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1 Introduction

In [14, Section 5], Murthy defined the “Segre class” of a finitely generated
module M over a smooth affine domain A over an algebraically closed
field k. The Segre class of M, denoted so(M), takes values in the Chow
group CHy(A). Murthy proves that so(M) is the precise obstruction for
M to be efficiently generated. In other words, if this class is zero, then a
certain Eisenbud-Evans estimate gives a bound for the number of genera-
tors of M. Further, Murthy studied the case when M = [ is an ideal of A
and proved the following interesting results. The treatment of Segre class
of an ideal is slightly different from the module case.
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Theorem 1.1 Let A be a smooth affine domain of dimension n > 2 over an
algebraically closed field k. Let I C A be an ideal such that I/1? is generated by
n elements. Then, we have,

1. I is generated by n elements if and only if so(I) = 0 in CHy(A).

2. Suppose J is another ideal as I such that I + J = A. Then, we have the
following relation : so(I N J) = so(L) + so(J).

3. Let I, J be as above. Suppose any two of the ideals I, J, I N J are generated
by n elements; then so is the third (follows from (1) and (2)).

Later, the notion of Segre class reappeared in a paper of Mandal-Murthy
[11]. Motivated by the above results of Murthy and taking a cue from
Mandal-Murthy [11, Lemma 2.5, Theorem 2.6], we study in this paper the
Segre classes of ideals in a more general set up. Let A be a commutative
Noetherian ring of dimension n > 2. For an ideal J of A with ht(J) > 2
and a surjection wy : (A/J)" — J/J?, we define the Segre class s(J,w )
which takes values in the Euler class group E(A) of A. We prove that
s(J,wy) is the precise obstruction for w; to be lifted to a surjection 6 :
A™ — J. We also prove the “additivity” of Segre classes as in Theorem
1.1(2).

A few words about the title of this paper are in order. Let A be a
commutative Noetherian ring of dimension n. For us an ideal J C A
is “good” if htJ = n = u(J/J?) (for a module M, u(M) denotes the
minimal number of generators of M). In this paper we consider two types
of “bad” ideals : (1) ideals J for which ht.J < u(J/J?) = n; (2) ideals .J
for which ht J = n but u(J/J?) is not necessarily n. The notion of Segre
class is defined to handle bad ideals of first type. This is the content of
Section 3. In Section 5 we introduce the notion of Northcott-Rees class of a
bad ideal J of type two where A is a smooth affine domain over a field
k and prove that this class, NR(J) = 0 implies that J is a set-theoretic
complete intersection in some interesting cases. The Northcott-Rees class of
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J is actually the Chern class of any of its minimal reductions and takes
values in the Chow group of zero cycles of A.

In Section 2 we prove the so called “addition” and “subtraction” prin-
ciples in a more general set up than the available ones and collect other
results which are crucial to later sections. Section 4 is about the Segre
classes of ideals in a polynomial algebra. The paper ends with a separate
section on historical motivation for the introduction of the notion of Segre
classes.

2 Preliminaries

In this section first we prove the “addition” and “subtraction” principles in
a slight more generality to fit our needs. Next we prove a “moving lemma”
(Lemma 2.7) which plays an important role in defining Segre classes in the

next section.

Proposition 2.1 (Addition Principle) Let A be a Noetherian ring of dimen-
sion n > 2 and I, J be two comaximal ideals of A, each of height > 2. Assume
further that I = (ay,--- ,an)and J = (by,--- ,by). Then, INJ = (c1,--- ,¢p)
such that ¢; = a; mod I? and ¢; = b; mod J>.

Proof The case when n = 2 has been proved in [4, Theorem 3.2]. There-
fore we assume n > 3.

Note that we can always perform elementary transformations on the
row (ap,---,ay) and (by,--- ,b,) and no generality is lost doing so. To
see this, let us assume that (ai,--- ,a,) is elementarily transformed to
(a1,--- ,apn) and (by,---,by) is elementarily transformed to (b1, ,bp).
Suppose we can find a set of generators ¢y, - - - , ¢, of IN.J satisfying ¢; = a;
mod I2 and & = b; mod J2. Then we can use the surjectivity of the canon-
ical map E, (A/INJ) — E,(A/I) x E,(A/J) to transform (¢i, - - - , ¢,) to
(c1,-++ ,cn),sothat INJ = (¢c1,--- ,¢,) with ¢; = a; mod I? and ¢; = b;
mod J2.



Let B = A/(by,--- ,b,) and bar denote reduction modulo the ideal
(b1, -+ ,bp). Since [+J = A, (a1, ,a,) € Umy,(B). Sincedim B < n—2,
we can elementarily transform (aj,--- ,a,) to (I,---,0). Applying [16,
Lemma 2] we can apply an elementary transformation and assume that
ht(ai, -+ ,ap—1) > 2. Note that this transformation preserves the fact that
a; = 1 modulo J. Therefore, (a1, ,a,-1) + J = A.

Now let C = A/(a1,- - ,an—1) and bar denote reduction modulo the

ideal (a1, - - , an_1). Consider the unimodular row (b1, - - - , b,) € Um,(C).

Using similar arguments as in the above paragraph we finally obtain :

1. (a1, yap—1)+ (b1, -+ ,bp—1) = A.
2. ht(ay, - ,ap—1) > 2and ht(by, -+ ,b,—1) > 2.
In A[T] we consider the ideals
I = (a1, ,an—1,T+an), Io = (b1, -+ ,bp—1,T + by)

and let K = I; N I5. Note that I; 4+ Is = A[T]. Therefore, using the Chinese

remainder theorem we can choose ¢1(7),- -, gn(T) € K such that

satisfying ¢;(T) = a; mod 12, g;(T) = bijmod 13,1 < i < n —1; g,(T) =
T + an, mod 1%, g,(T) = T + b, mod I3.
Now ht (a1, ,an—1) > 2, ht(by, -+ ,b,—1) > 2. Also note that

o dim A[T|/I) =dim A/(a1,--- ,an—1) <n—2,and
(] dlmA[T]/IQ = dlmA/(bl, s ,bnfl) <n-— 2.

