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1 Introduction

The proof of the following theorem of Boratynski ([B] or see [Mal]) gave
rise to a method for explicit construction of projective modules in complete

intersections theory.

Theorem 1.1 ([B]) Suppose A is a commutative ring and I is an ideal of
A Let I = (fy,....f)+1? and J = (f1,..., fro1) +IU7V Then J is image
of a projective A—module P with rank(P) = r.

This method of construction of Boratynski was used later by various au-
thors ([MK], [Sw], [Mu], [Ma2], [DM]) to achieve a variety of objectives. In
this paper, we do the same in the context of Euler class groups and Euler

classes of projective modules.
The work of Boratynski was considered for the universal ring

A, :Z[Xl,...,Xn,Yl,...,Yn,Z]/(ZXZ-}Q —Z(1+ 2))

=1

*Partially supported by an NSF grant (DMS-0098654) to Craig Huneke.
tPartially funded by a GRF grant from the University of Kansas.



by N. Mohan Kumar and M. V. Nori ([MK], [Sw]). They proved that the ideal
I=(X7',..., X" ZN)A,, for N large enough, is the image of a projective
Ap—module Q of rank n if and only if rirg - - -1y, is divisible by (n — 1)!. The
Grothendieck group Ko(A,) = Z & Z = Z[A] ® Z[A/I] was also computed
(see [Sw]).

Murthy used the description of K(A,) of the universal ring to prove the
following theorem.

Theorem 1.2 ([Mu]) Let A be a noetherian commutative ring and I C A be
a local complete intersection ideal of height r. Suppose I = (f1,---, f,) + I*
and J = (fi,---, fr_1) + IU"V' Assume f1,..., f. is a reqular sequence.
Then there is a projective A-module P of rank r and a surjective homomor-
phism P — J, such that [P] — [A"] = —[A/I] € Ky(A).

This theorem of Murthy ([Mu]) was a key ingredient that led to the proof
of his theorem that for a projective A—module P of with rank(P) = n =
dim(A), over an affine algebra A over an algebraically closed field k, we have
P =~ Q®A if an only if the top Chern class C,,(P) = 0. These techniques were
also used in [Ma2] in a similar way to obtain results for arbitrary noetherian
commutative rings. Following is a result from ([Ma2]).

Theorem 1.3 ([Ma2]) Let A be a commutative noetherain ring. Suppose
fi,-. ., fr is a reqular sequecnce of length r < dim A. Suppose P is a projective
A—module of rank r that maps onto the ideal J = (fy,. .., fr_1, fT™Y). Then
[P] = [Q @ A] in Ko(A), for some projective A—module of Q.

In a recent paper, Das and Mandal ([DM]) used similar techniques for
some constuction of projective modules in the context of weak Euler classes.

Euler class of a ring was originally defined by Nori (see [MS], [BRS1]) for
smooth affine algebras. We will use the definition of the Euler class group
that was given by S. M. Bhatwadekar and Raja Sridharan ([BRS2]).

Given a commutative ring A with dim A = n and a line bundle L on
Spec(A), we write F = A" & L. An Euler L—cycle is a pair (I,w) where
I is an ideal of height n and w : F/IF — I/I? is an equivalence class
of surjective maps. An Euler L—cycle (I,w) is said to be a global Euler
L—cycle, if w lifts to a surjection F' — [I. The Euler class group, relative to
L, was defined as the quotient group E(A, L) = G(L)/H (L), where G(L) is
the free abelian group generated by the set

S ={(N,w) : (N,w) is an Euler L — cylce and N is a primary ideal}
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and H (L) is the subgroup of G(L) generated by global L—cycles.

For a projective A—module P with rank(P) = r < dim A and deter-
minant det(P) = L, a pair (P,x) will be called an L—oriented projec-
tive A—module, where y : L = A"P is an isomorphism. Given such an
L—oriented projective A—module (P, x) of rank n = dim A the Euler class
e(P,x) € E(A,L) of (P,x) has been defined in [BRS2] (see the section on
preliminaries for details).

