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1. INTRODUCTION

Let R be a commutative, Noetherian ring and I C R be an ideal such that I is locally
generated by n elements. In general, local generators may not have a lift to a set of n
global generators of I. For example, if R is the coordinate ring of a real 3-sphere and
I = mis areal maximal ideal, then it is well-known that m/ m?is 3-generated (therefore,
m is locally 3-generated) but no surjection  : R —— m/m? can be lifted to a surjection
6 : R® — m (in fact, m is not generated by 3 elements). Let us now cite a non-trivial
instance where one has an affirmative conclusion. Let R = A[T] and I C A[T] be an
ideal such that I/1? is generated by n elements, where n > dim (A[T]/I) + 2. If I
contains a monic polynomial, then it is implicit in Mandal’s famous result [12] that any
surjection 0 : A[T]" — I/I? can be lifted to a surjection 6 : A[T]" —» I.

We now focus on the set up when R = A[T] and consider the following (more
general) situation : Let I C A[T] be an ideal and P be a projective A-module of rank
n > dim (A[T]/I) + 2. Assume that there is a surjection § : P[T] — I/I?. One may
wonder, under what condition(s) § may be lifted to a surjection § : P[T] — I. A
necessary condition obviously would be that 7(0) should be image of P. But there are
examples [4, 5.2] to show that this is not sufficient. In this context, an intriguing open
question is the following one which is a variant of a question of Nori (see [13, 14]).

Question 1.1. Let A be a regular ring, I C A[T] be an ideal and P be a projective
A-module of rank n where n > dim (A[T]/I) + 2. Assume that there is a surjection
® : P[T] — I/(I*T). Can  be lifted to a surjective A[T-linear map ¢ : P[T] — I?

Note that (0) : P —— I(0). The assumption of regularity cannot be dropped (as
there is an example due to Bhatwadekar, Mohan Kumar and Srinivas [4, 6.4]) unless
the ideal I has some special properties (as shown by Mandal in [13] where he gave an
affirmative answer when I contains a monic polynomial, without assuming the ring
to be regular). The best result that we have so far is the one due to Bhatwadekar-
Keshari [2, 4.13] where they assume A to be a regular domain of dimension d which is
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essentially of finite type over an infinite perfect field k and further that ht I = n with
2n > d + 3. It has been shown in [8] that one need not take the field to be perfect in [2,
4.13].

As it stands, even when A is a ring of the type as considered in [2], one does not
have a complete answer to (1.1). One of our objectives in this paper is to explore
whether we can improve the result of [2] by relaxing the condition on height of the
ideal, i.e., allowing ideals of possibly smaller height into consideration. We prove (see
(3.6) below)

Theorem 1.2. Let A be a regular domain which is essentially of finite type over an infinite
field k. Let I C A[T) be an ideal and P be a projective A-module of rank n where n +ht1 >
dim A[T] + 2. Then any surjection ¢ : P[T] —— I/(I*T) can be lifted to a surjection from
P[T)toI.

Note that when htI = n, we recover [2, 4.13]. However, we are not giving a new
proof of the theorem of Bhatwadekar-Keshari here. We are using their theorem to
prove the above result, for which we need to have a suitable set of so called “moving
lemma”, “addition” and “subtraction” principles in a more general set up than the
existing ones. We prove these in Section 3.

The cluster of moving lemma, addition and subtraction principles also enables us
to answer another interesting question. Let R be a Noetherian ring, J C R be an
ideal with u(J/J?) = n, where n + htJ > dim R + 3. Let J = (a1, -+ ,a,) + J? be
given. It is natural to ask under what condition these local generators can be lifted
to a set of global generators of J. In other words, when can we find by, - - - , b, such
that J = (by,--- ,b,) where a; — b; € J?>? We address this question in Section 4 in the
following way. Given a surjection wy : (R/J)" — J/J? (corresponding to a set of
local generators) we associate an element s™(J,w;) in the n'" Euler class group E"(R)
(see (4.1) for the definition of E™(R)) such that s"(J,w;) = 0 if and only if w; can be
lifted to a surjective map 6 : R* — J. We call s"(J,w;) the n'* Segre class of the pair
(J,wy). For further details look at Section 4.

Any reader familiar with the theory of Euler class groups will be aware that Ques-
tion 1.1 is intimately related to the Euler class groups. When Nori proposed the defini-
tion of the Euler class group (of a smooth affine domain A) some twenty years back, he
also suggested Question 1.1 as an important tool (see [13, 14] for motivation). Nori’s
definition of the Euler class group, given in terms of “homotopy” with respect to the
affine line A', appeared in [4] (see (5.2) below). However, Bhatwadekar-Sridharan
settled (1.1) in some special case [4, 3.8], then came up with an alternative definition
of the Euler class group and proved its equivalence with Nori’s definition by using
[4, 3.8]. Section 5 is about revival of Nori’s “homotopical” definition of the Euler
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class group. In this section we closely investigate Nori’s definition, illustrate how it
works for smooth affine domains and recover the main result of [4] on Euler classes.
With an example due to Bhatwadekar (personal communication) we show why Nori’s
definition does not naturally extend to non-regular rings. At the end, we formulate the
correct generalization to such rings.

Acknowledgement : We sincerely thank S. M. Bhatwadekar for Example 5.21.

2. PRELIMINARIES

All rings are assumed to be commutative Noetherian and modules are assumed to
be finitely generated. We refer to [2] for any undefined term. In this section we collect
some results which will be used frequently in later sections.

We begin by stating two classical results due to Serre [18] and Bass [1], respectively.

Theorem 2.1. (Serre) Let A be a ring and P be a projective A-module. If rank(P) > dim A/ J (A),
then P ~ Q & A for some A-module Q), where J (A) is the Jacobson radical of A.

Theorem 2.2. (Bass) Let A be a ring and let P be a projective A-module of rank > dim A/ J (A).
Then the group E(P®A) of transvections of P& A acts transitively on Um(P®A).

The following result is about lifting of automorphisms [3, 4.1].

Proposition 2.3. Let I be an ideal of a ring A and let P be a projective A-module. Then any
transvection ¢ of P/1P (i.e. ¢ € E(P/IP)) can be lifted to an automorphism ® of P.

The following result is due to Eisenbud and Evans [10].

Theorem 2.4. Let A be a ring and let P be a projective A-module of rank n. Let (o,a) €
(P*®A). Then there exists f € P* such that htI, > n, where I = (a + af)(P). In
particular, if the ideal (a(P), a) has height > n and I is a proper ideal of A, then htI = n.

The next two results are due to Bhatwadekar and Raja Sridharan.

Lemma 2.5. [5, 2.11] Let A be a ring and let I be an ideal of A. Let I and I be ideals of A
contained in I such that Iy C I? and I) + Iy = I. Then I = Iy + (e) for some e € Iy and
I, =1INTI, wherel, +1' = A.

Lemma 2.6. [4, 3.5] Let A be a reqular domain containing a field and let I be an ideal of A[T).
Let P be a projective A-module and J = I N A. Let ¢ : P[T] — I/(I?T) be a surjection.
Suppose ¢ ® Ay ;[T] can be lifted to a surjection 1) : Pyy ;[T —— I14.5. Then ¢ can be lifted
to a surjection ® : P[T| — I.

The following result is due to Mandal and Raja Sridharan [14, 2.3].
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Theorem 2.7. Let A be a ring and let Iy, I be two comaximal ideals of R = A[T]. Assume
that I contains a monic polynomial and Iy is an extended ideal from A, i.e. I = I5(0)R. Let
P be a projective A-module of rank r > dim (R/I;)+2andlet I = I, NI5. Let p : P — 1(0)
and & : P[T)/I,P[T] — I/I? be two surjections such that 5(0) = p® A/I;(0). Then there
exists a surjection n : P[T] —— I such that n(0) = p.