It follows that dim A[T'|/K < n — 2. Therefore, the conditions of [10,
Theorem 1.2] are satisfied for K. Applying [10, Theorem 1.2], we obtain
K = (hi(T),- -+ ,hy(T)) such that h;(T) = g;(T) mod K2. Let h;(0) = c;.
ThenINJ = (c1, -+ ,¢,) with ¢; = a; mod I? and ¢; = b; mod J2. O
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Proposition 2.2 (Subtraction Principle) Let A be a Noetherian ring of dimen-
sion n > 2 and I,J be two comaximal ideals of A, each of height > 2. Assume
further that I = (a1,--- ,an,) and INJ = (c1,- -, ¢,) such that ¢; = a; mod
I%. Then J = (by,--- ,by,) such that ¢; = b; mod J>.

Proof The case when n = 2 has been proved in [4, Theorem 3.3]. There-
fore we assume n > 3.

First note that we can perform elementary transformations on the row
(a1,--- ,an) because we can apply the same elementary transformations
on (c1,--- ,c,) to retain the relation that ¢; = a; mod I%. Let B = A/J?
and bar denote reduction modulo J2. Since ht(J) > 2, dimB < n — 2.
Therefore, performing elementary transformations as in the proof of the
above proposition we may assume that: (1) ht (a1, ,an—1) > 2, (2) ap, =
1 mod J2.

Consider the following ideals in A[T] :

I = (al,--- ,an_l,T—i—an), I, = JA[T], K=15LnNIs.

Applying [12, Theorem 2.3] we obtain that K = (h1(T'),--- , hn(T)) such
that 7;(0) = ¢;. Letb; = h;(1 — a,,). Then J = (by,--- ,by). Since a, = 1
mod J?2, b;—c; = hi(1—a,)—h;(0) = 0mod J2. This proves the proposition.
O

Next we proceed to prove Lemma 2.7.

The following is a consequence of Prime Avoidance Lemma. The proof

is standard (see [8]) and hence omitted.

Lemma 2.3 Let R be a ring and Py, -- , P, be a set of prime ideals of R. Let
I = (a1, -+ ,a,) C R bean ideal such that I ¢ P;, i = 1,--- ,r. Then there
exist Ao, - -+, A\p € Rsuch that ¢ = a1 + Agag + -+ + A\pan, &€ U_P;.

The following lemma can be easily deduced from the above using
general position arguments. For a proof see [8, Lemma 7.1.4]



Lemma 2.4 Let R be a ring and ay,--- ,an,s € R. Then there are elements
Xi € R, 1 <i<mnsuchthat ht (ay + sA1,--- ,a; +s\j)Rs > iforl1 <i<nin
the ring R,.

Remark 2.5 If Ris a geometrically reduced affine algebra over an infinite
field then Swan’s version of Bertini theorem, as given in [3, Theorem 2.11],
states that A1, - - - , A\, can be so chosen that the ideal I; = (a1 +sA1, -+ ,a;+
sA;) has the additional property that (R/I;)s is a geometrically reduced
ring for 1 <i <n.

Lemma 2.6 Let R be a Noetherian ring and J C R be an ideal of R. Let K C J
and L C J? be two ideals of R such that K + L = J. Then J = K + (e) for some
e€ Land K = JNJ where J'+ L = R.

Proof Consider the Noetherian ring R = R/K. Then in R, we have
T =(J/K)?=(JP+K)/K2(L+K)/K=L=J/K=1.

Therefore, J is an idempotent ideal. Applying Nakayama lemma and
the fact that L = J, it follows that there is an element e € L such that
J =K+ (e)and e(1—e) € K. Now we take J' = K + (1 —e). Then clearly
J'+ L = R. Itis easy to check that /N J = K . O

We will refer to the following lemma as the “moving lemma”. The
proof of this lemma is implicit in [4, Corollary 2.14]. But the version we
need in this paper is much simpler and we give a proof for the convenience
of the reader.

Lemma 2.7 Let A be a Noetherian ring of dimension n > 2. Let J be an ideal
of A of height > 1 such that J = (a1,- -+ ,a,) + J2. Let K be any ideal of A of
height > 1. Then there exists an ideal J' C A such that :

1. J'is comaximal with J N K and ht J' > n;

2. JNJ = (c1,--- ,cy) where ¢; = a; mod J2.



Proof Leta € K N J? such that ht(a) > 1. Let bar denote reduction
modulo a. Since a € J?, we have

T= (@1, @) +J .
We first show that ay,--- , @, can be lifted to a set of n generators of J.
By Lemma 2.6, there is an element e € J? such that J = (@1, , @y, €).
Applying Lemma 2.4 we can choose elements Ay, - - - , A, € A such that the
ideal N = (@1 + M\1€,--- ,@pn + A\n€) of A has the property that ht (Nz) > n.
Since dim (4) < n — 1, it follows that N contains some positive power of
. Combining this fact with the fact that N + (€) = J implies that N = J,
as they are same locally. Note that \;e € J°,1 < i < n.

Coming back to the ring A, we have J = (b1, - - , by, a) where b; = a; +
Aie. Again applying Lemma 2.4 we see that there are elements v, --- , vy, €
A such that the ideal I = (b1 + m11a,- - , by, + 7na) has the property that
ht (1,) > n. Note that I + (a) = J and (a) C J2. Applying Lemma 2.6 we
see that there is an ideal J’ such that

(b1 +ma,--- abn'f”)/na) =JnJ
where J' + (a) = A. Now it is easy to deduce that ht (J') > n. O

Remark 2.8 If Aisa geometrically reduced affine algebra over an infinite
field then using Swan’s Bertini theorem (see Remark 2.5 above), one can
choose J’' to have the additional property that either J' = A or .J' is finite
intersection of maximal ideals.

Before going to the next section we quickly sketch the definition of the
Euler class group E(A) where A is a Noetherian ring of dimension n > 2.
For a detailed account we refer to [4].