In this paper we construct, following the work of Boratynski ([B]), ori-
ented projective modules with a given Euler class as follows.

Theorem 1.4 Let A be a commutative noetherian ring of dimension n. Let
L be a line bundle on Spec(A) and F = A" '@ L. Let J be a local complete
intersection ideal of height n with J/J?* free and J = (f1, ..., fa_1, fn) + J*.
Let

I=(froeos faor) +J0D

Let (I,w) be any L—cycle in E(A, L).
Then, there is an L—oriented projective A—module (P, x) of rank n such
that

1. [P]— [F] = —[A/J] in Kq(A),
2. P maps onto I,

3. the Euler class e(P,x) = (I,w) € E(A,L), if A contains the field of
rationals Q.

In this paper, all rings we consider are noetherian and commutative and
modules are finitely generated. The dimension of all the rings we consider is
at least 2.

In section 2, we discuss some of the preliminaries and in section 3 we
discusss our main results.

The authors would like to thank Craig Huneke and Bangere Purnaprajna
for their generous support and encouragement.



2 Preliminaries

In this section on preliminaries, we recall the definition of the Euler class
group and include some basic facts about patching techniques and complete
intersections.

2.1 Definition of the Euler Class Group

First, we define oriented projective modules.

Definition 2.1 Let A be a noetherian commutative ring and L be a line
bundle on Spec(A). An L—oriented projective A—module of rank r is a pair
(P,x) where P is a projective A—module of rank r and x : L = NP is an
tsomorphism. Such an isomorphism x will be called an orientation of P.

Now we will recall the definition of the Euler class group ([BRS2]).

Definition 2.2 Let A be a noetherian commutative ring with dim A = n and
let L be a rank one projective A—module. Write FF = A" 1 @ L.

1. For an ideal I of height n, two surjective homomorphisms wi,wy :
F/IF — I/I? are said to be equivalent if wio = wo for some auto-
morphism o € SL(F/IF). An equivalence class of surjective homo-
morphisms w : F/IF — I/I?* is called a local L—orientation.

2. A local L—orientation w : F/IF — I/I* of an ideal I of height n is
said to be a global Fuler L—orientation, if w lifts to a surjection F' — 1.

3. Let G(L) be the free abelian group generated by the set S of all pairs
(N,w) where N is a primary ideal of height n and w is a local
L—orientation of N. Elements of G(L) will be called Euler L—cycles.

4. Let J be an ideal of height n and w : F/IF — J/J? be a local
L—orientation of J. Let J = Ny NyN---N Ny be a primary decomposi-
tion of J. Then w induces a local L—orientations w; : F/N;F — N;/N?
fori =1,...,k Let (Jyw) denote the element > [_,(N;,w;) in G(L).
We say that (J,w) is the Euler L—-cycle determined by (J,w).

5. Let H(L) be the subgroup of G(L) generated by by the set of all pairs
(J,w) where w is a global Euler L—orientation.
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. Define E(A,L) = G(L)/H(L). This group is called the Euler class
group of A (relative to L).

. Notation: The image of an Euler L—cycle (J,w) € G(L), in E(A, L)
will be denoted by the same notation (J,w) and also be called an Euler

L—cycle. It will be clear from the context, whether we mean in G(L)
orin E(A, L).

. Let xo : L — A"F be the isomorphism defined by xo(l) = ex A -+ A
en_1 A l, where eq,...,e,_1 is the standard basis of A»~1 C F. This
orientation xo will be called the standard orientation of F.

. Now we assume that the field of rationals Q is contained in A. Let
(P, x) be an L—oriented projective A—module with rank(P) = n. ( So
det(P) = L.) Let f : P — I be a surjective homomorphism, where I is
an ideal of height n. Suppose v : F/IF — P/IP is an isomprphism such
that A\"vXo = X where "overline” denotes "modulo I”. Let w = f~.
Define the Euler class of (P,x) as e(P,x) = (I,w) € E(A, L). In fact,
this association e(P,x) = (I,w) is well defined.

