) € @b, (A[T]). Suppose that there is a monic polynomial
f € A[T] such that v = (0,---,0,1) mod EO2,+1(A[T]¢). Then v = (0,---,0,1) mod
EO2n+1(A[T)).

Our methods in this article do not extend to non-smooth set-up (see Example 4.10).
On the other hand, lifting the restriction 2n > d + 3 (which is concurrent with Mohan
Kumar’s range n > dim(R[T]/I) + 2) looks to be an enormous task because then it
would give a complete solution to Murthy’s conjecture, which seems elusive at the
moment.

2. HoOMOTOPY

In this section we recall the definitions of two pointed sets and their homotopy orbits
from [F1]. In this article, by ‘homotopy’ we shall mean ‘naive homotopy’, as defined below.
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Definition 2.1. Let F' be a functor originating from the category of rings to the category
of sets. For a given ring R, two elements F'(ug), F'(u1) € F(R) are said to be homotopic
if there is an element F(u(T)) € F(R[T]) such that F(u(0)) = F(up) and F(u(l)) =
F(uy).

Definition 2.2. Let F" be a functor from the category of rings to the category of sets. Let
R be a ring. Consider the equivalence relation on F'(R) generated by homotopies (the
relation is easily seen to be reflexive and symmetric but is not transitive in general).
The set of equivalence classes will be denoted by 7o (F'(R)).

Example 2.3. Let R be a ring. Two matrices 0,7 € GL,(R) are homotopic if there is a
matrix 6(T) € GL,(R[T]) such that #(0) = o and (1) = 7. Of particular interest are
the matrices in GL,,(R) which are homotopic to identity.

Definition 2.4. Recall that £, (R) is the subgroup of GL, (R) generated by all elemen-
tary matrices E;;(\;;) (Whose diagonal entries are all 1, i # j, and ij-thentry is \;; € R).
Remark 2.5. Any § € E, (R) is homotopic to identity. To see this, let 6 = [[ Ej;(Xij).
Define O(T') := [[ Eij(T'Aij). Then, clearly ©(T) € E,(R[T]) and we observe that
O(1) =6,0(0) = I,.

2.1. The pointed set (), (R) and its homotopy orbits: Let R be any commutative
Noetherian ring where 2 is invertible. Let n > 2 and consider the set

n
Q/2n(R) = {(‘Tla T, Y1, 7yn72) € R2n+1 ’ leyl +Z2 = 1}
=1

with a base point (0,---,0,0,---,0,1). Let Oz,+1(R) be the group of orthogonal ma-
trices preserving the quadratic form Y"1 | X;V; + Z2. Then there is a natural action
of O2,,41(R) and its subgroup SO2,+1(R) on the set @5, (R). Let EOa,+1(R) be the
elementary subgroup of SOy, 1(R). As n > 2, the subgroup EQO2,1(R) is normal
in SO2y,4+1(R) (see [VP, Lemma 4]). Indeed, the group EOs,,+1(R) also acts on the set

o ()
Theorem 2.6. Let R be a reqular ring containing a field k with Char(k) # 2. Then, for any
n > 2 there is a bijection

m0(Qon (R)) — Q9 (R)/EO2+1(R).
Proof. As R is regular and contains a field, by [MaMi, Theorem 4.2], for any f(T') €
@5, (R[T)), there exists 7(T') € Ogp11(R[T]) such that 7(0) = Is,4; and f(T)7(T) =
£(0). Applying [St, Theorem 1.3] we further note that 7(7') € EOzp+1(R[T]). O
The following corollary is now obvious.

Corollary 2.7. Let R be a regular ring containing a field k with Char(k) # 2. Then, forn > 2,
the relation induced by homotopy on Q5,,(R) is an equivalence relation.
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2.2. The pointed set ()2,,(R) and its homotopy orbits: Let R be any commutative
Noetherian ring where 2 is invertible. Let n > 2 and consider the set

Qon(R) ={(21, T, y1, -+ Y, 2) € B D iy = 2 — 2%}
i=1
with a base point (0,---,0,0,---,0,0). It is proved in [F1] that there is a bijection
Bn : Qan(R) — @5, (R) and its inverse a, : Q5,,(R) — Q2,(R) given by
 Bn(T1, Ty Yty oy Yny2) = (221, 220, 2y1, -+, 2Un, 1 — 22)
o Qn(T1, T Yl Yny 2) = (@1, T Y1y Y 1 — 2)

Note that both o, and 3, preserve the base points of the respective sets. They induce
bijections between the sets 7y(Q2,(R)) and my(Q5,,(R)) (will use the same notations).
By transporting the action of EOs,,+1(R) on %, (R) through the bijections given above
one sees that £Oy,,1(R) also acts on @2, (R) in the following way:

Mv = ay((Bn(v)) M),

for v € Q2,(R) and M € EQOs,+1(R). Further, note that the bijections «,,, 3, induce bi-
jections between the sets 7 (Q2n,(R)) and 7o (Q5,,(R)). Combining these with Theorem
2.6, one obtains the following result.

Theorem 2.8. Let R be a reqular ring containing a field k with Char(k) # 2. Then, for any
n > 2 there is a bijection

70(Q2n(R)) — Qan(R)/EOa,41(R).

We shall require the following corollary later.

Corollary 2.9. Let R be a regular ring containing a field k with Char(k) # 2. Then, forn > 2,
the relation induced by homotopy on Q2,(R) is an equivalence relation.

3. THE EULER CLASS GROUPS AND HOMOTOPY

Let R be a smooth affine domain of dimension d > 2 over an infinite perfect field k.
In this section we recollect definitions of the Euler class groups from [BRS 1]. However,
our emphasis will also be on the definition of the Euler class group given by M. V.
Nori in terms of homotopy (as appeared in [BRS 1]). In [DK], the first named author
and Manoj Keshari investigated in detail the relation between these two equivalent
definitions and their consequences. We reproduce some of those results at one place
for the convenience of the reader.

