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1. INTRODUCTION

Let R be a commutative Noetherian ring. An extension R — S is called subintegral
if: (1) it is integral, (2) the induced map Spec(S) — Spec(R) is bijective, and (3) the
induced field extensions R, /pR, — Syp/PBSy are all trivial, where B € Spec(S) and
p = B N R. Subintegral ring extensions, apart from their intrinsic appeal, played an
important role in studying projective modules. As evidence, we mention a few results
below.

Let R — S be a subintegral extension and P be a finitely generated projective R-
module. In [I], where Ischebeck studied the behaviour of some K-theoretic functors
under the extension R — S, there is a result [I, Proposition 8] which asserts that P is
free if and only if P®g S is a free S-module (P is assumed to have trivial determinant).
Later, while answering a conjecture of Murthy, Swan proved in [Sw2, 14.1] that if the
module P ®p S has a direct sum decomposition into projective S-modules, then there
is a similar decomposition for P (see [Sw2] for the precise statement). We now mention
another result which inspired us to investigate the questions we are going to describe
in a while. In [B 1], to address some question on existence of unimodular elements,
Bhatwadekar implicitly proves that if P @ S ~ Q" @ S for some S-module @', then
there is an R-module @ such that P ~ ) & R (in other words, P has a unimodular
element if and only if so does P @g S). This result is not mentioned anywhere but it
can be derived using the techniques of [B 1].

We now digress a bit. Let A be a commutative Noetherian ring of dimension n > 2.
Let P be a projective A-module of rank n and for simplicity, assume that the determi-
nant of P is trivial. Fix xy : A = A"(P). By a theorem of Eisenbud-Evans [E-E], there
exists a surjective map a : P — J, where J C A is an ideal of height n. The map « will
induce a surjection @ : P/JP — J/J?. As dim(A4/J) = 0, the A/J-module P/JP is
free. Choose an isomorphism o : (A/J)" = P/JP such that A\"(c) = y® A/J and take
the composite surjection w; := ao : (A/J)" = P/JP — J/J?. A remarkable result of
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Bhatwadekar and Raja Sridharan [B-RS 3, 4.4] asserts thatif Q C A, then P ~ Q © A
for some A-module @ if and only if w; can be lifted to a surjection ¢ : A™ — J. This
phenomenon is formalized in the theory of the Euler class groups in [B-RS 1, B-RS 3].

We now assume that R — S is a subintegral extension with dim(R) = n > 2. Let
J C Rbe anideal of height n such that y(.J/J?) = n, where p(—) stands for the minimal
number of generators. Assume that we are given: J = (a1,--- ,a,) + J 2, Taking a cue
from Bhatwadekar’s (unstated) result in [B 1], and the discussion above, we may ask
the following question.

Question 1.1. Assume further that JS = (81, -- ,3,) such that 3; — a; € J2S fori =
1,---,n. Then, can we find by, - -- , b, € J such that J = (by,--- ,b,) with b; —a; € J?
fori=1,---,n?

Note that the generators of J/J? may not have been induced by a surjection from a
projective R-module as there are examples of rings R of dimension n and ideals J of
height n such that x(J/J?) = n but J is not even surjective image of a projective R-
module. Therefore a combination of [B 1] and [B-RS 3, 4.4] would not work, whereas,
an affirmative answer to Question 1.1 would imply Bhatwadekar’s (unstated) result
in [B 1] (provided Q C R). A reader familiar with the Euler class groups will readily
understand that we are essentially asking if the natural map from the n-th Euler class
group E"(R) to the n-th Euler class group E"(S) is injective or not. It requires some
arguments (see (3.8)) to ascertain that there is a natural map ® : E"(R) — E™(S).
For brevity, we write E(R) for E"(R) and E(S) for E"(S). In this paper we answer
Question 1.1 in the affirmative. In fact, we prove the following result (see (3.11, 4.4)
below), thus settling a query of Gubeladze expressed in [G, Remark 5].