Let G be the free abelian group on all pairs (N, wy) where NV is an M-
primary ideal of height n and wy : (A/N)" — N /N? is a surjection. Let I
be any ideal of A of height n and w; : (A/I)™ — I/I? be a surjection (we
call wy a local orientation of I). We take its irredundant primary decompo-
sition I = N7 N--- NN, and observe that w; induces local orientations wy,
of N, 1 <i < r. We denote the element ) ;_, (N, wn;) of G by (I,wy).
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Let H be the subgroup of G generated by all those (I,w;) for which
wr can be lifted to a surjection 6 : A" — I (such an wy is called a global
orientation of I). The Euler class group E(A) is defined as E(A) = G/H.

We will use the following result in the next section.

Theorem 2.9 [4, Theorem 4.2] Let A be a Noetherian ring of dimension n > 2.
Let I be an ideal of height n and wy : (A/I)™ — I/I? be a local orientation of I.
If (I,wr) = 0in E(A) then wy is a global orientation, i.e., wy can be lifted to a
surjection 0 : A" — I.

3 Segre classes

As a starting point, we first recall the definition of the Segre class from
Mandal-Murthy [11].

3.1 Mandal-Murthy definition

Let A be a regular affine domain of dimension n over an algebraically
closed field and J C A be an ideal such that J/J? is generated by n
elements. The Segre class of J is defined as follows (see [11, Lemma 2.5]).

Choose elements ay,--- ,a, € J such that J = (a1,--- ,a,) + J? and
(a1,--- ,an) = J N J; where J; is an ideal of A which is the intersection of
finitely many maximal ideals of A. Define the Segre class of J by

S(J) = *(Jl) € CHQ(SPGCA)

3.2 Our definition

Now let A be a commutative Noetherian ring of dimension n > 2. Let
J C Abe anideal of height > 2 such that .J/J? is generated by n elements.
We proceed to define the Segre class of (J,w;), where wy : (A/J)™ — J/J?
is a surjection.

The surjection w; induces J = (a1, - - - ,a,) + J?. Applying the moving
lemma (Lemma 2.7) we can find ¢, ,¢, € J such that (c1, -+ ,¢,) =



JNJ, where htJ; > n, Ji +J = Aand ¢; = a; modulo J2. If J; is a
proper ideal then J; = (c1,--- ,¢p) + J12 and it induces a local orientation
wy, : (A)J)" — Ji/J?. We define the Segre class of (J,w;) by

s(Jywy) = —(J1,wy) € E(A),

where E(A) is the Euler class group of A. If J; = Athen J = (¢1,--+ ,¢p)
and we define the Segre class s(J,wy) =0 € E(A).

Remark 3.1 If Aisa geometrically reduced affine algebra of dimension n
over an infinite field k of characteristic zero (not necessarily algebraically
closed), then in the above definition we can choose .J; with the additional
property that J; is a finite intersection of maximal ideals. See Remark 2.8
for a discussion. Such a choice is indeed advantageous, for instance, as
demonstrated in Proposition 6.2.

We need to show that our definition of Segre class of (.J,w;) does not
depend on the choice of J;. We do this in the following proposition.

Proposition 3.2 The Segre class of (J,w.), as described above, is well defined.

Proof To show that our definition of Segre class of (J,w;) does not de-
pend on the choice of Jj, let J> be an ideal of A of height > n such that

1. J+Jos = A;
2. (dy,--- ,dy) = J N Jo, where d; = a; modulo J>.

If Jo = A then it is easy to check using addition and subtraction princi-
ples that (J1,wy, ) = 0in E(A). Therefore assume that .J; is a proper ideal.
In fact, in course of the proof we will assume all the ideals to be proper.

Letwy, : (A/J2)™ — Ja/J3 be the local orientation induced by d1, - - - , dp,.
We have to show that (J1,wy,) = (J2,wy,) in E(A). In what follows, we
prove this.



Using Lemma 2.7 we can find an ideal J3 of A of height n and a local
orientation wy, such that : (i) J3 is comaximal with each of J, J; and Js,
(i) (J1,wy,) + (J3,wy) = 0in E(A).

Now it is enough to prove that (J2,wyz,) + (J3,wy,) = 0in E(A).

Again applying Lemma 2.7 we can find an ideal J4 of A of height n
such that J N Jy is generated by n elements and J; is comaximal with each
of J, Ji, Jo and Js.

Now the ideals J; N J3 and JNJy4 are both generated by n elements and
they are comaximal. Applying the addition principle (Proposition 2.1), the
ideal J; N J3 N J N Jy is generated by n elements. Since J; N J is generated
by n elements, by the subtraction principle (Proposition 2.2) it follows that
J3 N Jy is generated by n elements with appropriate set of generators.

Now we look at Jo, N J3 N J N Jy. Since J N Jy and J3 N Jy are both
generated by n elements and they are comaximal, by the addition prin-
ciple Jo N J3 N J N Jy is generated by n elements with appropriate set
of generators. Again since J N J; is n-generated, it follows using the
subtraction principle that J, N J3 is n-generated by the appropriate set
of generators. Keeping track of the generators, it is easy to see that this
implies (J2,wy,) + (J3,wy,) = 0in E(A).

Therefore, s(J,wy) is well defined. O

The following theorem shows that the Segre class s(.J, w) is the precise
obstruction for w; to be lifted to a surjection 6 : A™ — J. Obviously if w;
is induced by a set of generators of J then s(J,w;) = 0in E(A). This can
be seen from the definition of s(J,w;) and the addition principle. What
we prove below is the converse.

Theorem 3.3 Let A be a commutative Noetherian ring of dimension n > 2. Let
J C A be an ideal of height > 2 and wy : (A/J)™ — J/J? be a surjection.
Suppose that s(J,wy) = 0in E(A). Then wy can be lifted to a surjection 6 :
A" — J.

Proof Suppose wy is givenby J = (ay,--- ,a,) + J>.
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As before applying Lemma 2.7 we can find ¢;,--- ,¢, € J such that
(c1,--+,cn) = J N Jy where htJ; = n and ¢; = a; modulo J2. Then
J1 = (c1, -+ ,¢,) + J? and we obtain an induced local orientation wy, :
(A/J1)"™ — J1/J?. We defined the Segre class of (J,w;) by

s(Jywy) = —(J1,wy) € BE(A),

where F(A) is the Euler class group of A.