3. MAIN THEOREM

Unless otherwise mentioned, by a ring we mean a commutative Noetherian ring.
We begin with a lemma. When ht/ = n and f = 1, it follows from [2, 5.5].

Lemma 3.1. (Moving lemma) Let J be an ideal of a ring A and let P be a projective A-module
of rank n > dim A/J + 1. Let 0 : P — J/J?f be a surjection for some f € A. Given any
ideal K C Awithdim A/K <n — 1, 0 can be lifted to a surjection © : P —— J" such that

(@) J"+ (JPNEK)f=J,

(i2) J" = JNJ, wherehtJ > nand

(iii) J'+ (J*NK)f = A.

Proof. Let A : P — J be a lift of §. Then A(P) + J2f = J. By (2.5), there exists b € J2f
such that A(P) + (b) = J. Let “bar” denote reduction modulo the ideal (J? N K)f.
Note that dim A/(J?NK) <n — 1.

Applying (2.4) on (A,b) € (P*®A), there exists Ay € P* such thatif N = (A +
bA1)(P), then ht Wg > n. Since A@®bA is also a lift of 6, replacing A with A + bA;, we
may assume that N = A(P).

Now N + (b) = Jand b € J2f. By (2.5), N = J N J;, where J; + (b) = A. Since N, =
(Ji)p and N = J N J1, we getht J; = ht(J1); = ht Ny > n. Butn < htJ; = ht (31)7 <
dim Ay < n — 1. Hence we get J; = A. Therefore, N = J,ie. A(P)+ (J2NK)f = J.

By (2.5), there exists ¢ € (J? N K) f such that A(P) + (c) = J. By (2.4), replacing A
by A + cAj for some Ay € P*, we may assume that A(P) = J N .J’, where htJ' > n
and J’ + (¢) = A. This proves the lemma. O

We now prove some “addition” and “subtraction” principles tailored to suit our
needs.

Proposition 3.2. (Subtraction Principle) Let I, J be two comaximal ideals of a ring A and
let P = Q®A be a projective A-module of rank n. Assume that n > dim (A/J) + 2 and
n+htl > dim A+ 3. Assume that ® : P — I and V : P — I N J are two surjections such
that ® @ A/I = U ® A/I. Then there exists a surjection A : P —— J such that A® A/J =
U A/
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Proof. As each of I, J is locally generated by n elements, we haveht I <nandhtJ <n.
Note that to prove the result we can change ® and ¥ by composing it with automor-
phisms of Q®A.

Let “bar” denote reduction modulo J? and we write ® = (®1,a1), where ®; € Q*.
Then (®1,@;) € Um(Q®A). Since dim A < n — 2, by (2.1), Q has a unimodular element
ie. Q = Q®A. Write &, € Q" as (@, by), where @ € Q}. By (2.2), there exists o €
E(Q®A) such that (a, by, a1 )o = (0,1,0).

Using (2.3), let § € Aut(Q®A) be a lift of 0. If (®1,a1)0 = (P2,a2), then ay € J?
and &3 € Um(Q). By (2.4), there exists I' € Q* such that if K = (®3 + a2')(Q), then
ht K,, > n — 1. Since (®3 + a2l az) is also a lift of & = (®1,a1), replacing ¢, with
P9 + al’, we may assume that K = ®9(Q) and ht K,, > n — 1. Note that (K, ag) = I.
Case 1. Assume that ht I < n. It is easy to see that ht K = htI. Since ®5(Q) + J*? = A,
replacing ag by as + ®2(q) for some ¢ € (), we may assume that az = 1 modulo J 2,

Consider the following ideals in the ring A[Y]: Z; = (K,Y + a2), Zo = JA[Y] and
T3 =71 NZy. Note that Z7,(0) = I and Z2(0) = J. We have two surjections

v:P —>—>Z3(0) and § := (<I>2®A[Y],Y+a2) : P[Y} — 11

suchthat U ® A/Z,(0) = P® A/Z:(0) = § ® A/Z1(0). Further dim A[Y]/Z; = dim A/ K.
Since K C I have the same height and n + ht] > dim A + 3, we have dim A/K <
n — 3. Hence, applying (2.7), we get a surjection n : P[Y| — Z3 such that n(0) = U :
Q®A — J.Since 1 —ay € J?, putting Y = 1 — ap, we get a surjection n(1 — az) := A :
P — Jwith A® A/J =¥ ® A/J. This proves the result in this case.
Case 2. Assume that ht/ = n. Then height of K,, > n — 1 and I = (K, ag) implies
thatht K > n — 1. Since n + ht/ > dim A + 3, we get dim A/K < n — 2. Now we can
complete the proof asincase 1. [

Proposition 3.3. (Addition principle) Let I,J be two comaximal ideals of a ring A and let
P = Q@A be a projective A-module of rank n, where n +ht(I N J) > dim A + 3. Let
®: P —— Iand ¥ : P —— J be two surjections. Then there exists a surjection A : P —— INJ
suchthat ®Q A/l = ARA/Tand VR A/J =A® A/J.

Proof. As each of I, J is locally generated by n elements, we haveht I < nandhtJ <n.
Further, we can change ® and ¥ by composing it with automorphisms of Q@ A.

Let “bar” denote reduction modulo J? and write B = A/ J2. Since n + htJ >
dim A + 3, we get dim B < n — 3, by (2.1), @ = Q19B. Further, I + J = A and hence
I = B. Write ® = (¢1,b1,b2) : Q1®B? —— B for the natural surjection induced from ®.
Since ® = (¢, b1,b2) € Um(Q1®B?), applying (2.2), we get © € £(Q1®B?) such that
(¢1,b1,b2)© = (0,1,0). Using (2.3), let 0 € £(QBA) be a lift of ©. If O = (P1,b), then
®1(Q) + J? = Aand b € J2. Applying (2.4), and replacing ®; by ®; + bI" for some ' €
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Q*, we may assume that ht (H;) > n—1, where H = ®1(Q). Sincen+ht > dim A+3,
as in the proof of (3.2), we can conclude that (i) if ht I < n, then ht / = ht H and (i) if
htI = n, then ht H > n — 1. In both the cases, we get thatdim A/H <n — 2.

Let C = A/H and let “tilde” denote reduction modulo H. Since H + J? = A, we
get U e Um(@@C). Further, dimC' < n — 2, hence by (2.1), @ = QoBC. Write U =
(U1, c1,c2) € Um(Q2®C?). Applying (2.2) on U = (U1, c1,c2), we get & € E(Q20C?)
such that (U1, ¢1,¢2)2 = (0,1,0). Using (2.3), let 0 € E(QBA) be a lift of X. If Yo =
(g, c), then ¥5(Q) + H = Aand ¢ € H. Applying (2.4), and replacing ¥, by Wy + cI”
for some I' € Q*, we may assume that ht (K.) > n — 1, where K = U5(Q). Once
again it is easy to see that (¢) if htJ < n, then ht K = htJ and (i7) if ht J = n, then
ht K > n — 1. From this, we can conclude that dim A/K <n —2. Wehave H + K = A
anddimA/(HNK) <n—2.

Consider the following ideals of A[T:

T =(H,T*+(b—-2)T+1), Iy = (K,T* + (¢ — 2)T + 1) and Z3 = Z; N Z,.