Theorem 1.2. The natural map ® : E(R) — E(S) is an isomorphism.

Before describing our other results on subintegral extensions, a crucial remark is in
order. One may wonder if the above theorem can be extended to the case when R — §
is an integral extension. In Section 4 we first show that if R < S is integral, then there
is a group homomorphism :FE (R) — E(S). We then prove in (4.4) that if R,q and
Sred are birational, then D is surjective. Further, if Rieq < Syeq is subintegral then D is
an isomorphism. Moreover, in (4.5), an example of a finite birational extension R — S
is given, which is not subintegral, such that F(R) is not isomorphic to E(S). Therefore,
(1.2) does not extend to integral extensions of rings.

There is this notion of the Euler class group E(R, L) of R with respect to a line bundle
L, defined in [B-RS 3]. Again assume that R < S is subintegral. In (3.12) we prove
that E£(R, L) is isomorphic to E(S, L ®r S) as well. We prove further that the natural
map Py : Eg(R) — Ep(S) is an isomorphism if dim(R) is even (3.25), or if R is an
affine algebra over a C-field of characteristic zero (3.28), where Ey(R) and Ey(S) are
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the weak Euler class groups of R and S, respectively (see Section 2 for the definition of
the weak Euler class group).

An interesting offshoot of (1.2) is that if R is an affine algebra over a C;-field of
characteristic zero, and if J C R is an ideal of height n with u(.JJ/J?) = n, then u(J) = n
if and only if p(J.S) = n. We prove this result in (3.28).

Recall that for a reduced ring A, there is a maximal subintegral extension contained
in the total ring of fractions of A. This is called the seminormalization of A and is denoted
by * A (see [Sw1] for details). From the category of commutative Noetherian rings we
have the seminormalization functor, R — T (Req), to the category of seminormal rings.
As a consequence of (1.2), we conclude that the Euler class group behaves well with
respect to this functor in the sense that E(R) ~ E(" (Rreq))-

In Section 5 we answer a question of Ischebeck from [I] for a subintegral extension
R — S for dim(R) = 2, which says that if P, () are projective R-modules of rank 2 with
an isomorphism x : A?2(P) = A?(Q), and if there is an isomorphism 0 : P ®r S =
Q ®pr S such that A%(f) = y ® S, then P ~ Q.

The main results constitute Section 3. Although the results are presented in the
language of the Euler class group theory, but to appreciate them and their proofs a prior
knowledge of the Euler class groups is not really necessary. For readers unfamiliar with
this language, a quick look at the latter half of Section 2 should be just enough.

Acknowledgement : The first named author is indebted to S. M. Bhatwadekar for
some insightful and stimulating discussions from which this project was initiated. We
thank him most sincerely for his comments and suggestions on an earlier version of this
paper which improved the paper significantly, and finally, for allowing us to include
his proof of a result due to Gubeladze in Section 6. Thanks are due to Manoj Keshari
for pointing out a mistake in an earlier version of the paper. We sincerely thank the
referee for going through the paper with great care. A detailed list of suggestions and
corrections by the referee improved the exposition considerably.

2. PRELIMINARIES

All the rings considered in this paper are commutative and Noetherian. By di-
mension of a ring we mean its Krull dimension. Modules are assumed to be finitely
generated. Projective modules are assumed to have constant rank.

We start with the following definition.

Definition 2.1. Let R be a ring and P be a projective R-module. An element p € P is
called unimodular if there is a surjective R-linear map ¢ : P — R such that ¢(p) = 1.
The set of all unimodular elements of P is denoted by Um(P). If P = R", then we
write Um,, (R) for Um(R").
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Remark 2.2. It is easy to see that if a projective R-module P has a unimodular element,
then P ~ Q © R for some R-module ). We describe this phenomenon by saying that
P splits off a free summand of rank one.