Now s(J,wy) = 0 implies (J1,wy,) = 0in E(A). Therefore, by [4,
Theorem 4.2], wy, is a global orientation of J;. This means that there exist
di,--+ ,d, € Jysuchthat J; = (dy,--- ,d,) where d; = ¢; modulo J?. Now
we can apply the subtraction principle to see that J = (by,--- ,b,) with
b; = a; modulo J2. This means w; has the desired lift. This proves the
theorem. O

The following theorem is on additivity of the Segre classes.

Theorem 3.4 Let A be as above and Jy, Jo be two comaximal ideals of A, each
of height > 2. Suppose that we have surjections wy, : (A/J)" — Ji/J? and
WJy : (A/JQ)" — JQ/J22 Then,

S(Jl N JQ,WJlmJQ) = S(Jl,WJl) + S(JQ,CUJQ)

in E(A), where wy,ny, : (A/J1 N J2)" — Ji N Jo/(J1 N J2)? is the surjection
induced by wy, and w,.

Proof Supposewy, is givenby J; = (ay, - ,a,) +J? and wy, is given by
Jo = (b1, -+ ,by) + J2. Proceeding as in the definition of the Segre class
we can find an ideal I; of A of height n and a local orientation wy, so that
s(J1,wy,) = —(I1,wr,). Similarly, we can choose an ideal I, of A of height
n and a local orientation wy, so that s(J2,wy,) = —(I2,wr,). Note that we
can choose I; to be comaximal with J; and J5 and once I; is chosen, we
can take I to be comaximal with Jy, Jo and I3.

Now since I7 and I are comaximal, we have
(Iluwfl) + (I2vw12) = (Il N 127‘-0[10[2)
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in E(A), where wr,nz, is the local orientation of I; N I induced by wry,
and wr,. Now I} N I3 is comaximal with J; N J;. Keeping track of the
generators it is easy to see that s(J; N J2,wyng,) = — (11 N I2,wrnr,) In
E(A). Therefore, s(J1 N J2,w s ng,) = s(J1,wy,) + s(J2,wy, ), as desired. O

The following theorem shows the equivalence of our definition of Segre
class with the definition of Mandal-Murthy when the ring in question is a
regular affine domain over an algebraically closed field.

Theorem 3.5 Let A be a regular affine domain over an algebraically closed field
with dim A = n. Let J be an ideal of A of height > 2 such that J/J? is generated
by n elements and wy : (A/J)" — J/J? be a surjection. Then, s(J) = 0 if and
only if s(J,wy) = 0.

Proof Firstassume that s(J,wy) = 0. Then, by Theorem 3.3 it follows that
J is generated by n elements and therefore by [14, Corollary 5.5], s(J) = 0.

Now suppose that s(J) = 0. We want to prove that s(J,w;) = 0.
Suppose, as in the definition of the Segre class, s(J,wy) = —(J1,wy,),
where J; is an ideal of height n with J; +J = A. Further, using Lemma 2.7
we can again find some ideal J of height n and a local orientation w s, such
that J; +.Jo = Aand (J1,wy, )+ (J2,wy,) = 0in E(A). Therefore, s(J,wy) =
(J2,wz,). On the other hand, since .J; and J; are local complete intersection
ideals of height n, J; + J» = A and their intersection is generated by
n elements, it follows that (J;) + (J2) = 0 in CHy(A). Consequently,
s(J) = (J2). Now s(J) = 0 implies that (J2) = 0in CHy(A). Applying [14,
Corollary 3.4] we see that J; is a complete intersection. Again since A is a
regular affine domain over an algebraically closed field, this would imply
that (J2,wy,) = 0in E(A). Consequently, s(J,w;) = 0. O

4 The case of polynomial algebras

Let A be a Noetherian ring (containing Q) of dimension n > 3. Let I C
A[T) be an ideal of height > 3 such that u(I/1%) = n. For such ideals we
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would like to define the Segre class and derive analogous results in this
section. The Segre class of I takes values in the Euler class group E(A[T]).
For definition and results on E(A[T]), we refer to [5]. We remark here that
for the definition of E(A[T"]) we need to make the assumption that Q C A.

First we recall a result from [5] which played a crucial role in defining
the Euler class group of A[T]. Here A(T) denotes the ring obtained from
A[T] by inverting all the monic polynomials.

Theorem 4.1 [5, Theorem 3.10] Let A be a Noetherian ring (containing Q)
of dimension n > 3 and I C A[T| be an ideal of height n such that I =
(fi,++ s fu) + (I*T). Suppose that there exists G1,- - - , Gy, € TA(T) such that
TA(T) = (Gy,- - ,Gp) with G;— f; € I?A(T). Then there exist g1, -+ , gy € I
such that I = (g1, , gn) with g; — f; € (I*T).

The following is an improvement of the above theorem where we relax
the condition on the height of the ideal. One can actually try to mimic
the proof of 4.1 from [5], modify appropriately, and give a straightforward
proof. Here we will rather obtain it as an application of the above theorem.

Theorem 4.2 Let A be a Noetherian ring (containing Q) of dimension n > 3 and
I C A[T) be an ideal of height > 3 such that I = (f1,- -+, fn) + (I*T). Suppose
that there exists G1,--- ,G,, € TA(T) such that IA(T) = (G1,--- ,Gy) with
G; — fi € I*A(T). Then there exist g1,--+ ,gn € I such that I = (g1, , gn)
with gi — fl S (IZT).

Proof LetJ = IN A. Thenht(J) > 2. We can apply [5, Lemma 3.9] and
obtain hq,--- , h, € I such that

1. I = (hy, -+, hy) + (J2T) with h; — f; € (I°T).

2. (h1,-++ ,hy) =INT,whereht(I') > n.