Patching Techniques

For our later discussions, it will be convenient to have the following notation
regarding fiber product of modules.

Notation 2.1 Let A be a commutative ring and As + At = A for some
s,t € A. Let M be an A;—module, N be an A;—module and o : My = N, be
an isomorphism. The A—module obtained by patching M and N via o will
be denoted by P(M, N, «). So, following

P(M,N,a) N
M Ms = Nt

1s a fiber product diagram.

Before we proceed any further, we want to recall the definition of isotopy,
due to Plumstead ([P] or see [Mal]).



Definition 2.3 ([P]) Let A be a commutative ring and f,g : M = N be
two isomorphisms of A—modules. We say that f is isotopic to g, if there
is an isomorphism H[T| : M @ A[T] = N ® A[T] such that H(0) = f and
H(1) = g, where T is a variable.

The following is a result of Plumstead ([P]) on patching techniques.

Lemma 2.1 ([P]) Suppose A is a commutative ring and M, N are two
A—modules. Let s,t € A be such that As + At = A. Suppose f; : My — Ny
and fy - My — N, are two isomorphisms. Assume that (f2);*(f1)s is isotopic
to Idy,,. Then M ~ N.

Proof. See ([P] or [Mal]).

The following lemma on isotopy of isomorphisms will be useful later.

Lemma 2.2 Let A be a commutative ring and M and N be two A—modules.
Let ¢ : M — M be an automorhism that is isotopic to Idy;. Then o~ tpo is
isotopic to Idy, for any isomprorphism o : N = M.

Proof. Proof is obvious.

The following is another lemma on patching that will be needed later in
this paper.

Lemma 2.3 Let A be a commutative ring and M be an A—module. Let
s,t € A be two elements such that As + At = A. Let o : My — Mg be an
automorphism. Let 3 = ea, where € : My — Mg is an automorphism that is
isotopic to identity. Let M', M" be the A—module obtained by patching M,
and My, respectively, via o and 3. Then M' ~ M”. Notationally,

P(My;, My, o) = P(M;, My, er).

Proof. We have, M’ and M" are given by the following

p2

M/

| |

Mt Mst “ Mst




M/, q2 MS

| |
Mt Mst Mst
two fiber product diagrams. Here p;,p, are the natural maps for the first

diagram and ¢, ¢» are the same for the second diagram.

Let fi = ((q1)e) " (p1)e - M] — M} and fo = ((g2)s) " (p2)s = ML — M.
Then

(f2 De(fi)s = ((p2)s) ™ (a2)s((ar)e) " (pr)e = ((p2)s) " Blpr)e

= ((p2)s) tea(pr)e = ((p2)s) " e(p2)s.

Since € is isotopic to identity, by Lemma 2.2, we have (f;'):(f1)s is also
isotopic to identity. By lemma 2.1, f; and f, will induce an isomorphism
f: M — M". This completes the proof of this lemma.

B

For our later discussions, it will be convenient to have the following for-
mulation of the Murthy’s ([Mu]) version of the theorem of Boratynski ([B]).

Theorem 2.1 ([Mu]) Let A be a noetherian commutative ring. Suppose
f1, fa, -+, fr is a reqular sequence and s(1+ s) = fig1 + -+ frg. for some
se€Aand gy,...,g, in A. Write I = (f1,..., fr,s).

Let

A =ZXy, . X Y, Y Z)) (XY — Z(1+ ).

Consider the map

A — A

that sends X;,Y;, respectively, to f;, g; and Z to s.

Let T' € GL.((A}):(142)) be an invertible matriz whose first row is
(z1,..., 201, 20"V, where x; denotes the image of X; in A,. Let a be the
image of I' in GL,(Ag+s))-

Let P =P(A7,,, AL, a) be the projective A—module obtained by patching
Al and A} via a.