Let R be as above. Let B be the set of pairs (m, w,,) where m is a maximal ideal of
Rand wy, : (R/m)? =+ m/m?2. Let G be the free abelian group generated by B. Let
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J = miN---Nm,, where m; are maximal ideals of R. Any w : (R/J)* = J/J?induces
surjections w; : (R/m;)% == m;/m? for each i. We associate (J,wy) := Y7 (m;,w;) € G.
Now,

Definition 3.1. (Nori) Let S be the set of elements (I(1),w(1)) — (1(0),w(0)) of G where
(i) I C R[T) is a local complete intersection ideal of height d; (ii) Both 7(0) and I(1) are
reduced ideals of height d; (iii) w(0) and w(1) are induced by w : (R[T]/I)% — I/I?.
Let H be the subgroup generated by S. The d-th Euler class group E%(R) is defined as
EYR):=G/H.

Definition 3.2. (Bhatwadekar-Sridharan) Let S; be the set of elements (J,w;) of G for
which w; has a lift to a surjection 6 : RY — .J and H; be the subgroup of G generated
by S; . The Euler class group E%(R) is defined as E%(R) := G/H;.

Remark 3.3. We shall refer to the elements of the Euler class group as Euler cycles.

Remark 3.4. The above definitions appear to be slightly different than the ones given
in [BRS 1]. However, note that if (J,w;) € S (resp. S1) and if 7 € E4(R/J), then the
element (J,w; o) is also in S (resp. S1). For details, see [DK, Remark 5.4] and [DZ,
Proposition 2.2].

Remark 3.5. Bhatwadekar-Sridharan proved (see [BRS 1, Remark 4.6]) that H = H;
and therefore the above definitions of the Euler class group are equivalent.

The following theorem collects a few results at one place (see [BRS 1, 4.11], [K, 4.2],
[DK, Theorem 5.13] for details).

Theorem 3.6. Let R be a smooth affine domain of dimension d > 2 over an infinite perfect
field k. Let J C R be a reduced ideal of height d and wy : (R/J)? —~ J/J? be a surjection.
Then, the following are equivalent:
(1) The image of (J,w;) = 0in E4(R)
(2) wy can be lifted to a surjection  : R% — J.
3) (J,wy) = (1(0),w(0)) — (I(1),w(1)) in G where (i) I C RI[T] is a local complete
intersection ideal of height n; (ii) Both I(0) and I(1) are reduced ideals of height n, and
(iii) w(0) and w(1) are induced by w : (R[T]/I)™ — I/I>.

A series of remarks are in order.
Remark 3.7. Let (J,wy), (J',w ) be such that both J, J" are reduced ideals and they
represent the same element in £%(R). In other words, (J,w;) — (J',wy) € Hy (Where
H; isasin (3.2). It is easy to see from the proof of [K, 4.1] that (J,w;) — (J',w ) actually
belongs to S; (where S; is as in (3.2)). This observation will be crucially used in the
proof of Proposition 4.2.
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Remark 3.8. Let J C R be an ideal of height d which is not necessarily reduced and let
wy : (R/J)* — J/J? be a surjection. Then also one can associate an element (J,w;) in
E?(R) and prove the above theorem for (.J,w;). See [BRS 1, Remark 4.16] for details.

Remark 3.9. All the definitions and results in this section can be easily extended to
the case when R is a regular domain of dimension d > 2 which is essentially of
finite type over an infinite perfect field k. The key result on which this entire section
depends (including the equivalence of the two definitions of E4(R)) is the “homotopy
theorem” of Bhatwadekar-Sridharan [BRS 1, Theorem 3.8]. This homotopy theorem,
which was proved for smooth affine domains over an infinite perfect field, has an
obvious extension to regular domains essentially of finite type over such fields.

Remark 3.10. All the definitions and results in this section can also be extended to a
much more relaxed range. Let R be a regular domain which is essentially of finite type
over an infinite perfect field k. Let n be an integer such that 2n > d + 3. Then the
n-th Euler class group E™(R) has been defined in [BRS 4]. To extend the results of this
section one has to use [BK, Theorem 4.13], which is a generalization of the homotopy
theorem of Bhatwadekar-Sridharan mentioned above. We are not working out the
details here as the process is routine.

4. A BIJECTION

Let R be a regular domain of dimension d > 2 which is essentially of finite type over
an infinite perfect field k. Recall from Section 2 that we have a set

Q?d(R) = {(xla X, Y1, aydvz) € R2d+1 | Z%Zh =z - 22}

Recall further that m(Q24(R)) denotes the set of equivalence classes of Q24(R) with re-
spect to the equivalence relation generated by homotopies. The homotopy orbit of v =
(Il) Ty Y1yttt Yds Z) S QQd(R) Wlll be denOted by [U] = [(xlv Ty Y1yttt 5 Yds Z)]

4.1. A set-theoretic map. We first define a set-theoretic map from the Euler class group
E(R) to m(Q24(R)). By [BRS 1, Remark 4.14] we know that an arbitrary element of
E%(R) can be represented by a single Euler cycle (J,w;), where J is a reduced ideal
of height d. Now wy : (R/J)? — J/J?is given by J = (a1,--- ,aq) + J?, for some
ai,--- ,aq € J. Applying the Nakayama Lemma one obtains s € J? such that J =
(a1,--- ,aq,5) with s — s> = a1by + -+ + agby for some by, --- by € R (see [Mo 1]
for a proof). We associate to (J,w;) the homotopy class [(a1,- - ,aq,b1, - ,bg,s)] in

mo(Q24(R)).
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Remark 4.1. For an ideal I with a given set of generators of I/I?, the idea of associating
the whole data (as above) to an affine quadric, goes back to Mohan Kumar and Nori
(to the best of our knowledge). We refer to [Sw, Section 17] for an excellent exposition
of their innovative method. The novelty of the approach in [F1] is to associate the
information upto naive homotopy, which we borrow in this article.