If we write §; = (®1,7% + (b — 2)T + 1) and 0 = (¥, T? + (¢ — 2)T + 1), then 61, 65
are surjections from Q[T|®A[T] to Z; and Z,, respectively. Note that Z;(1) = I and
To(1) = J.

Since 71 + Zo = A[T], we have I3/I§ = 7,/I33T,/I3. Hence, using surjections
01 and 62, we get a surjection A : Q[T|®A[T] — I3/T% such that A® A[T]/I; =
61 @ A[T)/Z1 and A® A[T]/Zy = 02 ® A[T]/Z5. Since Z3(0) = A, it is easy to see that
the surjection A can be lifted to a surjection A; : Q[T|DA[T] — Z3/(Z3T). Since I3
contains a monic polynomial and dim A[T|/Z3 = dim A[T]/(Z1 N Z2) = dim A/(H N
K) <n— 2, applying (2.7), we can lift A; to a surjection Ay : Q[T|BA[T] — Z3.

Write Ag(1) := As. Then A3 : QA — I N J is a surjection. Further, we have
A3s@A/T=A1)®RA/IT=01(1)RA/] = (P1,b)® A/I = P® A/I.Similarly, As® A/J
U ® A/J. Hence Aj is the required surjection. This completes the proof. [J

The following result generalises [2, 4.6]. Recall that A(7") denotes the ring obtained
from A[T'] by inverting all monic polynomials.

Lemma 3.4. Let A be a ring, I an ideal of A[T) with I + JA[T| = A[T] and let n be a
positive integer such that dim A/J < n — 2, where J denotes the Jacobson radical of A. Let
P be a projective A-module of rank n > dim A[T] — htI + 2. Let ¢ : P[T] — 1/I? be a
surjection. If the surjection ¢ @ A(T) : P(T) — IA(T)/I*A(T) can be lifted to a surjection
@, : P(T) — T A(T), then ¢ can be lifted to a surjection ® : P[T] — 1I.

Proof. As I is locally generated by n elements, we have ht I < n. Further, if ht] = n,
then the result follows from ([2], Lemma 4.6). Hence, we assume that ht I < n.
As dim A[T|/TJA[T] <n—1,by (3.1), ¢ has a lift ¥ : P[T] — J’ such that
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(@) J + (I’NJA[T)) =1,

(t3) J' = I N J, where J is an ideal of height > n, and

(iii) J + (I* N JA[T)) = A[T].

We assume that ht J = n (if ht J > n then J = A and we are done). We get a surjec-
tion : P[T] — J/J?induced from ¥. Note that ®; ® A(T)/IA(T) = Y @ A(T)/IA(T).
Hence ¢, is a lift of ¥ @ A(T')/TA(T).

We observe that dim A(T) —ht TA(T) < dim A[T] -1 —htI <n —3and

dim (A(T)/JA(T)) < dim A(T) —ht JA(T) < dim A[T] — 1 —htJ
=dimA[T]-1—-n<dimA[T]—-1—-htI <n-—3.

Applying (3.2) to the surjections ®; and ¥ ® A(T'), we get a surjection ¥ : P(T) —
— JA(T) such that ¥, @ A(T)/JA(T) =Y @ A(T)/JA(T) = ¢ @ A(T) | JA(T).

Since ht J = nand J+JA[T] = A[T], applying [2, 4.6], we conclude that ¥ @ A[T]|/J
can be lifted to a surjection A : P[T| — J. Note that dim A[T]/I < n — 2 and
dim A[T] —htJ < dim A[T] —ht! < n — 2 (since htJ = n > ht ). Hence dim A[T] —
htJ < n — 3. Applying (3.2) to A and V¥, we get a surjection ® : P[T| — I such that
® @ A[T]/I = ¢. This proves the result. [

The following result generalises ([2], Proposition 4.9).

Proposition 3.5. Let A be a reqular domain containing a field and let I be an ideal of A[T).
Let P be a projective A-module of rank n > dim A[T] —htI + 2. Let o : P[T] — I/I*T be
a surjection. If there exists a surjection W' : P(T) —— I A(T) which is a lift of ¢ ® A(T), then
we can lift 1 to a surjection from P[T] to I.

Proof. As I is locally generated by n elements, we have ht I < n. Further, if ht [ = n,
then the result follows from [2, 4.9]. Hence, we assume that ht I < n.
Step 1. By [4, 3.5], we may assume that J = I N A C J(A). Note that dim (4/J) <
dimA —htJ =dim A[T] — 1 —htJ < dim A[T] — ht < n — 2. Therefore, by (2.1), we
may assume that P = Q®A>.

By (3.1), we can lift ¢ to a surjection ¥ : P[T] — I NI’, where I' C A[T] is of height
n with W(P[T]) + (J?T) = I and I + (J?T) = A[T]. (If ht I’ > n, then I = A[T] and
we are done.)

Let ¢ : P[T] — I'/I”* be induced from . Since I'(0) = A and P has a unimodular
element, ¢, can be lifted to a surjection ¢ : P[T] — I'/I’ 21 by [4, 3.9].

Observe that dim A(T) — ht TA(T) < n — 3 and dim A(T)/I'A(T) < n — 2. Fur-
ther, we have ¥ @ A(T)/IA(T) = ¥ ® A(T)/IA(T). Hence, applying (3.2), we get a
surjection A : P(T) — I'A(T) such that A® A(T)/I"A(T) = 2@ A(T)/I" A(T) =
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1 @ A(T)/I" A(T). Since htI' = n, by [2, 4.9], ¥ can be lifted to a surjection A; :
P[T] — I'.

Step 2. Write B = A[T]/(J?T)A[T). Since I' + (J*T) = A[T], we get (A1 ®B) €
Um(P[T]*® B). Since P = Q®A?, we write Ay ® B = (Ag,a1,a2), where Ay €
Q[T)*® B and ay,as € B. Note that B/JB = (A/J)[T] and dim A/J <n — 2.

Let “bar” denote reduction modulo JB and write B := B/JB. By a result of
Plumstead [17], there exists © € £(P[T]* ® B) such that ©(A,,ay,az2) = (0,1,0). Since
JB is contained in the Jacobson radical of B, we can lift © to ©; € E(P[T]* ® B)
such that ©1(As,a1,a2) = (0,1,0). Let ©2 € Aut (P[T]*) be a lift of ©;. If ©2(A;) =
(Ag, by, b2), then we get that A3(Q[T]) C (J?T), by = 1 modulo (J?T) and by € (J*T).

By (2.4), replacing (As, by, b2) by (A3 + b2d1, b1 + cbe, be) for some §; € Q[T]* and
¢ € A[T], we may assume that ht (A3(Q[T]),b1) = n — 1. Note that we still have
(A3(Q[TY)),b1) + (J*T) = A[T). Further, replacing by by by + by, we may assume that
by = 1 modulo (J2T). As (A3(Q), b1) is comaximal with [ (A) A[T], we have

dim A[T)/(As(QIT]),br) < dim A[T] — ht (Ag(Q), br) — 1
=dimA[T] —n <dimA[T] —ht]I <n - 2.

Write C' := A[T], P = P[T] and consider the following ideals of C[Y]:
K1 = (A3(Q[T)),b1,Y + ba), Ko = IC[Y] and K3 = K1 N Ka.
Note that ££1(0) = I’ and K2(0) = I. We have two surjections
U: P —K3(0)and T = (As, by, Y +by) : PlY] — Ky

such thatT'(0) ® C/K1(0) = ¥ ® C'/K1(0). Further, dim C[Y]/K1 = dim C/(A3(Q),b1) <
n — 2. Applying (2.7), we get a surjection 7 : P[Y] — Kj such that 5(0) = ¥. Since
1—by € (J2T), we get a surjection 1, := 1(1 —by) : P — I with; = ¥ modulo (J27).
This proves the result. [

We now prove our main theorem which is a generalization of [2, 4.13].