Then

1. [P]—[A"] = —[A/I] € Ko(A) and
2. det(P) = A.



3. Further, if J = (f1,..., fr_1) + 107V then P maps onto J.

Proof. See ([Mu]) or [DM]).

3 Main Results

Suppose A is a commutative noetherian ring of dimension n and L be a line
bundle on Spec(A). Also suppose I is a local complete intersection ideal of
height n and I/I? is n generated. Following the theorem (1.1) of Boratynski
([B]), our main result constructs an L—oriented projective A—module (P, x)
of rank n with a given Euler class e(P, x) € E(A, L). Our main theorem is a
consequence of the following theorem.

Theorem 3.1 Let A be a commutative noetherian ring of dimension n > 2.
Let L be a line bundle on Spec(A) and F = A" ' @ L. Suppose J is a
local complete intersection ideal of height n such that J/J?* is generated by n
elements and J = (f1,.. ., fa_1, [n) + J?. Write N = (n — 1)!. Let

T=(fr,e e fur) + IV,

Let e; be standard basis of A" C F and e, = (0,...,0,¢) € F be such that
e generates L/IL. (Here ”overline” will denote modulo I.) Define a local
L—orientation w : F/IF — 1/I? such that w(&) = f; fori=1,...,n—1
and w(&,) = fN.

There is a projective A—module P of rank n such that
1. det(P) = L, and [P] — [F] = —[A/J] in Ko(A),
P maps onto I,

an orientation x : L — A" P, will also be defined such that

> o

the Euler class e(P,x) = (I,w) € E(A, L), if A contains the field of

rationals Q.

Proof. If necessary, we replace f; by f; + \; for some \; € J*™~ D' and
assume that fi,..., f,, is a regular sequence. This can be done because for
all prime ideals o containing I, we have depth;A, = n.

There is an isomorphism (o : L/IL — A/I such that (4(€) = 1. Let (; :
L — A be a lift of (5. Then (;(e) = 1+ s¢ for some sy € I. Note that ({1, so)
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is an unimodular element in Hom(L, A) @& A. For some (, € Hom(L, A),
¢ = (1 + soC2 is basic on V(1)U Ass(A) (see [EE]). Then ( is injective and
t1 = ((e) = 1+ s for some s; € I. So, identifying L with ((L), we can
assume that

1. L is an invertible ideal,
2. L+1=A,
3. we have, 1 = ¢, in this identification L/IL = A/I.

There is an s € J such that (1 + s)J C (f1,..., fa_1, fn). Write t =
1 + s. Replacing t by tt;, we can assume that t € L. So, L; = A; and

L= (fis- s faot 0.

We have FF = A" 1 @ L. Let xo : L — A"F be the standard orientation
given by xo(l) =e1 A...ANe,_1 Al forl € L.

Let

A, =Z[Xy, .., XV, Y 2O XY, - Z(1+ Z)).
We have 7" | fig; = st for some ¢y, ..., g, in A. There is a homomorphism
A, — A

that sends X; to f;, Y; to g; and Z to s.
By the theorem of Suslin ([S]), there is a matrix I' € M,,(A,,) with first

row (21,...,2n_1, 2" Y and det(I') = (2(1 + z))" for some integer 7 > 0.

Let a € M, (A) be an the image of I". Then,
1. the first row of avis (fy,..., fu_1, fIP7D),
2. det(a) = s"t" for some integer r > 1.
Define ¢, : F; — I; by
01 (21, gy Tt ln) = fray 4 -+ farTaoy + [PV,

for (z1,9,...,Tn_1,1n) € F, = AP @ L.
Define ¢, : Fy, — I by

902(951,$27 .- '7$n—17ln) =



for (x1,x9, ..., 2y 1,l,) € Fs=A"1® L.
Note that both ¢, s are surjective. Also note that a defines a homo-
morphism « : Fy; — Fy;. Consider the following

2

F
~ AN
I

P

1

I
E [ Fst = Fst

Nd O
Ist I ]st

Iy
fiber product diagram. Here P is the fiber product of F; and F via a. Note
that poar = 1. The map ¢ : P — [ is obtained by the properties of fiber
product diagrams. Since @1, (o are surjective, so is .