The following proposition has been proved in [AF, MaMi]. However, our arguments
are quite different.

Proposition 4.2. Let R be a regular domain of dimension d > 2 which is essentially of finite
type over an infinite perfect field k. The association (J,wy) — [(a1,--- ,aq,b1,--- ,bg,s)] is
well defined and gives rise to a set-theoretic map 04 : E*(R) — 7o(Q24(R)). The map 64 takes
the trivial Euler cycle to the homotopy orbit of the base point (0, - - - ,0) of Q2q(R).

Proof. We need to check the following:

(1) If wy is also given by J = (a1, -+ ,aq) + J? and if 7 € J? is such that 7 — 7% =
& y

181+ -+ + agBa, then [(ar, - yag,bi, -+ bay )] = [(a1, -, g B+, Ba, 7))
in TF()(QQd(R)).
(2) If 7 € E4(R/J), then the image of (J,w ;o) in Q24(R) is homotopic to the image
of (J, LUJ).
(3) If (J,wy) is also represented by (J',w /) in E4(R), then their images are homo-
topic in Q24(R).
Proof of (1) : This has been proved in [F1, Theorem 2.0.2].
Proof of (2) : Suppose that (J,w;) is given by J = (a1, ,aq) + J?, and s € J? be such
that J = (a1, ,aq,s) with s — s2 = ayby + - - + agby for some by, --- by € R. Leto €
E4(R) be a lift of & and write (a1, -+ ,aq)0 = (a1, -+ ,aq). Then J = (aq,- -+, aq) + J?
and J = (aq,--- ,ag,s). If we write (by,--- ,bg) (0~ 1)t = (B1,-- -, B4) (here t stands for
transpose), then it is easy to see that s(1 — s) = ay 51 + - - - + @gB4. Now, note that

o 0 0
A=10 (¢ 0| € Eaay1(R)
0 0 1
and (a1, ,aq,b1, -+ ,bg, s)A = (o1, -+ ,aq, 1, -, Ba, s). Since elementary matri-

ces are homotopic to identity (see Remark 2.5), we are done in this case.

Proof of (3) : Note that by Remark 3.7, (J,ws)—(J',wy) € S1, where S is as in Definition
3.2. Therefore, there exists (K,wg) € S1 such that (J,wy) — (J,wy) = (K,wk) in G.
This implies that (J,w;) = (J',wy) + (K,wk) in G and therefore, J = J' N K. Since J
is reduced, we have J' + K = R. Assume that w; is induced by J = (a1,--- ,aq) + J2.
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From the definition of the Euler class group above it is clear that w; is induced by
J = (a1, ,aq) + J? and wg is induced by K = (a1, - -+ ,aq) + K.

Now (K,wk) € Si and therefore, it is a complete intersection ideal and wx has a
surjective lift o : R? — K. This means that K = (cy,--- ,¢c;) such that ¢; — a; € K>2.
Because of (2) above, we are now free to apply elementary transformations. Apply-
ing elementary transformations on (ci, - -, ¢q), if necessary, we may assume by [RS,
Lemma 3] that ht(cy, - ,¢cq-1) = d—1and J + (¢1, - ,c4—1) = R (Note that if we
apply 0 € E4(R) on (c1,- - ,c¢q), we have to apply o on (a1, - - ,aq) as well to retain
the relations and equations). Consider the ideal I’ = (¢1,- - ,cq—1, (1 — cq)T + ¢q) in
R[T]. Write I = I' n J'[T]. Using the Chinese Remainder Theorem we can then find
fi,-++, fa € I such that:

@ = (fr J) + I
(b) fi=cimod I fori=1,--- ,d—1and f; = (1 — cq)T + cq mod I"%.
(c) fi =a; mod J'[T)? fori=1,--- d.

Let w : (R[T]/I)* — I/I? be the surjection corresponding to fi,--- , fs. We then
have, 1(0) = J, I(1) = J'. From (b) we get f;(0) = ¢; mod K?. Since we already have
c¢i = a; mod K?, it follows that £;(0) = a; mod K?. On the other hand, from (c) we get
fi(0) = a; mod J"”?. Combining, we have f;(0) = a; mod J2. Also, from (c), we obtain
fi(1) = a; mod J".

The upshot of the above paragraph is that w; is induced by J = (f1(0),--- , fa(0)) +
J?, whereas w’; is induced by J' = (f1(1),- -, fa(1)) + J".