Theorem 3.6. Let k be an infinite field and let A be a reqular domain which is essentially
of finite type over k. Let I be an ideal of A[T] and let P be a projective A-module of rank
n > dim A[T] — htI + 2. Then any surjection ¢ : P[T] —- I/(I*T) can be lifted to a
surjection from P[T| to I.
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Proof. As I is locally generated by n elements, we have ht I < n. Further, if ht] = n,
then the result follows from ([2], Theorem 4.13). Hence, we assume that ht I < n.
By (2.6), we may assume that J = I N A C J(A). Since

dimA/J < dim A —htJ < dimA —ht] +1 = dim A[T] —ht] < n — 2,

we may assume that P has a unimodular element.

By (3.1), we can lift ¢ to a surjection ® : P[T] — I N I’, where I' is an ideal of A[T]]
of height n with ®(P[T]) + (J2T) = I and I' + (J?T) = A[T). Let« : P[T] — I'/T”* be
induced from @. Since I'(0) = A and P has a unimodular element, ¢/ can be lifted to a
surjection ¢ : P[T] — I’/(I’QT). By [2, 4.13] and [8], %1 can be lifted to a surjection
U : P[T] — I'.

Applying (3.2), to ¥ ® A(T) and ® ® A(T), we get a surjection A : P(T") — TA(T)
such that A A(T)/TA(T) = 2@ A(T)/IA(T) = ¢® A(T)/IA(T). By (3.5), ¢ can be
lifted to a surjection © : P[T| — I. This proves the result. [

In case of regular domain, we have the following subtraction and addition prin-
ciples. We give a proof of the Subtraction principle. The Addition principle can be
proved similarly.

Proposition 3.7. (Subtraction principle) Let A be a reqular domain containing an infinite field
kand let I, J be two comaximal ideals of A[T|. Let P = Q@®A be a projective A-module of rank
n > dim A[T] —ht (I N J) + 2. Assume that ® : P[T| — I and ¥ : P[T| — I N J are two
surjections such that ® @ A[T|/I = U ® A[T]/1. Then there exists a surjection A : P[T] ——
J such that A® A[T|/J =¥ ® A[T]/J.

Proof. Let Py, --- , P, be the associated prime ideals of I and @1, -- , Qs be the asso-
ciated prime ideals of J. As k is infinite, we can choose A € k such that 7 — X ¢
(U1 P)U(UiQ;). If T—Xis a unit modulo the ideal 7, then I(\) = A; a similar conclusion
holds for J(A). In the case when 7" — X is not a unit modulo I or J, we see that T — A
is a non-zerodivisor modulo I as well as J. In this case, ht (I,7 — \) = htI + 1 and
ht(J,7 — X\) = htJ + 1. As a consequence, ht [(\) > ht and ht J(\) > htJ. Replacing
T by T — A\, we can take )\ to be 0.

Note that ¥ induces a surjection ¢ : P[T] — J/J?. We have induced surjections
®(0): P — I(0) and ¥(0) : P — I(0) N J(0).

If J(0) = A, then v can be lifted to a surjection from P[T] to J/(J?T). We now
assume J(0) to be a proper ideal. If I(0) = A, then ¥(0) is a surjection from P to J(0).
Since 1(0) = ¥(0)® A/J(0), by ([4], Remark 3.9) 1 can be lifted to a surjection from
P[T)to J/(J?T).

Now assume that 1(0), J(0) both are proper ideals of A. We have, dim A —ht I(0) <
dim A[T] — 1 —ht] < n — 3. Similarly, dim (4/J(0)) < n — 3. Applying Subtraction
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principle (3.2) to surjections ®(0) and ¥(0), we get a surjection o : A —— J(0) such
thata ® A/J(0) = ¥(0) ® A/J(0) = 1(0). Consequently, by ([4], Remark 3.9), ¥ can be
lifted to a surjection from P[T] to J/(J*T).

Therefore, in any case, 1 can be lifted to a surjection, say, 0 : P[T] — J/(J*T).

We now go to the ring A(7") and consider surjections & ® A(7T) and ¥ @ A(T).
Again, applying (3.2), we can find a surjection 5 : P ® A(T) — JA(T) such that
B AT)/JA(T) =V ® A(T)/JA(T). Clearly, g lifts 6. Therefore, by (3.5), we get a
map A : P[T| — J such that A lifts . It is easy to see that A ® A[T]/J =V ® A[T]/J.
This proves the result. [

Proposition 3.8. (Addition principle) Let A be a regular domain containing an infinite field
k. Let I, J be two comaximal ideals of A[T| and let P = Q@®R be a projective A-module of rank
n>dimA[T] —ht(INJ)+2. Let ® : P[T| — I and ¥ : P[T] — J be two surjections.
Then there exists a surjection A : P[T| — I N J such that ®® A[T]/I = A® A[T]/I and
Ve AT|/J=A® A[T]/J.

4. SEGRE CLASSES

Let A be a commutative Noetherian ring of dimension d and let I C A be an ideal
such that u(I/1?) = n wheren +htI > d+ 3. Let I = (ay,--- ,a,) + I be given. It is
natural to ask under what condition these local generators can be lifted to a set of global
generators of /. In other words, when can we find by, - - - , b, such that I = (by,--- ,by)
where a; — b; € I??

When ht] = n, this has been accomplished in [6], where an abelian group E"(A)
(called the n-th Euler class group of A) is defined and corresponding to the local data
for I an element in this group (called the Euler class) is attached and it is shown that a
desired set of global generators exists for I if the corresponding Euler class in E"(A) is
zero.

In this section we consider the case when ht ] is not necessarily equal to n. Given
I and wy : (A/I)™ — I/I? (local data) we shall associate an element s”(I,w;) in the
Euler class group E™(A). We call this the n-th Segre class of the pair (I,wy). It will
be shown that s"(I,wr) = 0in E"(A) if and only if w; can be lifted to a surjection
0 : A" — I (global generators). Further, when ht I = n, the Segre class coincides with
the Euler class of (I,wy).

We may note that the above question was considered in [9] under the hypotheses :
d=n = u(I/I?) > 3 and htI > 2. For further motivation the reader may look at [9],
which in turn is inspired by Murthy’s definition of Segre classes [16] .

Before proceeding to define the Segre class, we first quickly recall the definition of
the n-th Euler class group £™(A) from [6].
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Definition 4.1. Let A be a Noetherian ring of dimension d and let n be an integer
with 2n > d + 3. A local orientation wr of an ideal I C A of height n is a surjective
homomorphisms from (A/I)" to I/I%, up to an £,(A/I)-equivalence (here &,, stands
for the group of elementary matrices). Let L"(A) denote the set of all pairs (I,w;),
where [ is an ideal of height n such that Spec (A/I) is connected and w; : (A4/I)" ——
I/I?is alocal orientation. Let G"(A) denote the free abelian group generated by L™(A).
Suppose I is an ideal of height n and w; : (A/I)® — I/I? is a local orientation. By
([6], Lemma 4.1), there is a unique decomposition I = N7 1;, such that I;’s are pairwise
comaximal ideals of height n and Spec (A/1;) is connected. Then w; naturally induces
local orientations wy, : (A/L;)" — I;/I?. Denote (I,w) := > (I;,w;) € G"(A). We
say a local orientation wy : (A/I)® —— I/I? is global if w; can be lifted to a surjection
N : A" — I. Let H"(A) be the subgroup of G"(A) generated by all (/,w;) where w;
is a global orientation. The Euler class group of codimension n cycles is defined as
E"(A):=G"(A)/H"(A).