The following result is due to Serre [Se]. We shall refer to this result as “Serre’s
splitting theorem”.

Theorem 2.3. Let R be a ring and P be a projective R-module. If rank(P) > dim(R) + 1,
then P splits off a free summand of rank one, i.e., P ~ Q) & R for some R-module Q).

Let P be a projective R-module of rank n and ¢ be an R-linear endomorphism of P.
Then ¢ induces an endomorphism A" (¢) of A™(P) in a natural way. We call A" (P) the
determinant of P. We call the endomorphism A"(¢) the determinant of ¢ and denote it
by det(¢). As A"(P) is a projective R-module of rank one, det(¢) € R. It can be easily
checked that ¢ is an automorphism if and only if det(¢) is a unit of R.

Definition 2.4. Let P be a projective R-module. We define SL(P) to be the group of
automorphisms of P of determinant one. If P = R", then we write SL,,(R) for SL(R").

We now recall the definition of a subgroup of SL(P). Givena ¢ € P*(= Homp(P, R))

and a p € P, we define an endomorphism ¢, of P as the composite P 2+ R -2+ P. If
©(p) =0, then go% = 0and 1 + ¢, is an automorphism of P.
Definition 2.5. An automorphism of P is called a transvection if it is of the form 1 +
¢p where p(p) = 0 and either ¢ is unimodular in P* or p is unimodular in P. The
subgroup of SL(P) generated by all transvections will be denoted by £(P). If n > 3
and P = R", then, by a result of Suslin [Su 1, 1.4], £(R") can be identified with &, (R),
the group of n x n elementary matrices.

Proposition 2.6. Let R be a ring and P be a projective R-module such that P has a unimodular
element. Let o, f € Um(P*) be such that oo = 3 modulo the nil radical n of R. Then there is
0 € E(P) such that B = ab.

Proof. Applying [MK-M-R, 2.3] it follows that there is © € £(P*) such that ©(a) =
B. Therefore, © is a finite product of transvections of the projective module P*. For
simplicity, we prove this proposition by assuming that © itself is a transvection. The
general case can be worked out in a similar manner.

Let © = 1+ 1)y, where ¢y € P** and ¢ € P* such that ¢/(¢) = 0. Since P is a
projective module, P** can be identified with P. Therefore, we may assume v = p for
some p € P. With this identification we have 1(¢) = ¢(p) = 0. Now from the definition
of a transvection, we have, either ¢ € Um(P**) or ¢ € Um(P*). If p € Um(P**), then
note that p € Um(P). Therefore 1 + ¢, is a transvection of P (as ¢(p) = 0).
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Now we have O(a) = (1 + 9y)(or) = . Therefore, for any ¢ € P, we have (1 +
Vo)(@)(q) = B(g). But (14 vy)(a)(q) = alg) + (¢¥)(a)(q) = alq) + (¢a(p))(q) =
a(q) + a(p)d(q).

On the other hand, a(1 + ¢;,)(q) = a(q + po(q)) = a(q) + a(p)$(q) and hence a(1 +
®p)(q) = B(q) for all ¢ € P. Therefore, if we write § = 1+ ¢,, then  is a transvection of
Pand af = 5. a

Let S be a ring and C be an ideal of S. Let P be a projective S-module. A result of
Bhatwadekar and Roy [B-R, 4.1] asserts that any transvection ¢ of P/CP can be lifted
to a unipotent automorphism of P. We need a variant of their result in the following
form, which was told to us by Bhatwadekar (private communication).

Proposition 2.7. Let S be a ring and J, C be ideals of S such that J + C = S. Let P be a
projective S-module and o be a transvection of P/CP. Then o can be lifted to 7 € Aut(P)
with the property that T is identity modulo J.

Proof. Let 0 = 1414, where ¢ € (P/CP)* and ¢ € P/CP such that(q) =0. Letp € P
and 6 € P* be lifts of ¢ and 1), respectively. Then we have 6(p) = ¢, for some c € C.