As I = (f1,--+,fq) +I? wecan find h € I? and g1, -+ ,94 € R[T] such that
I = (f1, -, fa,h) with h — h* = figi + -+ + faga- Then (f1,---, fa, 91, -+ ,9a:h) €
Q24(R[TY). It follows from the last paragraph and (1) that the images of J = (a1, - ,aq)+
J?and J = (f1(0), -, f4(0)) + J? are same in 7o(Q24(R)). Similarly, the images of
J = (a1, - ,aq)+J?%and J' = (f1(1),-- -, f4(1))+J"? are same in my(Q24(R)). Now, to
complete the proof, it is enough to show that the images of J = (f1(0), -, f4(0)) + J?
and J' = (fi(1), -+, fa(1)) + J? are homotopic. Note that ~(0) € 1(0)* = J? with
h(0) — h(0)2 = f1(0)g1(0) + - - + £4(0)ga(0). Similarly, we have h(1) € I(1)? = J?
with A(1) — h(1)?2 = fi(1)g1(1) + --- + fa(1)ga(1). Therefore it is easy to see that
(fis - fasg1,- - ,9a,h) € Qa2a(R[T]) is the required homotopy. This concludes the
proof. O

4.2. The map 0, is a bijection. We now proceed to prove that the set-theoretic map
04 : EYR) — m(Q24(R)) is a bijection. In order to do that, we need some preparatory
lemmas. We prove a form of the so called “moving lemma” below (Lemma 4.5). This
has been proved in [AF]. However, we reprove it here for the sake of completeness.
Further, instead of using the generalized dimension function and the concept of basic
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elements, we use the prime avoidance lemma. Therefore the arguments here are probably
more basic and easier to follow.

The following lemma is an easy application of the prime avoidance lemma (for a
proof, see [IR, Lemma 7.1.4]).

Lemma 4.3. Let A be a commutative Noetherian ring and (ay, - - - , an,a) € A", Then there
exist puy, -+, € A such that ht(I,) > n, where I = (a1 + apy, -+ ,an + apy). In other
words, if p € Spec(A) such that I C p and a ¢ p, then ht(p) > n.

Remark 4.4. If A is a geometrically reduced affine algebra over an infinite field then
Swan’s version of Bertini theorem, as given in [BRS 2, Theorem 2.11], implies that
U1, -, fn can be so chosen that theideal I = (a;+apus, - - - , ap+apuy,) has the additional
property that (A/1), is a geometrically reduced ring.

Lemma 4.5. (Moving Lemma) Let A be a commutative Noetherian ring. Let (a,b,s) =
(at, -+ yan,b1, -+ ,bp,s) € Qan(A). Then there exists p = (1, -+ , pn) € A™ such that
(1) Therow (a',b',8') = (a1 +p1(1—8)2, -+, an+ pn(1—5)%, by + (1 — pbt), -+ by +
(1 —pb'), s + pb'(1 — 5)) € Qan(4),
@) [(a,b,5)] = [(a, V', 8")] in w0 (Q2n(A)) and
(3) ht(K) > n, where K = (a1 + p1(1 — 8)2, -+, an + pn(1 — 8)%,5 + pb (1 — s)).

Proof. We consider the row (ay,--- ,an, (1 — 5)?) € A""!. By Lemma 4.3 there exist
pa, - pn € Asuchthatht(l_g)2) > n, where I = (a1+p1(1=38)%, -+ an+pn(1—35)?).
In other words, if p € Spec(A) such that I C pand (1 — s) ¢ p, then ht(p) > n.

Set A = a+ T(1 — s)?u € A[T]", then an easy computation yields that

A (1 — Tpbt) = (1 — s)(1 — Tub') — (1 — s)3(1 — Tub?)?

Setting B = (1 — T'ub!)b, it is easy to check that (A, B, (1 — s)(1 — Tub!)) € Qa,(A[T)).
Then it follows that (A4, B, 1 — (1 —s)(1 —Tub")) = (A4, B,s+Tub'(1—3s)) € Qa,(A[T]).
Thus (1) and (2) are proved.

Now we have the following relations among the ideals:

I = (a1+ﬂl(1_3)2>"' ,(ln+/,bn(1—$)2)
— (- p(1 =) (1= $)(1 = b)) 1 (a4 p(1 = 5)2 5 + b (1 = 5))
= (a+pl - $)2,(1—s)(1 — pb)) N K
Let p € Spec(A) such that K C p. As s + ub (1 —s) € K C p, it follows that

(1 — s)(1 — wbt) ¢ p and therefore, 1 — s ¢ p. Note that I C K C p. Therefore, by the
first paragraph, ht(p) > n. This proves (3). O
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Remark 4.6. If A is a geometrically reduced affine algebra over an infinite perfect field
then using Swan’s Bertini theorem (see Remark 4.4 above), one can choose K to have
the additional property that either K = A or K is a reduced ideal.

We are now ready to prove the main theorem of this section. This theorem has
also been proved independently in [AF, MaMi]. However, the proof given in [AF] is
incomplete, as they are using [F1, Theorem 3.2.7] which is not valid (see the appendix
to this paper). We must remark here that in [AF], the authors prove some remarkable
results and settled a couple of open problems. If their other arguments are correct, then
our proof validates their results. We have not verified the proof of [MaMi] in detail but
one can easily see that our approach and arguments are entirely different. Further, our
proof is much more straightforward.

Theorem 4.7. Let R be a regular domain of dimension d > 2 which is essentially of finite type
over an infinite perfect field k. The set-theoretic map 64 : E4(R) — m(Qaq(R)) is a bijection.

Proof. Let v = (a1, -+ ,aq,b1, -+ ,bq,S) € Q24(R). Then the ideal I(v) = (a1, -+ ,aq, s)
of R need not be of height d. However, we may apply Lemma 4.5 to obtain v' =
(af,---,al, b, -+ b, s") in the same homotopy class of v such that the ideal J =
(a},--- ,al, s') has height > d and is reduced. Then J = (af, -+ ,a}) + J* Ifwy :
(R/J)* — J/J? is the corresponding map, then it follows that the image of (J,w,)
under 6, is [v'] = [v] in 7p(Q24(R)). This shows that 6, is surjective.