Now let J be an ideal of A such that J/J? is generated by n elements, where n +
htJ > dim A+ 3. Given a surjection wy : (A/J)" — J/J?, we will define the n'" Segre
class of (J,w;), denoted by s™(.J,w), as an element of the n'"* Euler class group E™(A),
as follows:

Definition 4.2. By (3.1), w; can be lifted to a surjection o : A" — J N Jy;, where J; is
an ideal of height > n with J + J; = A. If J; = A, then we define the nth Segre class
s"(J,wy) = 0in E"(A). If J; is a proper ideal of height n, then « induces a surjection
wy, : (A)J1)" —= J1/JE. We define the n'" Segre class s"(J,w;) = —(J1,wy, ) in E"(A).

We need to show that s"(J, w) is well defined as an element of E"(A). The argument
is along the same line as in [9]. We give a sketch for the convenience of the reader.

Let J; be another ideal of A of height > n such that J + J; = A and w; has a lift to
B A" — JNJi. If J, = A then it is easy to check using addition and subtraction
principles in the last section that (J;,wy,) = 0in E(A). Therefore assume that J; is a
proper ideal. Let wy, : (A/J2)" — Jo/J2 be the local orientation induced by 3. Using
Moving lemma 3.1 we can find an ideal J3 of A of height n and a local orientation w,,
such that : (i) J3 is comaximal with each of J, J; and Jo, (ii) (J1,wy,) + (J3,ws) = 0
in E(A). Again applying Lemma 3.1 we can find an ideal J, of A of height n such that
J N Jy is generated by n elements and .J, is comaximal with each of J, .J;, J2 and Js.

Now addition principle implies that the ideal J; N J3 N J N Jy is generated by n
elements. Since J; N J is generated by n elements, by the subtraction principle ( 3.2)
it follows that J3 N J4 is generated by n elements with appropriate set of generators.
Now consider J, N J3 N J N Jy. A similar chain of arguments will show that J; N J3 is
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n-generated by the appropriate set of generators. Keeping track of the generators, it is
easy to see that this implies (J2,wy,) + (J3,wy,) = 0in E(A).

Therefore, (J1,wy,) = (J2,wy,) in E(A) and s(J,wy) is well defined.
Remark 4.3. It is clear from the definition of the Segre class that s"(J,w;) = (J,wy) in
E™(A)ifhtJ =n.

Theorem 4.4. Let J be an ideal of a ring A and let wy : (A/J)™ —— J/J? be a surjection,
where n > dim A — htJ + 3. Suppose s"(J,wy) = 0in E™(A). Then w; can be lifted to a
surjection 6 : A" —— J.

Proof. Let s"(J,wy) = (Ji,wy,) in E™(A) where w; has a lift a« : A" — J N J; and
wy =a®A/J;. Now s"(J,wy) = 0 implies (J1,wy,) = 0in E(A). Therefore, by [6],
w,y, is a global orientation of J;. This means that there exist a lift ¢ : A" —— J; of wy,.
Now we can apply the subtraction principle (3.2) to see that w; has the desired lift to a
surjection 0 : A" —— J . This proves the theorem. [

The following result, on additivity of the Segre classes, is easy and we leave the
proof to the reader.

Theorem 4.5. (Addition) Let .Jy, Jo be two comaximal ideals of a ring Aand letwy, : (A/J1)" —
— Ji/J? and wy, : (A)J2)" — Ja/J3 be two surjections, where n > dim A — ht (J; N
J2) + 3. Then s"(J1 N Jo,wing) = s"(J1,wy,) + s™(Ja,wy,) in E"(A), where wyn, :
(A/(J1 N o)) —= (J1 N J2)/(J1 N J2)? is the surjection induced by wy, and w,.

Let A be a ring of dimension d and J C A be an ideal such that u(J/J?) = n where
n+htJ > d+ 3. It is almost a trivial application of the Nakayama lemma to see that if
Ais semilocal, then any w : (A/J)" —- J/J? can be lifted to a surjection § : A™ —— J.
One may wonder if there exists any non-trivial example of a ring for which such a
phenomenon holds. We give one such below.

Example 4.6. Let (A, m, k) be a regular local ring which is either (i) essentially of finite
type over an infinite field; or (ii) essentially of finite type and smooth over an excellent
DVR (V, ) such that & is infinite and is separably generated over V/7V. Let dim A =
d+1and f € m\ m? be a regular parameter. Let J C Ay be an ideal such that
w(J/J?) = n where n + htJ > d + 3. Then any wy : (4;/J)" — J/J? can be lifted
to a surjection 6 : A}‘ —— J. This follows from [8, 4.2, 5.2], since it is proved there that
E™(Af) = 0.

Remark 4.7. Let A be a regular domain containing an infinite field & and let I C A[T]
be an ideal such that (1/I%) = n, where n+ht I = dimA[T]+2. Letw; : (A[T]/I)"* —
I/I? be a given surjection. Following the same method as in (4.2), one can define the
n'h Segre class s"(I,w;) as an element of E"(A[T]) and prove results similar as above
using (3.7, 3.8).
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5. HOMOTOPY RETURNS

In the final decade of the last century, Nori suggested a definition of the (nth) Euler
class group of a smooth affine domain R of dimension n and associated for a projective
R-module P of rank n (with trivial determinant) an element in this group, called the
Euler class of P, and asked whether the vanishing of the Euler class is the precise ob-
struction for P to decompose as P ~ Q@ R, for some R-module Q. In [4], Bhatwadekar-
Sridharan settled Nori’s question in the affirmative. They achieved this with a different
(but equivalent to the one proposed by Nori) definition of the Euler class group which
seems to be a bit easier to work with. (For the record, we may note that [4, Theorem
3.8], stated below as Theorem 5.1, turned out to be crucial to establish the equivalence).
Moreover, their definition paved the way for further generalization to the Euler class
group of a Noetherian ring R. All the papers written after [4] in this area are based
on the definition of Bhatwadekar-Sridharan and within all the development Nori’s
definition has been lost. We believe that Nori’s definition has its own intrinsic appeal
and our aim in this section is to investigate it closely. We first recall how this definition
works for a smooth affine domain (for which it was formulated). We then show why
Nori’s definition does not naturally extend to singular varieties. Finally, we provide a
reformulation of Nori’s definition which extends to general Noetherian rings.

We first quote the following result from [4] which is a special case of Question 1.1.
This theorem will be crucially used to recover results from [4] using Nori’s definition
of the Euler class group.

Theorem 5.1. [4, 3.8] Let R be a smooth affine domain of dimension n > 3 over an infinite
perfect field k. Let I C R[T be an ideal of height n and P be a projective R-module of rank n.
Assume that we are given a surjection o : P[T] —— I/(I*T). Then there exists a surjection
® : P[T] — I such that ® lifts .

We now start with both the definitions of Euler class groups as given in [4]. For
simplicity, in this section we consider rings with dimension n > 3. Further, as we shall
only talk about the n'" Euler class group of a ring R of dimension n, we shall write
E(R) instead of E™(R).