We first consider the case when ¢ is a unimodular element of P/CP. Then there
exists ¢ € P* such that ¢(p) =1+ d, for some d € C.

Set ¢' = (14 d)0 — cp. Then ¢'(p) = 0 and ¢’ is a lift of ©. Therefore 1+ ¢, € Aut (P)
and it lifts 0. We have J + C = S. Therefore, there exist a € J and b € C such that
a+ b = 1. Finally we consider 7 = 1 + a¢,. Then again 7 € Aut (P), 7 = Id modulo J
and 7 is a lift of o.

Next we consider the case when ¢ € Um((P/CP)*). Then there exists p’ € P such
that 0(p') = 1 + ¢, for some e € C. Consider the element ¢ = (1 + ¢)p + ¢p’. Then
0(¢') = 0. Therefore, 7 = 1 + af, will work. O

Lemma 2.8. Let R — S be an extension of rings and C' be the conductor of Rin S. Let J C R
be an ideal such that J + C = Rand JS # S. Then the natural map f : J® pS — JS isan
isomorphism (of S-modules).

Proof. We use a local-global argument to prove that f is an isomorphism. To see this,
let m be a maximal ideal of S and let p = m N R. First note that

(J®RS)m = J @ RSm = (J® rRp) ® r,Sm = Jp @ R, Sm.

If C ¢ m, then C ¢ pas well, and R, = S, = Sm and in this case J, ® g,Sm and
JpSm are both isomorphic to J,, and the isomorphism is induced by f. If C' C m, then
JS ¢ m, J ¢ p,and therefore J, = Ry, (JS)m = Sm. Again, it can be easily seen that f
induces the isomorphism. O
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The proof of the following lemma can be found in [B-RS 3, 2.13]. This is a conse-
quence of a result of Eisenbud-Evans [E-E], as stated in [P, p. 1420]. .

Lemma 2.9. Let A be a ring and P be a projective A-module of rank n. Let (o, a) € (P* & A).
Then there exists an element 3 € P* such that ht(I,) > n, where I = (o + af)(P). In
particular, if the ideal («(P), a) has height > n then ht I > n. Further, if (oa(P), a) is an ideal
of height > n and I is a proper ideal of A, then htI = n.

The following lemma is standard. For a proof the reader may consult [B-RS 3, 2.11].

Lemma 2.10. Let R be a Noetherian ring and J C R be an ideal of R. Let K C J and L C J?
be two ideals of R such that K + L = J. Then J = K + (e) for some e € Lwithe(l —e) € K
and K = J N J where J'+ L = R.

The next lemma, which can be proved using (2.10) and (2.9), is a synthesis of [B-RS 3,
2.14] and [B-RS 5, 2.4]. We shall call this lemma as the “moving lemma”.

Lemma 2.11. (Moving Lemma) Let R be a Noetherian ring of dimension d and let P be a
projective R-module of rank n, where 2n > d + 2. Let J C R be an ideal of height n and
let @ : P/JP — J/J? be a surjection. Then there exists an ideal J' C R and a surjection
B: P — JNJ such that:

(1) J+J =R

(2) B@R/J =1

(3) ht(J') > n.

(4) Given finitely many ideals Jy,- - - , J, of R, each of height > d —n+ 1, the ideal J' can
be chosen with the additional property that it is comaximal with J; fori =1,--- ,r.

The following proposition is implicit in the proof of [B-RS 2, 2.5].

Proposition 2.12. Let A be a commutative Noetherian ring of dimension d > 1 and I be an
ideal of A[T) of height > 2. Assume that I = (f1,--- , fn) + 1%, where n > d + 1. Then there
exist g1, ,gn € I suchthat I = (g1, -+, gn) with fi —g; € [*fori=1,--- ,n.

We shall need the following “subtraction principle”, which is a simplified version of
[B-RS 3, 3.3].