3. I' + (J*T) = A[T).
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If I' = A[T), there is nothing to prove. So we assume that ht(I") = n.
Observe that I’ = (hy,--- , hy) +I'* and I'(0) = A. Itis easy to see that we
canlift hy,- - , hy, to a set of generators of I’/ (I’ >T'). Let us do so and retain
the same notation for the generators. Now consider the ideals /A(T") and
I'A(T) in A(T). We have

1. TA(T) = (G1,--- ,Gp).
2. TA(T)NT'A(T) = (ha,- -+ , hy) with h; — G; € IPA(T).
3. TA(T) and I'A(T') are comaximal.

Applying Proposition 2.2 we conclude that there exist Hy,--- , H, €
I' A(T) such that I'A(T) = (Hy,--- , H,), where H; — h; € I"* A(T). Recall
that we have I’ = (hy, -+, hy) + (I”*T). Now we can apply Theorem 4.1
and see that there exist k1, - -+ , ky, € I’ such that I' = (ky, - - - , k,,) with the
relations k; — h; € (I'*T).

By [5, Lemma 3.8] (take the “free” case and note that nowhere in that
lemma height of J is the issue), it is enough to prove that [A; ; = (uy, -+ ,up)
with u; — f; € (I?T)14 ;. The rest of the proof is devoted to proving this.
This is a particular type of subtraction and the method is same as Steps
3 and 4 of the proof of [5, Theorem 3.10]. We will keep in mind that
elementary transformations on (k1, - - - , k;,) are always admissible.

Write B = Aj,;. Note that the row (kq,--- ,ky) is unimodular in
B[T)/(J?T)B[T]. Write D = BI[T]/(J*T)BIT). Consider (ki,--- ,k,) as a
unimodular row over D/JD. Note that D/JD ~ (A/J)[T]. Asdim(A/J) <
n — 2 and the length of the row is n, the row (k1,--- , k;) is elementarily
completable over D/.JD. Since JD is contained in the Jacobson radical of
D, we can lift the elementary transformation to conclude that (k1,--- , ky)
can be transformed elementarily to (1,0, -- ,0) over D. Since elementary
transformations can be lifted via a surjection of rings, we can lift this
elementary transformation to £, (B[T]) and applyingiton (ki,--- , k,) we
may assume that (ky,--- ,k,) = (1,0,---,0) modulo (J?T)B[T]. We may
further apply elementary transformation to ensure that ht(k;,--- , k,—1) =
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n—1and k; = 1 modulo (J2T)B[T]. Further, since (J?T)B[T] is contained
in the Jacobson radical of B, we have dim(B[T]/(k1,- - ,kn—1) < 1.
Let C = BI[T]. Consider the following ideals in C[Y] :

Ky =Y + ki ko, kn), Ko=IC[Y], K3=K;nNK>.
Now applying [12, Theorem 2.3] it follows that
Ky = (U(T,Y),--- ,Un(T,Y))
such that U;(T,0) = h;. Putting Y = 1 — k;, we obtain
IB[T) = (U(T,1 = ki), ,Un(T, 1 — ky)).

Since k1 = 1 modulo (J2T)B[T] it follows that U;(T,1 — k1) = U;(T,0)
modulo (I?T)B[T). If we write u; = U;(T,0) then IB[T] = (u1,--- ,uy)
such that u; = f; modulo (I2T)B[T]. As mentioned earlier this is enough
to prove the theorem. O

Now we can apply the above theorem to derive addition and subtrac-
tion principles for ideals in A[T].

Corollary 4.3 (Addition principle) Let A be a Noetherian ring (containing
Q) of dimension n > 3 and I ,Iy C A[T] be two comaximal ideals, each of
height > 3 such that Iy = (f1,--- , fn) and Iy = (g1, -+ ,gn). Then [; N I =
(hi,--+ ,hyn) where f; — h; € I? and g; — h; € I3.

Proof Let us denote I; N I3 by I3. Then ht(I3) > 3. Further we note
that the ideals /;(0) and /2(0) are comaximal and each has height > 2. We
have I;(0) = (f1(0),---, f»(0)) and I2(0) = (g1(0),--- , gn(0)). Therefore
by Proposition 2.1 we have, I3(0) = 1;(0)N12(0) = (c1, - - - , ¢n) With f;(0) —
¢i € I;(0)* and ¢;(0) — ¢; € I,(0)%

By the Chinese Remainder Theorem, I3/ 32 ~ I, /I,* © I/ I,%. There-
fore, the given generators of I; and I, together will induce a set of gen-
erators of I3/I3%. This means we will have, I3 = (Hy,---,H,) + I3?
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where f; — H; € I? and g; — H; € I3. Therefore, H;(0) — ¢; € I;(0)?
and Hz(O) —C; € 12(0)2.
Combining the conclusions of the last two paragraphs we have,

1. Iy = (Hy, -, Hy) + I3

2. I5(0) = (e1, - -+, ¢n)

3. H;(0) — ¢; € I3(0)

Applying [4, Remark 3.9], we can find Ly, - - - , L,, € I3 such that
I3 = (Ly,- -+, Ly) + (I*T)

with the property that L; — H; € I2.

Consider the ring A(T). Applying Proposition 2.1 to the two comax-
imal ideals I; A(T) and I, A(T), we have I3A(T) = (Uy,---,U,), where
fi — Ui € BA(T) and g; — U; € I3A(T). Therefore, L; — U; € IZA(T).

Now we can apply Theorem 4.2 to obtain the desired set of generators
for I3. O

Corollary 4.4 (Subtraction principle) Let A be a Noetherian ring (containing
Q) of dimension n > 3 and I, Iy C A[T] be two comaximal ideals, each of height
> 3suchthat Iy = (f1, -+, fn) and L N I3 = (hy,- -+ , hy) where f; — h; € I7.
Then there exist g1, - - - , gn such that Iy = (g1, - - , gn) where g; — h; € 1'22.

Proof The method is similar to the proof of the above corollary and omit-
ted.

Now we are ready to extend the definition of Segre class to A[T"] where
A is a Noetherian ring (containing Q) of dimensionn > 3 and I C A[T] is
an ideal of height > 3 such that u(1/1%) = n.