Euler class group : Let R be a smooth affine domain of dimension n over an infinite
perfect field k. Let B be the set of pairs (m,w;,,) where m is a maximal ideal of R
and wy, : (R/m)"® — m/m?. Let G be the free abelian group generated by B. Let
J = miN---Nm,, where m; are maximal ideals of R. Any w; : (R/J)" — J/J? induces
surjections w; : (R/m;)™ — m;/m? for each i. We associate (J,wy) := > | (mi,w;) € G.
Definition 5.2. (Nori) Let S be the set of elements (I(1),w(1)) — (1(0),w(0)) of G where
(i) I C R[T is a local complete intersection ideal of height n; (ii) Both 7(0) and I(1) are



14 MRINAL KANTI DAS AND MANOJ K. KESHARI

reduced ideals of height n; (iii) w(0) and w(1) are induced by w : (R[T]/I)™ — I/I>.
Let H be the subgroup generated by S. The Euler class group E(R) is defined as
E(R) :=G/H.

Definition 5.3. (Bhatwadekar-Sridharan) Let H; be the subgroup of G generated by
those elements (J,w;) of G for which w; has a lift to a surjection § : R" — J. The
Euler class group E(R) is defined as E(R) := G/H;.

Remark 5.4. Let (J,wy) = (I(0),w(0)) — (I(1),w(1)) € Sandleta € SL,(R/J). Then
we have w7 : (R/J)" — J/J?. Since dim R/J = 0, we have SL,(R/J) = E,(R/J)
where &, (R/J) is the elementary subgroup of SL,(R/J). As E,(R) — En(R/J)
is surjective, there exists a preimage o of 7. Since o is elementary, there exists A €
GL,(R[T]) such that A(0) = I, (the identity matrix) and A(1) = o. Letw’ = wo
(A®R[T)/I) : (R[T)/I)® — I/I?. We note that J N I(0) = I(1) and since all the
ideals are reduced, it follows that J + I(0) = R. It is now easy to check that (J,w;5) =
(I(1),w'(1)) — (1(0),w'(0)). Therefore, (J,w;o) € S.

Remark 5.5. In Nori’s definition, the relations are given by homotopy with respect to
the affine line A'. In this section we shall focus mainly on relations given by homotopy
(hence the title of this section). We shall revisit some of the results from [4].

Lemma 5.6. [4, 4.5] Let R be a smooth affine domain of dimension n and J C R be a reduced
ideal of height n. Assume that J = (a1, ,a,) and wy : (R/J)* —— J/J? is induced by
ai,- -+ ,an. Then there exists a local complete intersection ideal I C R[T] and a surjection
w : (R[T]/I)™ —— I/I? such that I1(0), (1) are both reduced ideals of height n in R and
(,0s) = (1(0),(0)) — (I(1),w(1)) in G,

Remark 5.7. For a proof, see [4] and note that the above lemma also works for a Noe-
therian ring R if the terms “reduced” and “local complete intersection” are dropped.

In the following important proposition, (5.1) is crucially used. Note that (5.1) does
not hold for affine domains which are not smooth (for an example, see [4, 6.4]).

Proposition 5.8. Let (I(1),w(1)) — (1(0),w(0)) € S. Then there exists an ideal I' C R[T]
of height n such that I' = (g1,--- ,gn) and (I(1),w(1)) — (1(0),w(0)) = (I'(1),u'(1)) —
(I'(0),w'(0)) € S where w' : (R[T)/T')" — I'/I'* is induced by g1, - - , gn.

Proof. The proposition essentially is a restatement of [4, 4.3] and we shall urge the
reader to see [4] for the proof. Retaining the same notations, we only identify the terms.
Letw : (R[T]/I)"™ — I/I? be induced by I = (f1,-, fn) + I*. Using Swan’s Bertini
theorem instead of Eisenbud-Evans theorem in Moving lemma, there exists a reduced
ideal K C R of height n such that: (1) K = (b1, ,b,) + K?; (2) I + KR[T| = R[T);
B3)I'=INKI[T)= (g1, - ,gn) where g; — f; € I? and g; — b; € K>R|T.
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Letw' : (R[T]/I")™ — I'/I"* be induced by g1, - - - , gn. It is now easy to see that the
proposition follows from (1)-(3) above. [

Proposition 5.9. The set S C G has the following properties :

(1) Ifx € S, then —x € S.

(2) If(Jl,le), (JQ,WJQ) € S, then (Jl,wJ1> - (JQ,(.UJ2> es.

(3) Let (J1,wy,), (J2,wy,) € G where J; + Jo = R. If any two of the elements (Jy,w., ),
(Jo,wy,), (J1 N J2,wy,n,) belong to S, then so does the third.

Proof. (1) Let z = (I(1),w(1)) — (1(0),w(0)) € S where I C R[T] is a local complete
intersection ideal of height n and w : (R[T]/I)™ — I/I? a surjection. Also I(0), (1)
are both reduced ideals of height n. Consider the automorphism ¢ : R[T] — R[Y]
givenby T +— Y =T — 1. Let T = ¢(I) and ' : R[Y]/Z — Z/Z? be the surjection
corresponding to w. Then it is easy to see that —z = (1(0),w(0)) — (I(1),w(1)) =
(Z(1),&'(1)) = (Z(0),0(0)) € S.

(2) Let (J1,wy,), (J2,wy,) € S. Then, there exists local complete intersection ideals
I, Iy C R[T), each of height n, and surjections w; : (R[T]/L;)" — L;/I?, i = 1,2
such that 1;(0),I;1(1), I2(0), I2(1) are all reduced ideals of height n and (J;,wy,) =
(I;(1),w;(1)) = (£:(0),w;(0)) in G fori = 1, 2.

In view of (5.8), we may assume that I; = (fi,--- , f,) and w; isinduced by fi,- -, fn.
Similarly, I» = (g1, - , gn) and wy is induced by g1, - - - , gn. Therefore, we have 1;(0) =
(f1(0),---, fn(0)) and w1 (0) is induced by f1(0),-- -, f»(0). Similar conclusion holds
for (I (1), w1(1)), (I(0), ws(0)), (Ia(1), wa(1)).

We have J; N 11(0) = I1(1), JaN I2(0) = I5(1). Note that J; + I;(0) = R = Ja + I2(0).

Since we have (J;,ws,) + (1;(0),w;(0)) = (I;(1),w;(1)), it follows that f;(0) — fi(1) €
1,(0)%. Applying subtraction principle (3.2), we conclude that J; = (a1, ,a,) and
wy, is induced by ay, - ,a,. By a similar argument it follows that J = (b1, - ,by)
such that wy, is induced by by, - - - , by,.

Take Z = (aiT + b01(1 = T),--- ,a,T + b, (1 — T)) C R[T]. Then Z(0) = J» and
I(1) = Ji. Letwy : (R[T]/I)" — Zbeinduced by a;T+by(1-T),--- ,a,T+b,(1-T).
Therefore, (J1,wy,) = (Z(1),w(1)) and (J2,wz,) = (Z(0),w(0)). This proves the result.

(3) First let (J1,wy, ), (J2,wy,) € S. The proof goes verbatim as in (2) above, except
for the last paragraph. So, we have J; = (a1, -+ ,ay), Jo = (b1, - ,by) and J1+J2 = R.
By addition principle, J1NJ2 = (c1,- -+ ,¢,) where ¢;—a; € J? and ¢; —b; € J3. Further,
W nJ, is induced by ¢y, - - -, ¢, It now follows from (5.6) that (J1 N J2, wy,ng,) € S.