Proposition 2.13. Let A be a ring of dimension n > 2 and J, J' be two comaximal ideals of
height n. Let P = Q & A be a projective A-module of rank n. Let o : P — J N J' and
B : P — J' be two surjections such that o« @ A/ J =  ® A/J'. Then there exists a surjection
0:P — Jsuchthat 0 @ A/J =a® A/J.
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We quickly recall the generalities of the Euler class group theory. We first accumulate
some basic definitions, namely, the definitions of the Euler class group, the Euler class
of a projective module, and then state some results which are relevant to this paper.
Detailed accounts of these topics can be found in [B-RS 3, D 1]. A reader familiar with
these topics can safely go to the next section.

We start with the definition (from [B-RS 3]) of the n-th Euler class group E"(R, L) of
a commutative Noetherian ring of dimension n with respect to a projective R-module
L of rank one. For brevity of notation, we shall denote E™(R, L) by E(R, L).
Definition 2.14. (The Euler class group E(R, L)): Write F = L ® R"!. Let J C Rbe an
ideal of height n such that J/J? is generated by n elements. Two surjections «, 3 from
F/JF to J/J? are said to be related if there exists 0 € SL(F/JF) such that aoc = 3.
Clearly this is an equivalence relation on the set of surjections from F/JF to J/J?. Let
[a] denote the equivalence class of «. Such an equivalence class [«] is called a local L-
orientation of J. By abuse of notation, we shall identify an equivalence class [o] with a.
A local L-orientation « is called a global L-orientation if o : F/JF — J/J? can be lifted
to a surjection 6 : F' — J.

Let G be the free abelian group on the set of pairs (n,wn) where n is an m-primary
ideal for some maximal ideal m of height n such that n/n? is generated by n elements
and wn is a local L-orientation of n. Let J C R be an ideal of height n such that .J/.J>
is generated by n elements and w; be a local L-orientation of J. Let J = N;n; be the
(irredundant) primary decomposition of .J. We associate to the pair (J,w), the element
>_;(n;,wn;) of G where wy, is the local L-orientation of n; induced by w;. By abuse of
notation, we denote . (n;,wn,) by (J,wys). Let H be the subgroup of G generated by
set of pairs (J,wy), where .J is an ideal of height n and w is a global L-orientation of

J. The Euler class group of R with respect to L is E(R, L) e /H.

Remark 2.15. When L ~ R, the Euler class group E(R, R) is simply denoted by E(R).

Remark 2.16. In [M-Y2, Section 3] Mandal-Yang proved certain interesting functorial
properties of the Euler class groups. Here we quote one of their results which is most
relevant to this paper. Let A, B be commutative Noetherian rings, each of dimension
n > 2. Let f : A — B be a morphism of rings which satisfies a special property: for
any ideal T of A with ht(I) = n and u(I/I?) = n, the ideal IB := f(I)B has height > n.
Let L be a projective A-module of rank one. Then they show that [M-Y2, 3.3] there
is a group homomorphism E(f) : E(A,L) — E(B,L® aB). Further, if g : B —
C' is another morphism of rings satisfying the same property as above, one has the
following commutative diagram (see [M-Y2, 3.4]):
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E(A, L) E(B,L® B)

E(gf) E(g)
E(C,L®C)
For example, if f : A — B is a flat extension of rings, then f satisfies the property
specified above. In the next section, after introducing subintegral extension of rings,
we shall show that such extensions enjoy the same property (see Remark 3.8).

Definition 2.17. (The Euler class of a projective module): Let P be a projective R-module of
rank n such that L ~ A"(P) and let x : L = A™P be an isomorphism. Let ¢ : P — .J be
a surjection where J is an ideal of height n. Therefore we obtain an induced surjection
®:P/JP — J/J? Lety : F/JF = P/JP be an isomorphism such that A"(¥) = ¥.
Let w; be the local L-orientation of J given by the composite surjection 7 : F'/JF —
J/J?. Let (P, x) be the image in E(R, L) of the element (J,w;) of G. If Q C R, then it
is proved in [B-RS 3] that the assignment sending the pair (P, x) to the element e(P, x)
of E(R, L) is well defined. The Euler class of (P, x) is defined to be e(P, x).