Rest of the proof is devoted to proving that 6, is injective. Let (J,w;) and (J',w )
be elements of E4(R) be such that 0,((J,w;)) = 04((J',wy)). Let wy be given by J =
(a1, ,aq) + J?. Asht(J) = d, applying Lemma 4.3 if necessary, we may assume that

ht(a1,--- ,aq) = d. Now there exists s € J? such that J = (a1,--- ,aq4,s) with s — s =
a1bi+- - -+agbg forsome by, - -+ , by € R. Similarly, wy is givenby J' = (a},- -+ ,al))+J"
with ht(a}, -+ ,a};) = d. There exists s € J'? be such that J' = (a}, - ,a/, s') with
s’ — s =alby + -+ b, for some b}, - b, € R.

We now assume that
0((J7WJ)) - [(alv o ,(Id,bl, e )bd>8)] - [(a’/lv e aailv /17 Tty /d)S,)} = ‘9((J/7WJ/))

in mo(Q24(R)). Applying Corollary 2.9 wehave V = (fi, -+, fa, 91, - , 9a, h) € Q2a(R[T])
such that V(0) = (a1, ,aq,b1,--- ,bg,s) and V(1) = (a}, - ,al, b}, - b, s). If we
consider the ideal I = (fi,--- , fq, h) of R[T] then we have I = (f1,---, f4) + I°. Let
wr @ (R[T)/I)* — I/I? denote the corresponding surjection. However, the height of T
need not be d, although both I(0) (= J) and I(1) (= J’) have height d.

As both ht((a1,--- ,aq4) = d =ht(a},- - ,a), it follows that

ht(fi,-- fa, T(T = 1)) =d +1 (%)
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Consider (f1,-- , fs, (T? — T)h?) € R[T]%"!. By Lemma 4.3, there exist pi1,--- , jug €
R[T] such that ht((F1, -, Fa)p2(r2—7)) > d, where F; = f; + wih*(T? = T), for i =
1,---,d. Note that we have I = (Fy,---,Fy) + (h), and (h) C I?. Applying [BRS 3,
2.11], there exists k € (h) such that I = (Fy,---,Fy, k) where k — k? € (Fy,---, Fy).
We now take K = (Fy,---,F;, 1 — k) and write wx : (R[T]/K)? - K/K? for the
corresponding surjection. We record that I N K = (Fy,--- , Fy) in R[T].

Let P € Spec(R[T]) be such that K C P. Then, as k € (h) and 1 — k € K, we see that
hg P.fT? —T ¢ P,then ht(P) > d. If T? — T € P, then by (x) above, ht(P) > d + 1.
In any case, ht(K') > d. Note that

K(0)n1(0) = K(0)NnJ = (F1(0),-- -, Fa(0)) = (a1, - -+ , aa),

K)nI(1)=K(1)nJ = (Fi(1),---, F4(1)) = (a,- -, ap).
As the height of each of the ideals involved here is d, we have

(Ja WJ) + (K(O)va(O)) =0= (lewJ’) + (K(1)7WK(1)) in Ed(R)a

where wp (o) is induced by a1, - - - , a4, and wg 1) is induced by af, - - - , ay,.
Therefore, (J,ws) — (J',wy) = (K(1),wk(1)) — (K(0),wk(o)) € H (where H is as in
(3.1)) and consequently, (J,w;) = (J',w,/) in E4(R). This completes the proof. O

Remark 4.8. Let R be a regular domain of dimension d > 2 which is essentially of finite
type over an infinite perfect field k. Let n be an integer such that 2n > d + 3. Then also
we have a bijection 6,, : E"(R) — mo(Q2n(R)). The proof is similar to the one as above
with suitable modifications.

Remark 4.9. Let R be a commutative Noetherian ring of dimension d. Let n be an
integer such that 2n > d + 3. The n-th Euler class group E™(R) has been defined
in this case as well (see [BRS 3] for n = d > 2, and [BRS4] for 3 < d < 2n — 3).
Further, following the same set of arguments as above, one can define a well-defined
set-theoretic map 6 : E4(R) — mo(Q24(R)). This map is surjective but is not injective
in general. In fact, even if R is an affine algebra over an algebraically closed field, #
may not be injective. The issue here is smoothness. We elaborate with an example.

The following example of Bhatwadekar, based on an example constructed by Bhat-
wadekar, Mohan Kumar and Srinivas [BRS 1, Example 6.4], appeared in [DK]. We
recall it verbatim.
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Example 4.10. (Bhatwadekar) Let
CIX,Y, 2, W]
(X5 +Y5+ 25+ W5)’
as in [BRS 1, Example 6.4]. Then B is a graded normal affine domain over C of di-

B =

mension 3, having an isolated singularity at the origin. Let F'(B) be the subgroup of
Ko(B) generated by all elements of the type [P] — [P*], where P is a finitely generated
projective B-module. As B is graded, Pic(B) = 0. Therefore, by [BRS 1, 6.1] F(B) =
F3Ky(B). Since Proj(B) is a smooth surface of degree 5 in P3, it follows from a result
of Srinivas that F(B) = F3K,(B) # 0. Therefore, there exists a projective B-module
P of rank 3 with trivial determinant such that [P] — [P*] is a nonzero element of F'(B).
This implies that P does not have a unimodular element. We now consider the ring
homomorphism f : B — B[T] given by f(z) = 2T, f(y) = yT, f(z) = 2T, f(w) = wT.
We regard B[T| as a B-module through this map and Q = P ®p B[T]. Then it is
easy to see that Q/T'Q is free and Q/(T — 1)QQ = P. Therefore, Q) is a projective B[T']-
module which is not extended from B. Now consider a surjection o : () — I where
I C BIT] is an ideal of height 3. Fix an isomorphism y : B[T] ~ A3(Q). Note that
Q/IQ is a free B[T]/I-module. We choose an isomorphism ¢ : (B[T]/I)? ~ Q/IQ
such that A0 = x ® B[T]/I. Composing o and a ® B[T]/I, we obtain a surjection
w: (B[T]/I)® —= I/I?. It is now easy to see that (I(0),w(0)) = 0in E3(B) (as Q/TQ
is free), whereas (I(1),w(1)) = e(Q/(T — 1)Q, x(1)) = e(P, x(1)) in E3(B) cannot be
trivial (as P does not have a unimodular element). [

Remark 4.11. The above example shows that there are distinct elements in E3(B) whose
images in 7y (Qs(B)) are the same.