The other case follows from (2). [

Note that an element of the form (I(1),w(1)) — (1(0),w(0)) a priori need not be of the
form (J,wy), where J C R is a reduced ideal. But the above proposition inspires us to
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consider the following subset of G :

S"={(J,wy) € G|,3I C R[T] and w such that (J,w;) = (I(1),w(1)) — (1(0),w(0))},
where the terms have usual meaning. We show that it is enough to work with S’.
Lemma 5.10. The subgroup of G generated by S is the same as that generated by S’.

Proof. Clearly, from the definition, we have S’ C S. Therefore, it is enough to show
that any (/(1),w(1)) — (1(0),w(0)) € S belongs to the subgroup generated by 5’

We may assume by (5.8) that I C R[T] is a complete intersection, say, I = (fi,--- , fn)
and w is induced by fi,-- -, f,. Therefore, we have I(1) = (fi1(1),---, fo(1)), I(0) =
(f1(0),---, fn(0)) and w(1), w(0) are induced by these generators, respectively.

Applying (5.6) to the element (/(1),w(1)) of G we can see that there exists an ideal
T C R[T] of height nand p : (R[T]/Z)™ — Z/Z? such that (I(1),w(1)) = (Z(1), u(1)) —
(Z(0), £(0)) in G. Similarly, we can conclude that (1(0),w(0)) = (J(1),n(1))—(J(0),n(0))
in G, where J C R[T). Therefore, (I(1),w(1)), (1(0),w(0)) € S” and their difference is
in the subgroup generated by S’. O

Lemma 5.11. Let R be a smooth affine domain of dimension n over an infinite perfect field k.
Let (J,wy) € G\ S. Then, there exists (K,wk) € G such that K is reduced, J + K = R and
(Jowy) + (K,wk) € S. Further, given finitely many ideals .Jy,- - - , J; of R, each of which has
height n, K can be chosen to be comaximal with J; N --- N J.

Proof. Follows from [5, 2.14] (using Swan’s Bertini theorem instead of the theorem of
Eisenbud-Evans and) and Lemma 5.6 above.
We now state a lemma from [11, 4.13].

Lemma 5.12. Let G be a free abelian group with basis B = (e;)ie1 . Let ~ be an equivalence
relation on B. Define v € G to be “reduced” if v = e1 + - - - + e, and e; # e; for i # j. Define
x € G to be “nicely reduced” if x = ey + - - - + e, is such that e; % ej fori # j. Let S C G be
such that

(1) Every element of S is nicely reduced.

(2) Let x,y € G be such that each of x,y, x + y is nicely reduced. If two of x,y,x + y are
in S, then so is the third.

(3) Let x € G\ S be nicely reduced and let J C T be finite. Then there exists y € G with
the following properties : (i) y is nicely reduced; (ii) x +y € S; (iii) y + e; is nicely
reducedVj € J.

Let H be the subgroup of G generated by S. If x € H is nicely reduced, then x € S.

We have the following theorem.
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Theorem 5.13. Let R be a smooth affine domain of dimension n over an infinite perfect field k.
Let (J,wy) = 0in E(R). Then (J,wy) = (1(0),w(0)) — (1(1),w(1)) in G where (i) I C R[T
is a local complete intersection ideal of height n; (ii) Both I(0) and I(1) are reduced ideals of
height n; (iii) w(0) and w(1) are induced by w : (R[T]/I)" — I /1.

Proof. The theorem is a direct application of Lemma 5.12. We take G to be the free
abelian group generated by the set B of pairs (m,wy,), as in the definition of the Euler
class group at the beginning of this section. The equivalence relation on B is simply
(M1, wm, ) ~ (M2, wm,) if m = ma.

We have E(R) = G/H, where H is the subgroup generated by S (see 5.2). By (5.10)
above, H is also generated by S’. We prove this theorem by showing that S’ satisfies
properties (1)-(3) of the above lemma.

Let (J,wy) € S'. As J is a reduced ideal, it follows that (.J, w) is nicely reduced.

Let (J1,wy, ), (J2,wy,) € S be nicely reduced such that (Ji,wy,) + (J2,wy,) is also
nicely reduced (i.e., J; + Jo = R). By (5.9), if any two of (J1,wy,), (J2,wy,), (Ji,wr) +
(J2,wy,) belong to S, then so does the third. Property (3) follows from (5.11). [

We now quickly recall the following definition from [4].

Definition 5.14. Euler class of a projective module : Let P be a projective R-module
of rank n with trivial determinant. Fix x : R ~ A"(P). By Swan’s Bertini theorem,
there is a surjection o : P — J such that J is a reduced ideal of height n. Choose an
isomorphism o : (R/J)" ~ P/JP (note that P/JP is free by (2.1)) such that A"o =
x® R/J. Letwy : (R/J)" = P/JP N J/J%. The Euler class of (P, x) is defined to be
the image of (J,wy) in E(R) and is denoted as e(P, x) (see [4] for further details).

We reprove the following theorem from [4] which shows that the Euler class is the
precise obstruction for a projective module to split off a free summand.

Theorem 5.15. [4, 4.13] Let R be as in (5.13) and let P be a projective R-module of rank n
with trivial determinant. Fix x : R ~ A"(P). Then e(P,x) = 0 in E(R) if and only if
P ~ Q & R for some R-module Q).

Proof. We first assume that e(P, x) = 0in E(R). Let us choose a surjection o : P —— J,
where J is a reduced ideal of heightn. Let o : (R/J)" ~ P/JP be an isomorphism such
that A"o = x ® R/J. Composing with a ® R/J we obtain a surjectionw; : (R/J)" ——
J/J% Then e(P, x) = (J,wy).

From the given condition, (J,w;) = 0in E(R). Therefore, by (5.13), we have (J,w;) =
(I(1),w(1)) — (1(0),w(0)) in G where (i) I C R[T| = (f1,--- , fn) is a complete intersec-
tion ideal of height n; (ii) Both 1(0) and (1) are reduced ideals of height n; (iii) w(0)
and w(1) are induced by { f1(0),---, fn(0)} and { f1(1),--- , fn(1)}, respectively.
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For simplicity, let us write f;(1) = a; fori =1,--- ,nand f;(0) = b;fori =1,--- ,n.
As (J,wy)+(1(0),w(0)) = (I(1),w(1)) in G and all the ideals are reduced, it follows that
JNI(0)=1I(1)and J+ I(0) = R. Now, I(0) = (b1,--- ,by). Using a standard general
position argument we may assume that ht(b;,--- ,b,—1) =n — 1 and (by,--- ,bp—1) +
J = R. We consider I' = (by,-- ,bp—1,(1 — b,)T +b,) C R[T] and I” = I' N J[T].
Let w” : (R[T]/I")" —= I"/I"* be induced by wy and {b1, -+ ,by—1, (1 — bp)T + b, }.
Then, I”(1) = J, I"(0) = JNI(0) = I(1) and moreover, (I"(1),w"(1)) = (J,ws) and
(1"(0),&"(0)) = (I(1),w(1)) in G.

We have e(P,x) = (J,wy) = (I"(1),w"(1)). Therefore, by (5.1) and [14, Theorem,
pp 457] it follows that there exists a surjection 5 : P —— I(1) such that e(P,x) =
(I(1),w(1)). Combination of (5.1) and [14, Theorem, pp 457] essentially implies that
if two Euler cycles are homotopic and one of them is the Euler class of a projective
module, then the other one is also the Euler class of the same projective module.

Note that, we have I(1) = (a1, ,a,) and w(1) is induced by {ai,--- ,a,}. By a
general position argument we may assume that ht (a1,--- ,a,—1) = n — 1. Let K =
(a1, -+ ,an-1,T% — Ta, + a,). Lety : R[T]® — K be the map which is given by
ei—a;forl<i<n-—1lande,— T%? — Ta, + a,.