We will now construct an orientation x : L — A™P.

Let x1 = (A"m); "(xo)e : Lt — A"P and x2 = (A"m); (x0)s : Ls —
A" Py.

Now (x2); ' (x1)s = (Xo)st (A"72) 5" (A"1) st (X0) st = det(cr) = 571"

Let Xy =t7"x1: Ly = A"Pand x5 = s"x2 : Ly — A"Ps. Now (x})s =
(x5)¢- Let x : L — A™P be the isoporphism such that x; = x} and xys = x) =
=" A" (7)) " (x0)¢- So, x : L — A™P is an orientation of P.

Note that « also defines a map « : Fy — F (this is possible because L is
an ideal). We define a map n : F' — P by the following

F F

Fst 1d Fst
NN
Ft Fst 2 Fs

t

fiber product diagram. We also have the following

10



Nt Pt
Fy——P—1

AL

Id ®1
Fp——F—1

commutative diagram. It follows froms this that ¢n = w; (modulo I).
Also the diagram

Lt (x0)t /\nFt A"t /\npt
Idl lld \L/\n(ﬂ'l)t
L, (x0)t ATE, Id_ rn F

is commutative. So, A"n(xo) = A™(m)i (x0)e = Gde

Let ”overline” denote (modulo I). Therefore A" (x0)e = X1 = Xi-
So,A"nxo = X-

This establishes that e(P, x) = wy.

It remains to prove that [P] — [F] = —[A/J]. Let Fy = A" be the free
A—module of rank n. Let P’ be the projective A—module obtained by patch-
ing (Fp); and (Fp)s via a @ (Fo)se — (Fo)se- Since « comes from A, it fol-
lows, from Murthy’s version ([Mu]) of Boratynski’s([B]) theorem 2.1, that
[P'] — [A"] = —[A/J] and det(P’) = A. Therefore, it is enough to prove that
PoL=~PaoA.

Recall that ' = A" ' @ L and Fy = A" Define e : F® A — Fy, ® L by

6(551, ey 1, ln, .TnJrl) = ([Bl, ey -1y —Tpt1, ln)

where x; € A and [, € L. So, € switches the last two coordinates with a sign
adjustment.
Similarly, define € : (Fo @ L)y — (Fy @ L)g by

6/(961, co sy Tp—1, T, 95n+1) = (951, vy Tp—1y, —Tn41, ﬂﬁn)

Note that Ly = Ay, and so (Fy® L), = A% Note also that € is in SL,(Z).
So, €’ is an elementary matrix and hence isotopic to identity.

Let B=(a®Ida): (FOA)g — (FDA)g.

Let ' =é(a® Id): (Fo® L)g — (Fy @ L)g. Then

ef =/
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Let @ be the projective A—module obtained by patching (Fy & L), and
(Foy @ L), via (. Consider the following

PoA (FoA),
\ \
Q - (Fo® L),
(F®A), (F®A)y—L(Fa A,
(F()@L)t Fo@Lst—> FO@L)

fiber product diagram. Here the homomorphism W : P& A — @ is obtained
by the properties of fiber product diagrams. Since, the maps on upper right
hand and lower left hand corners are isomprphisms, W is also an isomorphism.

By lemma 2.3, we have Q = P((Fo® L), (Fo@BL)s, 5') = P((Fo® L), (Fod
L)s,a®Id)=P @& LSo, PO A N (Q ~ P' ® L. This completes the proof of
the theorem.

Remark 3.1 Theorem 2.1 holds for any locally complete intersection ideal
J with J/J? free and invertible ideals L with L + J = A. Although, the
last item that e(P, x) = (I,w), in the statement of the theorem, needs to be
appropriately formulated.