Remark 4.12. Let R be a regular domain of dimension d > 2 which is essentially of
finite type over an infinite perfect field £ of characteristic # 2. Recall from Section 2
that we have a bijection 34 : mo(Q24(R)) = m(Q4,(R)), and therefore we immediately
obtain 840, : E4(R) = mo(Qh,(R)). On the other hand, an element of @), ;(R) obviously
projects to a unimodular row of length d + 1, and eventually we obtain a set-theoretic
map g : EYR) — Umgy1(R)/Eqs1(R). Now let X = Spec(R) be a smooth affine va-
riety of dimension d over R, whose real points X (R) constitute an orientable manifold.
In the sequel [DTZ] we prove that 6 is a morphism of groups. Further, we carry out
complete computations for the groups Umg+1(R)/Eq+1(R), Umgi1(R)/SLay1(R) and
the Mennicke symbol M S (R) for such varieties.

5. THE MONIC INVERSION PRINCIPLE

In this final section we address the following question raised in the introduction.
Recall that R(T') is the ring obtained from R[T’| by inverting all the monic polynomials.
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Question 5.1. Let R be a commutative Noetherian ring of dimension d > 2. Let I C R[T'| be
an ideal of height n such that u(I/1?) = n. Let I = (f1,--- , fn) + I* be given. Assume that
IR(T) = (Gy,- -+ ,Gy) with G; — f; € I*?R(T). Then, do there exist F,--- | F,, € I such
that I = (Fy,--- , F,) with F; — f; € I*?

Remark 5.2. We first remark on the case d = n = 2. In this case, the answer to the above
question is negative (see [BRS 1, Example 3.15]). However, in this case it follows from
[D, Section 7] that there exist F}, F> € I and a € SLa(R[T]/I) such that I = (F, F3)
with (f1, f2)a = (F1, F»), where ‘bar’” denotes images in I/1°.

In view of the above remark, from now on we assume that 3 < n < d < 2n — 3
and write this simply as 2n > d + 3. To recast the above question in the language of
the Euler class groups let us recall that if R is a regular domain (containing a field) of
dimension d > 3, the n-th Euler class group E™(R[T]) of R[T] has been defined in [DRS]
(We remind the reader that this definition is not a trivial extension of the definition of
the Euler class group E"(R) as available in [BRS 4]). Let I C R[T] be an ideal of height
n such that u(I/1?) = n. Let wy : (R[T]/I)™ — I/I? be a surjection. One can associate
an element (/,wy) in E"(R[T]). The following is the relevant result for us.

Theorem 5.3. [DRS, Theorem 3.1] Let R be a regular domain of dimension d containing a
field and n be an integer such that 2n > d + 3. Let I C R[T be an ideal of height n such that
w(I/I?) = n. Let wy : (R[T)/I)™ — I/I? be a surjection. Then (I,wy) = 0in E™(R[T)) if
and only if there is a surjection B : R[T|™ — I such that 3 lifts wy.

We now consider R(T"). As the extension R[T| — R(T) is flat, there is a canonical
group homomorphism I' : E"(R[T]) — E™(R(T)). The following question is a
reformulation of the question above.

Question 5.4. Is the canonical map I' : E™(R[T]) — E"(R(T)) injective?

Here we settle the question in the affirmative when R is a regular domain of dimen-
sion d > 3 which is essentially of finite type over a field k of characteristic # 2. We first
prove an easy proposition. For the definitions of Q5,,(—) and 7o(Q5%,,(—)), see Section
2.

Proposition 5.5. Let A be any commutative Noetherian ring and n > 2. Then there is a
bijection = mo(Q%,,(A)) ~ mo(Qh,, (A[T))).

Proof. Forv € Q),,(A) we define u([v]) = [v], sending the orbit [v] to [v] € mo(Q%,,(A[T])).
To see that p is well defined, let w € Q%,,(A) be homotopic to v. Then there is F/(X) €
Q5,,(A[X]) such that F'(0) = vand F(1) = w. Treat F(X) as an element of Q),, (A[T, X])
and observe that [v] = [w] in 7(Q%,, (A[T])).
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We now assume that v,w € @, (A) be such that [v] = [w] in 7 (QY%,,(A[T])). Then
there is F(T, X) € @4, (A[T, X]) such that F(T,0) = v and F(T,1) = w. Then we also
have F(0,0) = v and F(0,1) = w. Clearly, G(X) = F(0,X) € Q5,(A[X]) and is the
desired homotopy. This shows that y is injective.

Let V(T') € Q5,,(A[T]). We show that V(T') is homotopic to V(0) € Q%,,(A). Itis easy
to see that V(T'X) € @5, (A[T, X]). The substitution X = 0 gives V/(0), whereas the
substitution X = 1 gives V(T'). Therefore, 1 is surjective and the proof is complete. [

Let R be a regular domain of dimension d > 3 which is essentially of finite type
over an infinite perfect field k. Let n be an integer such that 2n > d + 3. Recall that
in Section 4 we established a bijection 6,, : E"(R) = mo(Q2,(R)). If we assume that
Char(k) # 2, then we also have a bijection 3, : m9(Q2,(R)) = m0(Q%,(R)). Therefore,
Bnby : E"(R) = mo(Qh,(R)). From now on we assume that our rings contain 1.
Proposition 5.6. Let R be a regular domain of dimension d > 3 which is essentially of finite
type over an infinite perfect field k of characteristic # 2. Let n be an integer such that 2n >
d + 3. Then we have a bijection E"(R[T]) ~ mo(Q%,,(R[T])).