Let I C A[T] be an ideal of height > 3 such that I/I? is generated
by n elements. Let w; : (A[T]/I)® — I/I? be a surjection induced by
I = (f1, -, fn) + I?. Applying [5, Lemma 2.12] we can find g1, - , g
and an ideal I; C A[T] such that
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1. Iﬁ]1=<g1,--- ,gn).
2. I+ 1; = A[T] and ht(l;) > n.

3. gi—fiGIQ.

Clearly g1, - , gn, will induce a local orientation on I, say, wr,. We
define the Segre class of (I,wr) by

s(I,wr) = —(I1,wr,) € E(A[T]),

where E(A[T)) is the Euler class group of A[T].

Remark 4.5 Proceeding as in Proposition 3.2 one can check that the Segre
class of (I,wy) does not depend on the choice of I;. Further, the proofs
of the following results are similar to those in Section 4 and hence omit-
ted. We mainly need the appropriate addition and subtraction principles
which we have proved in this section.

Theorem 4.6 Let A be a ring (containing Q) of dimension n > 3 and I C A[T
be an ideal of height > 3 such that 1/I? is generated by n elements. Let wy :
(A[T)/I)™ — I/I? be a surjection. Suppose that s(I,wy) = 0 in E(A[T]). Then
wr can be lifted to a surjection o : A[T]" — 1.

Theorem 4.7 Let A be as above and Iy, I3 be two comaximal ideals of A[T), each
of height > 3. Suppose that we have surjections wy, : (A[T]/1,)" — I/I} and
wr, : (A[T]/I3)" — Iy/I3. Then,

s(hh NIz, wr ) = s(I,wr,) + s({2,wr,)

in E(A[T)), where wy,nr, : (A[T]/IiNI2)"™ — 1N Is/(I1N12)? is the surjection
induced by wr, and wr,.
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5 Minimal reduction, Chern class and Northcott-Rees
class

In this section we will deal with another class of the so called “bad” ide-
als in a ring A of dimension n > 2. We will consider ideals I C A of
height n which are not necessarily local complete intersections (equiva-
lently, 11(I/I?) is not necessarily equal to ht /(= n). An obvious idea to
study the behaviour of such a bad ideal is to look for a way to associate it
to a good ideal in a meaningful manner. In this context we will consider
reductions of I. Recall that a subideal J of I is said to be a reduction
of I if there exists a non-negative integer ¢ such that I'™! = JI'. Ina
sense .J can be regarded as a simplified version of I while it retains many
properties of I. The study of reductions was initiated by Northcott and
Rees [15] in 1950’s and it has been the subject of much work since then.
An excellent source to read the theory of reductions and its connection
with other important topics like integral closure and multiplicity is [7].
Here we recall some definitions and collect some results on minimal
reductions. For details, proofs and unexplained notations, see [7].

Definition 5.1 Let R be a ring . Let J C I be ideals. J is said to be a reduction
of I if there exists a non-negative integer t such that I'*1 = JI°.

Itis easy to see that if .J is a reduction of I then v/J = v/T and htJ = htI.
The proof of the following proposition is essentially contained in the
proof of [7, Theorem 8.73 (2)]; the theorem is due to Katz [9].

Proposition 5.2 Let A be a Noetherian ring of dimension n containing Q and
I C A be an ideal of height n. Then I has a reduction K such that K/K? is
generated by n elements.

The above proposition actually implies that I has a minimal reduction.
To see this note that for any maximal ideal m containing I, the ideal K'A,,
is a reduction of I A4,,. Since K A,, is an ideal of height n which is also
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n-generated, it is basic and therefore minimal. If we had another reduction
K’ of I contained in K, we would have K'A,, C K A,, and by minimality
of KA,,, K'A,, = KA,,. Since m was arbitrarily chosen, we conclude that
K' =K.

Further, take any reduction J C I. We can apply the above proposition
to J and see that .J contains an ideal .J such that .J is a minimal reduction
of I. This phenomenon is observed in local rings ([7, Theorem 8.3.6]), but
may not be true for non-local rings in general ([7, Exercise 8.10]).

The upshot of the above proposition is that the reduction K of I (as
in the proposition) has the property that it is minimal and u(K/K?) = n.
Conversely, take any minimal reduction J of I. Let m be any maximal
ideal containing /. Since every minimal reduction of I A,, is n-generated,
we have JA,, (which is a minimal reduction of I 4,,) is n-generated. Since
m is arbitrary, we conclude that p(J/J?) = n.

Now suppose that there exists a reduction K of I such that K is gen-
erated by n elements. We may wonder whether this will imply that all
minimal reductions will be generated by n elements. We prove below that
such a result holds if we assume A to be a smooth affine domain over an
algebraically closed field.

First we have the following proposition.

Proposition 5.3 Let A be a smooth affine domain of dimension n > 2 over an
infinite field k (not necessarily algebraically closed). Let I C A be an ideal of
height n. Then all minimal reductions of I have the same Chern class in C Ho(A).

Proof Let K be a minimal reduction of I. Let my,---,m, be the set of
maximal ideals containing I. Since vI = V'K, these are precisely all the
maximal ideals containing K. By definition of Chern class, the element in
CHy(A) associated to K is the following

(K] =D MA/E ), ],
1
where ) stands for length.
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Let m be any one of the maximal ideals m;,--- ,m,. Since I A4,, is an
mAp,-primary ideal and K A,, is a minimal reduction of I 4,,, by [7, Propo-
sition 11.2.2], e({ An; Am) = MAnm/KAy,), where e denotes multiplicity.
Therefore, we have

r

(K] =) eI Am;; Am,)[mi].
1
Since the right hand side of the above equation depends only on I, the
result follows. O

Corollary 5.4 Let A be a smooth affine domain of dimension n > 2 over an
algebraically closed field k and I C A be an ideal of height n. Suppose there is
a minimal reduction K of I such that K is a complete intersection. Then every
minimal reduction of I is a complete intersection.