Now we are ready to prove our main theorem.

Theorem 3.2 Let A be a commutative noetherian ring of dimension n. Let
L be a line bundle on Spec(A) and F = A" @ L. Let J be a local complete
intersection ideal of height n and J = (f1,..., fa_1, fn) + J*. Let

[ = (fla .. 'afnfl) + J(nil)!'

Letw: F/IF — I/I* be any surjective homomorphism.
Then there is an L—oriented projective A—module (P, x) of rank n such
that
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1. [Pl = [F] = =[A/J] in Ko(A),
2. P maps onto I,

3. the Euler class e(P,x) = (I,w) € E(A,L), if A contains the field of
rationals Q.

Proof. As in the proof of Theorem 3.1, we can assume that fi,..., fn_1, fn
is a regular sequence. Since I/I? is free, we have w is an isomorphism. Let
€1,...,¢e,_1 be the standard basis of A"! C F and e, = (0,...,0,1) € F is
such that L/IL = (A/I)l. Let "overline” denote modulo I. So, 7, ...,€,-1,&,
is a basis of F//IF.

Since dim A/I = 0, there is a 0 € SL(F/IF) such that w; = wo has the
following form:

wi1(e1) = ufi,where u € A and image of v is a unit in A/I, wi(&;) = f;

fori=2,...,n—1and w(e,) = b

In fact, we can assume that u is a non zero divisor. To see this, let
uv+x = 1 forsomez € J. Let g1, ..., @k, Pk+1, - - -, Pm be maximal among the
associated primes of A such that w is in pgi1,..., @, and not in pq, ..., .

Pick A € J2=D'ngin- - N \U™ 4 9i- Let U = u+A. Then Uv+(z—Xv) = 1
and U is a nonzero divisor on A. Replacing u by U, we will assume that u is
a non zero divisor.

Write F} = ufi. Since u is also a unit in A/J we have

J = (F1, fa,..., fa) + J? and F} is a non zero divisor. We also have
I=(F, foy oo, foor) +J07O8

We will pick F5, ..., F, such that

1. J=(F, F, ..., F,) + J%
2. Fi, F5, ..., F), is a regular sequence,
3. fori=2,...,n we have F; — f; € J2»=D' C I,

The proof, by induction, is similar to above. Suppose we have picked
Fyy.. 0 F.. Let p1,..., 9k, Pk+1,-- -, ©m be the maximal among the asso-
ciate primes of A/(Fi,...,F,) such that f.,; is in pgi1,..., P and not in
01, ., ok Wepick A € J20=Ding NN \UR L i Write Frpq = fr+ A
Then

1. J: (FI,FQ,...,Fr+1,f7'+27"'7fn) + J2’
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2. Fy, Fy, ..., F. is a regular sequence,

3. fori=2,...,r+1 we have F, — f; € J>=1)",

Fori=2,...,n—1wehave f; — F; € J® V' So, I = (F|, fo,..., fa1) +
JO=O = (P Fy, ... Fyy) + J0 0

Also, since f,, — F,, € I?, we have f"=D! — p(r=D! ¢ 12,

So, wi(er) = ufy = Fi, wi(@&@) = fi = F, fori = 2,....,n— 1 and
o (&) = (=DF _ pl=DF

So, wy is a local L—orientation of the type in Theorem 3.1 above, with
respect to the generators Fy,..., F, of J/J? By Theorem 3.1, there is an
L—oriented projective A—module (P, x) that satisfies the assertions of the
theorem. This completes the proof of the theorem.

Remark 3.2 For a noetherian commutative ring A of dimension n and a
line bundle L over Spec(A), not all cycles x € E(A, L) can be realized as
Euler class of an oriented projective projecive A—module (P, x). This follows
from the fact that the top Chern class map C" : Ko(A) — CH™(A) is not
always surjective.
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