Proof. It has been proved in [DRS, Theorem 3.8] that under the assumption on the

ring, the group E™(R) is canonically isomorphic to E"(R[T]). We combine this with
Bnbn : E™"(R) = mo(Q%,,(R)) and use the above proposition. O

We now have the following commutative diagram:

E"(R[T)) — % m0(Qb, (RIT]) — ngﬁkgg;])

| |

E™(R(T)) — m0(Q4,(R(T))) — Eg;ﬁi(RT()%))

We can thus transfer the question on the Euler class group to a question on the map

5, (R[T))/EO2n+1(R[T]) — @5, (R(T))/EO2,+1(R(T)). But note that the horizontal
bijections are only set-theoretic maps. However, as we will see below, for us it will be
enough to prove the following statement: For v € Q5,,(R[T1]),

EO2n+1(R(T)) EO2n+1(R[T])
v ~ ( v ~ (

07"'7071):> O,"',O,l)

We proceed to prove the above assertion in a more general set-up. We will need the

following factorization lemma for the elementary orthogonal group.

Lemma 5.7. [St, Lemma 2.3] Let A be a commutative Noetherian ring with 2R = R. Let
n > 2and let f,g € A besuch that fA+ gA = A. If o € EOo,41(Ayg), then there exist
a € EOgyy1(Ayf) and f € EO2,41(Ay) such that o = oy .
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We now prove the following monic inversion principle which is an analogue of [Ra,
Theorem 1.1]. We follow the same line of arguments as in [Ra]. It will be interesting if
one can remove the regularity assumption from the version we prove.

Theorem 5.8. Let A be a reqular domain containing a field k of characteristic # 2. Let n > 2
and v = (f1, -+, fn, 91, » gn, h) € Qb (A[T]). Suppose that there is a monic polynomial
f € A[T] such that v = (0,---,0,1) mod EO2,+1(A[T]¢). Then v = (0,---,0,1) mod
EO2n+1(A[T)).

Proof. Under the assumptions of the theorem, by [MaMi, Theorem 4.2], v is extended
from A. More precisely, from [MaMi] we have

v 02n+lr(\1?[T]7T) U(O),

and therefore, by [St, Theorem 1.3] it follows that v EO2ny1(AlT]) v

are homotopic, applying Theorem 2.6 we have

E02n+1(A)

(0). As v(0) and v(1)

EO2n+41(A[T)]
~ v

v(0) 1) ()

We first treat the special case when f = T. In this case, v; ~ (0,---,0,1) implies

v(1), implying that v

that v ~ v(1) and v(1) ~ (0,---,0,1), and therefore, we are done:

; EO2n+1(A[T]) 0,---,0,1).

We now show that one can reduce to the special case above. Assume that f is an
arbitrary monic polynomial. By (*) we now have v = v(1) and that v(1)o = (0,--- ,0,1)
for some o € EOgy,11(A[T]y).

Let f* = T~98/.f ¢ A[T~!]. Then f*(T~!' = 0) = 1 and note that in A[T!], we
have f*A[T~'] + T7YA[T~Y = A[TY]. Further, A[T~, T = AT, T Y;.

Applying Lemma 5.7 for the comaximal elements f* and 7! in A[T~!], we have
or = (01)p-1(02) s+, where 01 € EO2,41(A[T']4+) and 09 € EOgu 1 (AT, T)).
Now we treat v(1) as an element in Q%,(A[T~1];+). Observe that the vectors v(1)o;
and (0,---,0,1)0; " coincide over A[T~!,T];«. We can patch them to obtain w €

b (A[T71). Note that wp-1 = (0,---,0,1)05 ' in A[T, T~!]. In other words,

, O QT (o 0,1)

Wpr-

BOn AT (o g 1)

For this final moment, let us write Y = 7! As f*(Y = 0) = 1 and as wy« = v(1)oy,

Now apply the special case treated above to conclude that w

specializing at Y = 0 we obtain

w(0) = v(1)ay (0) T

EO2n+1(4)

(07 7071)7

showing that v = v(1) 0,---,0,1). O
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Corollary 5.9. Let A be a reqular domain containing a field k of characteristic # 2. Let
v € QY (A[TY]) be such that v is homotopic to (0, --- ,0,1) in Q%,,(A(T)). Then v is homotopic
to (0,---,0,1) in Q5 (A[T]).

Proof. From Theorem 2.6 we can conclude that v EOan 1 (A1) (0,---,0,1). We can then

find a single monic polynomial f € A[T] such that

EOon41(A[T
v 2+3V( (T]5) (0,---,0,1)

Applying the above theorem and Theorem 2.6 again we are done. O

We are now ready to prove that the monic inversion principle holds for the Euler
class groups.

Theorem 5.10. Let R be a reqular domain of dimension d > 3 which is essentially of finite type
over an infinite perfect field k of characteristic # 2. Let n be an integer such that 2n > d + 3.
Then the natural map E"(R[T]) — E™(R(T)) is injective.

Proof. The canonical map E™(R[T]) — E"(R(T)) is a group homomorphism. There-
fore, it is enough to show that if (J,w;) € E™(R[T]) is such that its image (JR(T),w; ®
R(T)) is trivial in E™(R(T)), then (J,w;) = 0in E™(R[T]). Note that the horizontal
bijections in the following commutative diagram preserve base points.