Proof Let L be any minimal reduction of /. Then L is locally a complete
intersection. Now since K is complete intersection, we have [K]| = 0 in
CHy(A). By the above proposition [L] = 0 in CHy(A). Now it follows
from [14] that L is a complete intersection. Il

Let A be a smooth affine domain of dimension n > 2 over an infinite
field k£ (not necessarily algebraically closed) and I C A be an ideal of
height n. We may associate to I an element, say NR(I), in CHy(A) in
the following way

r

Z e(lAm;; Am;)[mi]
1

and call it the Northcott-Rees class of I. Note that if I is a local complete
intersection then the Northcott-Rees class and the Chern class of I will

coincide.

Corollary 5.5 Let A be a smooth affine domain of dimension n > 2 over an
algebraically closed field k and I C A be an ideal of height n. Suppose NR(I) =
in CHo(A). Then I is set-theoretic complete intersection.
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Proof Let K be any minimal reduction of /. Then K is a local com-
plete intersection. By the condition of the corollary [K] = NR(I) = 0in
CHy(A). By Murthy’s result [14], we see that K is a complete intersection.
Since v'I = V'K, we have I set theoretically generated by n elements. [J

Remark 5.6 Bhatwadekar pointed out (personal communication) that in
the situation of the above corollary, I will be set theoretic complete in-
tersection if we assume [I] = 0 (the Chern class) in CHy(A) instead of
NR(I) = 0. To see this, let us fix some notation. For an ideal J of height n
with J = (ay,- - ,a,) + J?, we will denote the ideal (ay,- -+ ,an,_1)+ J" by
J). Then vJ = VJ®) and J) is a local complete intersection. Further,
[J(] = r[J] in CHy(A). With these notations in mind consider the ideal
I = {mg/\i), where \; = A(An,/IAn,). Then I’ is a local complete

intersection and v/T = V/T'. It is not hard to see that
M A, /m) = Xi = XA, /1 Am,).

Therefore, in CHy(A), we have

(1) = DA Am /T Am )] = A(Am, fmi™) i) = 1]
1
Now if we assume [I] = 0 then we have [I'] = 0 in CH(A) for the
local complete intersection ideal I’, and if k is algebraically closed, by [14],
I’ is a complete intersection. As a consequence, [ is set theoretic complete
intersection.

Remark 5.7 In Corollary 5.5 we took A to be a smooth affine domain
of dimension n > 2 over an algebraically closed field to apply Murthy’s
result which says that for a local complete intersection ideal J C A of height n,
[J] = 0in CHy(A) implies that J is a complete intersection. One can deduce
similar corollaries in a set up where results similar to Murthy’s holds. For

instance, we have the following results.
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Corollary 5.8 Let X = SpecA be a smooth affine variety of dimension n > 2
over R such that the set of real points of X is not empty. Assume that the smooth
manifold consisting of real points of X has no compact connected component. Let
I C A be an ideal of height n. Suppose NR(I) = 0 in CHy(A). Then I is
set-theoretic complete intersection.

Proof Let K be any minimal reduction of /. Then K is a local com-
plete intersection. By the condition of the corollary [K] = NR(I) = 0
in CHy(A). Now it follows from [3, Theorem 5.10] that K is a complete
intersection. Consequently I is set-theoretic complete intersection. O

For a smooth affine variety X = SpecA over R let R(X') denote the ring
obtained from A by inverting all the elements which do not belong to any
real maximal ideal.

Corollary 5.9 Let X = SpecA be a smooth affine surface over R such that the
set of real points of X is not empty. Assume that the smooth manifold consisting
of real points of X is compact and connected and the canonical module KR(x) 1
not trivial. Let I C A be an ideal of height n. Suppose NR(I) = 0 in CHy(A).
Then I is set-theoretic complete intersection.

Proof Let K be any minimal reduction of /. Then K is a local com-
plete intersection. By the condition of the corollary [K] = NR(I) = 0
in CHy(A). Now it follows from [1, Theorem 4.30, Remark 4.31] that
K is a complete intersection. Consequently I is set-theoretic complete
intersection. O

6 Some historical motivation

In this section we see how concepts similar to those of the Segre classes
have been used in the earlier literature in the proof of a conjecture of
Forster. We begin by discussing the conjecture of Forster.
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Let A = k[Xy,---,X,] be the polynomial ring in n variables over
a field k and P C A be a prime ideal. Then as A is Noetherian, P is
finitely generated. Now by Krull’s dimension theorem, p(P) > ht(P).
One can ask if the function ;(P) is bounded as P varies over all prime
ideals of the polynomial ring. This is however false. There are classical
examples due to Macaulay of prime ideals P in C[X, X5, X3] of height 2
such that the function p(P) is unbounded. In Macaulay’s examples the
ring C[X1, X2, X3]/P has a singularity at the origin.

By contrast if A = k[X1,---, X,] and P C Ais a prime ideal such that
A/P is regular, Forster [6] proved that P is generated by n + 1 elements
and conjectured that in this case n elements suffice to generate P. The
conjecture of Forster was proved by Sathaye [17] in the case where £k is
infinite and shortly afterwards by Mohan Kumar [13] in general.

The method of Sathaye’s proof is the following. Let P be a prime ideal
of A =Fk[Xy, -, X,]. It ht (P) = 1 then P is principal, so we may assume
that ht (P) > 2. It follows from a theorem of Forster [6, 18] that if A/P is
regular then P/P? is generated by n elements. We may assume, by Swan’s
Bertini theorem, that (f1,---, f,) = PNmiN---Nm, where m; C A are
maximal and m; + P = A. Now, since m; are maximal, each of the m;
is generated by n elements. The method of Sathaye (which is inspired
by an argument of Abhyankar), is to successively eliminate each of the
maximal ideals, and to show that the ideal P N'm; N --- N'm; is generated
by n elements for every ¢ < r. In particular we conclude at the last stage
that P is generated by n elements. We refer the reader to [17] for the
details of the proof. We will indicate however a proof of the argument
of Abhyankar which inspired Sathaye’s proof. Before doing this, we point
out the relevance of Segre classes in the above discussion. In the language
of Segre classes P is generated by n elements because s(P,wp) = 0, where
wp is the set of generators fi,--- , f, of P/ P2

In a similar vein we show how the notion of Segre classes can be ap-
plied to prove the following theorem which was a conjecture of Eisenbud-
Evans.
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Theorem 6.1 Let R be a Noetherian ring of dimension d and I C R[T] be an
ideal of height > 2. Suppose 1/1? is generated by d + 1 elements. Then I is
generated by d + 1 elements.