We choose A : P[T]/KP[T] ~ (R[T]/K)" such that A"A = (x® R[T]/K)~!. Com-
posing, we get a surjection ¢ : P[T] — K/K?. It is easy to check that ¢(0) =
B®R/I(1). As K(0) = I(1), it follows from [4, 3.9] that ¢ has a lift to @ : P[T] —
K/(K?T). By (5.1) @ can be lifted to ¢ : P[T]| — K. But then (1) : P — K (1) = R.

Conversely, if P ~ Q®R, by a result of Mohan Kumar [15, Theorem 1], P maps onto
an ideal J of height n such that .J is generated by n elements. It is easy to check using
(5.8) thate(P,x) =0in E(R). O

From now on we assume R to be a Noetherian ring of dimension n containing Q.
For such a ring the (n-th) Euler class group was defined in [5]. Let us quickly recall.
Definition 5.16. Let G be the free abelian group on the set B of pairs (n,w,), where
n is an m-primary ideal of height n such that x(n/n?) = n and wy : (R/n)" —- n/n?
is a surjection. Let J C R be an ideal of height n such that u(J/J?) = n and let
wy : (R/J)* — J/J? be a surjection. Let J = Nin; be the (irredundant) primary
decomposition of J. Therefore, n; is an m;-primary ideal for some maximal ideal m;
of height n. Then, w; induces wy, : (R/n;)® — n;/n?. One associates and writes
(Jowy) = | (nj,wn,) € G. Let H; be the subgroup of G generated by elements (J, w )
for which w; has a lift to a surjection 6 : R™ —— J. The Euler class group is defined as
E(R) := G/H;.

Compare this definition with (5.3). Now, if we want to extend Nori’s definition (5.2)
to a Noetherian ring, we should first ask, obviously, the following natural question :
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Question 5.17. Let R be a commutative Noetherian ring of dimension n containing Q.
Let I C R[T] be an ideal of height n such that there is a surjection w : (R[T]/I)" —
— I/I%. Assume further that I(0) and I(1) are both of height n. Then, do we have
(I(1),w(1)) = (1(0),w(0)) in E(R)?

To put the above question in proper perspective, we proceed in the following way.
Let K be the subset of E(R) which consists of elements (J,w;) for which (J,wy) =
(I(1),w(1))—(1(0),w(0)) in E(R) for someideal I C R[T]and surjectionw : (R[T]/I)" —
— I/I?. We now prove the following proposition.

Proposition 5.18. The set K, as described above, is a subgroup of E(R).

Proof. It is easy to check that if z € K, then —z € K.
Let (J,w,) = (1(1),w(1))—(1(0),w(0)) in E(R) and (J', ) = (I'(1),(1))—(I'(0), & (0))

in E(R). We need only show that (J,wy) + (J',w/;) € K. For this proof we need

to invoke a result from [7]. Applying the moving lemma (3.1) twice, we can find
(Z,wy) € E(R[T]) such that (I,w) = (Z,w7) in E(R[T]) and T + I' = R[T]. Now,
there exists a group homomorphism & : E(R[T]) — E(R) which is induced by
specialization at 7" = 0. It takes (I,w) to (/(0),w(0)) and (Z,wT) to (I(O),wI(O)).
Similarly, one can define a group homomorphism at 7' = 1 with similar properties.
Therefore, (1(1),w(1)) — (1(0),w(0)) = (I(l),wl-(l)) - (I(O),wz-(o)) in E(R). Now,

() + (') = (T(1),w70)) — (F0),w50) + (F(1),/(1)) — (F(0),/(0))
and as 7 + I' = R[T|, writing I"” = I N Z we have,
(Jows) + (J', o) = (I"(1), &(1) — (I"(0)

,w(0)),
where & : (R[T]/I")* — I"/I"? is induced by wy and /. [

We may now rephrase Question 5.17 in the following way.
Question 5.19. Is K a non-trivial subgroup of E(R)?

Remark 5.20. It is clear from the first half of this section that if R is a smooth affine
domain over an infinite perfect field, then K is trivial.

Bhatwadekar, through personal communication, pointed out to us that if R is not
smooth, then K could be non-trivial, even for a normal affine algebra over an alge-
braically closed field. His example is as follows. We sincerely thank him for allowing
us to include the example here.

Example 5.21. (Bhatwadekar) We consider the same affine algebra as in [4, Example
6.4]. We shall freely use facts and details from that example. Let
CIX,Y, Z, W]

B =
(X5 +Y5 + 25 + WH)




20 MRINAL KANTI DAS AND MANOJ K. KESHARI

Then B is a graded normal affine domain over C of dimension 3, having an isolated
singularity at the origin. Let F'(B) be the subgroup of Ko(B) generated by all elements
of the type [P] — [P*], where P is a finitely generated projective B-module. As B is
graded, Pic(B) = 0. Therefore, by [4, 6.1] F(B) = F3K(B). Since Proj(B) is a smooth
surface of degree 5 in P, it follows from a result of Srinivas that F(B) = F3K,(B) # 0.
Therefore, there exists a projective B-module P of rank 3 with trivial determinant such
that [P] — [P*] is a nonzero element of F/(B). This implies that P does not have a
unimodular element. We now consider the ring homomorphism f : B — B[T] given
by f(z) = 2T, f(y) = yT, f(z) = 2T, f(w) = wT. We regard B[T] as a B-module
through this map and Q = P ®p B[T]. Then it is easy to see that Q/7T'Q is free and
Q/(T —1)Q = P. Therefore, ) is a projective B[T]-module which is not extended from
B. Now consider a surjection « : ) — I where I C B[T] is an ideal of height 3. Fix an
isomorphism x : B[T] ~ A3(Q). Note that, by (2.1), Q/IQ is a free B[T]/I-module. We
choose an isomorphism o : (B[T]/I)? ~ Q/IQ such that A3c = y®B[T']/I. Composing
o and o ® B[T]/I, we obtain a surjection w : (B[T]/I)> — I/I%. Tt is now easy to
see that (1(0),w(0)) = 0in E(B) (as Q/TQ is free), whereas (I(1),w(1)) = e(Q/(T —
1)Q,x(1)) = e(P,x(1)) in E(B) cannot be trivial (as P does not have a unimodular
element). O

We now extend Nori’s definition to Noetherian rings, as follows.
Definition 5.22. Let R be a commutative Noetherian ring of dimension n containing Q.
Let G be the free abelian group as considered in (5.16). Now let S be the set of elements
(Jowr) = (1(0),w(0)) — (I(1),w(1)) of G where (i) I C R[T] is an ideal of height n such
that I = (f1,---, fn); (ii) Both I(0) and I(1) are ideals of height n; (iii) w(0) and w(1)
are induced by {f1(0),---, f,(0)} and {fi(1),---, fn(1)}, respectively. Let H be the
subgroup generated by S. We define the group E(R) as E(R) := G/H.

Clearly, as an easy consequence of Lemma 5.8 above, one can see that when R is
a smooth affine domain, this definition is equivalent to the one given in 5.2. We
now show that this definition is equivalent to the definition given by Bhatwadekar-
Sridharan for Noetherian rings in [5] ((5.16) here).

Proposition 5.23. Let E(R) be the Euler class group defined as in (5.16). Then E(R) ~
E(R).

Proof. It is obvious from definitions (5.16, 5.22) that H C H;. To see that H; C H, apply
(5.6,5.7). O

Remark 5.24. In a similar manner, one can also define the weak Euler class group Ey(R)
in terms of homotopy.
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