E™R[T]) — m0(Q3, (R[T]))
E™(R(T)) — m0(Q3, (R(T)))

Therefore we are done by Corollary 5.9. O

The assertion of Theorem 5.10, translated back to simple ideal-theoretic terms, gives
us the main theorem:

Theorem 5.11. Let R be a regular domain of dimension d which is essentially of finite type over
an infinite perfect field k of characteristic # 2. Let n be a positive integer such that 2n > d+ 3.
Let I C R[T) be an ideal of height n such that

I:(f17"' 7fn)+‘[2

Assume that IR(T) = (G4, ,Gy) with G; — fi € I?’R(T) fori = 1,--- ,n. Then, there
exist g1, -+ ,gn € I such that

I:(gl,--~,gn),andgi—fielzfori:1,~-,n
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6. APPENDIX: ON MURTHY’S CONJECTURE
(BY MRINAL KANTI DAS)

Evidently, this paper is intimately related to the complete intersection conjecture
of Murthy which was mentioned at the beginning of this paper. The purpose of this
appendix is to clarify its present status in light of recent developments. The reader
may be aware that a solution of a stronger form of Murthy’s conjecture appeared in
[F1, Theorem 3.2.9]. However, in October, 2016, the author of this appendix came up
with the following series of arguments and communicated them privately to the author
of [F1].

Proposition 6.1. Let R be a commutative Noetherian ring and n > 2. There is a natural
bijection between the sets mo(Qan(R)) and mo(Q2n(R[T))).

Proof. The proof is exactly the same as that of Proposition 5.5. O
To derive corollaries, we first prove an easy lemma.

Lemma 6.2. Let A be a Noetherian ring and I C A be an ideal such that I = J + K, where
J, K are ideals and K C I%. Then, there exists s € K such that I = (s,J) and s — s> € J.

Proof. We have I = J + I?. The ideal I/J is idempotent in A/J and therefore by
Nakayama lemma, there exists e € I such that I/.J is generated by e + J, with e — e? €
J. The canonical map K — I/J is surjective. Choose a preimage s of ¢ + J in K.
Then, I/J is generated by s + J, implying that I = (s,.J). Further, s — s*> € J as
s+J=e+J. O

Now let R be a Noetherian ring and n > 2. Let I C R[T] be an ideal such that
I = (fi(T), -+, fu(T)) + (I?T). By the above lemma, there exist s(T) € (I°T) and
G1(T), -+ ,gu(T) € RIT] such that I = (s(T), fi(T), -+ , fu(T)) and s(T)(1 — s(T)) =
[T g1 (T) + -+ -+ fu(T)gn(T). With this data, we have the following:

Corollary 6.3. The homotopy orbit of (f1(T), -, fu(T),91(T),- -+, gn(T), s(T)) is trivial
in WQ(QQn(R[T])).

Proof. By the proposition, the vector (fi(T), -, fu(T),91(T), -+, gn(T),s(T)) is ho-
motopic to (f1(0),- -, fn(0),91(0),--- ,gn(0), s(0)). The latter is homotopically trivial
because s(0) = 0. O

Corollary 6.4. Let R be a regular ring containing an infinite field k (Char(k) # 2). Let n > 2
and I C R[T] be an ideal such that

I=(fi(T), -, falT)) + (I°T).

Then there exist Fy(T), -, F(T) € I such that I = (FA(T),--- ,Fn(T)) with F;(T) —
fi(T) € (I?T).
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Proof. The above corollary and [F1, Theorem 3.2.7]. O

But this final corollary contradicts the following example of Bhatwadekar-Sridharan.
We give only an outline of the example.

Example 6.5. [BRS 1,3.15] Let R = C[X,Y]and F = X3+Y?3—1. Consider the ideal I =
(F,T —1) C R[T). Letwy : (R[T))/I)*> — I/I? be the surjection induced by (F,T — 1).
Observe that R[T]/I = R/(F'). One can choose a suitable matrix ¢ € SLy(R/(F))
such that its image in SK;(R/(F)) is non-trivial (this part is crucial). Consider the
composite w;a : (R[T])/1)* - I/I?. Letitbe givenby I = (G,H) + I*. As I(0) = R,
using [BRS 1, 3.9], G, H can be lifted to obtain I = (G', H') + (I°T). Rest of the example
is devoted to showing that if G’, H' can be lifted to a set of two generators of I, then
the choice of 7 is violated.

This shows that [F1, Theorem 3.2.7] is not correct in its present form. Soon thereafter,
the author of this appendix could spot the gap in the arguments leading to this theorem
in [F1]. Itis in Lemma 3.2.3, op. cit.. Using notations and terms therein, we observe: it is
not clear why vM has the strong lifting property. Indeed I(v) = I(vM) but the generators
have to be lifted modulo (s—\a;)?. This was also privately communicated to the author
of [F1], which has been kindly acknowledged in [F2].

One might hope that perhaps this gap can be fixed. However, S. Mandal, in col-

laboration with none other than M. P. Murthy, came up with two examples in [Ma 2],
showing that assertions in [F1, Theorems 3.2.7, 3.2.8] are not valid. The strong form
of Murthy’s conjecture in [F1] is derived from these results. As a consequence, the
conjecture is in general open and the best known solution is the one provided by
Mohan Kumar forty years ago.
Remark 6.6. In the context of the present article, the above clarification is necessary. A
diligent reader would notice that if the arguments in [F1] were correct, then the argu-
ments in this article can also be extended to answer Question 1.6 in the introduction,
(without any restriction on the coheight of the ideal) for the type of rings considered
here.

Acknowledgements. We sincerely thank Ravi Rao for clarifying numerous queries. We
are deeply indebted to S. M. Bhatwadekar for his critical reading of an earlier version
and for pointing out a mistake in the proof of Theorem 4.7.
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