That the above theorem implies Forster’s conjecture was proved by
Sathaye in [17] for affine domains A over infinite fields en route to his
proof of the Forster’s conjecture and by Mohan Kumar [13] in general.
we give a proof of the theorem using the notion of Segre classes. Let
fi, -+, far1 generate I/I?. We may assume that (f1, -+, fgr1) = INT,
where ht (I') > d+1. Since ht (I') > d = 1, I’ contains a monic polynomial.
Using a theorem of Mandal [10], it follows that s(/,wr) = 0 where wy is
the set of generators fi,--- , fgr1 of I/I2. Hence I is generated by d + 1
elements.

We conclude by sketching the argument of Abhyankar that inspired
Sathaye’s proof. The argument of Abhyankar is based on a method that
Seshadri used to prove that projective modules over K[X, Y] are free (K a
field).

We prove the following proposition which gives the flavour of Ab-
hyankar’s argument. We remark that Abhyankar’s argument applies to
more general situations.

Proposition 6.2 Let k be an algebraically closed field and I C K[X,Y] = A
be an ideal such that dim(A/I) = 0. Suppose that 1/1?* is generated by two
elements. Then I s generated by two elements.

Proof Let fi, fo € I generate I/1?. We may assume that (f1, f2) =INT,
where I +1' = Aand I’ = m; N - - -Nm, is the intersection of finitely many
maximal ideals. We have m; = (X —a;, Y —b;) and by a change of variables
we may assume that m; = (X,Y) The ideal (f1(X,0), f2(X,0)) of k[X]
is principal and therefore, using the Euclidean algorithm, can be trans-
formed to (A\(X),0), where A\(X) is the g. c. d. of (f1(X,0), f2(X,0)). Con-
sidering these transformations as elements of GLy(k[X]) C GL2(k[X,Y]),
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we see that we can transform the row (f1(X,Y), fo(X,Y)) to another row
(h1(X,Y), h5(X,Y)) such that

1. theideals (f1(X,Y), f2(X,Y)) and (h1(X,Y), h5(X,Y")) are equal;
2. hy(X,0) = A(X), hy(X,0) = 0, thatis, (X, Y) = Yhy(X,Y).
This implies that

(hM(X,Y),Yh(X,Y))=INmiN---Nm,.

Since m; = (X,Y), by a linear change of variables, for example re-
placing Y by Y + cX, we may assume that the line Y = 0 does not pass
through the finitely many points belonging to V' (I) and the points (a;, b;),
2 < ¢ < r. This implies that the element ¥ € A is a unit modulo 7,
and modulo m;, 2 < i < r. Now since the elements h;(X,Y),Yho(X,Y)
generate I /12 and m;/m;?,2 <i < r,wehave h1(X,Y), ha(X,Y) generate
I/I? and m;/m;?,2 <i <r.Since (h1(X,Y),Yha(X,Y)) +m1? = m; and
m1 = (X,Y), it follows that Yhy(X,Y) ¢ m;? and hence hy(0,0) # 0.
Hence h2(X,Y) ¢ m;. It follows, from the previous discussion that

(hl(X,Y),hQ(X,Y)) =INmoeN---Nmy.

Continuing the above process, we see that I is generated by two elements.
g

References

[1] S. M. Bhatwadekar, Mrinal K. Das, S. Mandal, Projective modules
over smooth real affine varieties, Invent. Math. 166 (2006), 151-
184.

[2] S. M. Bhatwadekar, Raja Sridharan, Projective generation of
curves in polynomial extensions of an affine domain and a
question of Nori, Invent. Math. 133 (1998), 161-192.

25



[3] S. M. Bhatwadekar, Raja Sridharan, Zero cycles and the Euler
class groups of smooth real affine varieties, Invent. Math. 136
(1999), 287-322.

[4] S. M. Bhatwadekar, Raja Sridharan, The Euler class group of a
Noetherian ring, Compositio Math. 122 (2000), 183-222.

[5] M. K. Das, The Euler class group of a polynomial algebra, J.
Algebra 264 (2003), 582-612.

[6] O. Forster, Uber die Anzahl der Erzeugenden eines Ideals in
einem Noetherschen Ring, Math Z. 84 (1964), 80-87.

[7] C. Huneke, I. Swanson, Integral closure of ideals, rings, and
modules, in: London Mathematical Society Lecture Note Series,
Vol. 336, Cambridge University Press, Cambridge, 2006.

[8] FE. Ischebeck, Ravi A. Rao, Ideals and Reality, Projective modules
and number of generators of ideals. in: Springer Monographs in
Mathematics Springer-Verlag, Berlin, 2005.

[9] D. Katz, Generating ideals up to projective equivalence, Proc.
Amer. Math. Soc. 120 (1994), 401-414.

[10] S. Mandal, On efficient generation of ideals, Invent. Math. 75
(1984), 59-67.

[11] S. Mandal, M. P. Murthy, Ideals as sections of projective modules,
J. Ramanujan Math. Soc. 13 (1998), 51-62.

[12] S. Mandal, Raja Sridharan, Euler classes and complete intersec-
tions, J. Math. Kyoto Univ. 36 (1996), 453-470.

[13] N. Mohan Kumar, On two conjectures about polynomial rings,
Invent. Math. 46 (1978), 225-236.

[14] M. P. Murthy, Zero cycles and projective modules, Ann. Math. 140
(1994), 405-434.

26



[15] D. G. Northcott, D. Rees, Reductions of ideals in local rings, Proc.
Cambridge Phil. Soc. 50 (1954), 145-158.

[16] Raja Sridharan, Non-vanishing sections of algebraic vector bun-
dles, J. Algebra 176 (1995), 947-958.

[17] A. Sathaye, On the Forster-Eisenbud-Evans conjecture, Invent.
Math. 46 (1978), 211-224.

[18] R. G. Swan, The number of generators of a module, Math. Z. 102
(1967), 318-322.

27