Theorem 2.18. [B-RS 3,4.2,4.3, 4.4] Let R be a ring of dimension n > 2 and L be a projective
R-module of rank 1. Let P be a projective R-module of rank n with L ~ A"(P) and let
X : L = A"P be an isomorphism. Let J C R be an ideal of height n and w; be a local
L-orientation of J.

(1) Suppose that the image of (J,wy) is zero in E(R, L). Then there exists a surjection
a: F — J such that wy is induced by o (in other words, w y is a global L-orientation).

(2) Assume that Q C R. Then, P ~ P, @ R for some projective R-module P, of rank n—1
ifand only if e(P, x) = 0in E(R, L).

(8) Assume that Q C R. Let e(P, x) = (J,wy) in E(R, L). Then there exists a surjective
map o : P — J such that (J,wy) is induced by («, ).

Remark 2.19. A few words on the assumption that Q C R is in order. The reader
should note that this assumption is necessary only when we talk about the Euler class
of a projective R-module. This assumption was needed to prove [B-RS 3, 3.1], which
essentially shows that the Euler class of a projective module is well defined. But a
careful inspection of the proof of [B-RS 3, 3.1] would reveal that if dim(R) = 2, we do
not need to assume that Q C R to define the Euler class. However, in the definition of
E(R[T)) given below, we need to assume that Q C R to start with.

Let R be a commutative Noetherian ring containing Q with dim(R) = n > 2. The
notion of the n-th Euler class group E™(R[T]) has been defined in [D 1]. The reader
should note that the definition of E"(R[T]) is different from that of £ (R) and is not
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obtained by just replacing R by R[T]. Further, for a commutative Noetherian ring A of
dimension d and a projective A-module L of rank one, Mandal-Yang [M-Y1] defined
the r-th Euler class groups E"(A, L) for 1 < r < n. The definition of E"(R[T]) given
below from [D 1] is not obtained from their definition either (by taking A = R[T],
d=n+1,L = R[T]and r = n). Let us point out the difference. For an ideal I of R[T
of height n with u(I/I%) = n, a local orientation of [ is defined as an SL, (R[T]/I)-
equivalence class of surjections in [D 1] whereas in [M-Y1] a local orientation of I
is defined as an E, (R[T]/I)-equivalence class of surjections. Therefore, a priori the
definitions are different and it will be interesting to know whether the groups thus
obtained are isomorphic or not.

For brevity we denote E"(R[T]) as E(R[T]) and recall its definition from [D 1].
Definition 2.20. (The Euler class group E(R[T])) Let R be a Noetherian ring of dimen-
sionn > 3 containing Q. Let I C R[T]be an ideal of height n such that I /I? is generated
by n elements. Two surjections « and 3 from (R[T]/I)" — I/I? are said to be related if
there exists 0 € SL,(R[T]/I) such that oo = . This is an equivalence relation on the
set of surjections from (R[T]/I)" to I /1. Let [a] denote the equivalence class of . We
call such an equivalence class [a] a local orientation of I. It was shown in [D 1, 4.4], that
if a : (R[T]/I)® — I/I? can be lifted to a surjection 6 : R[T|" — I then so can any f3
equivalent to a. We call a local orientation [«] of I a global orientation of I if the surjection
a : (R[T]/I)™ — I/I? can be lifted to a surjection 0 : R[T]" — I. Let G be the free
abelian group on the set of pairs (I, w;) where I C R[T] is an ideal of height n such that
Spec(R[T]/I) is connected, I /1? is generated by n elements and wy : (R[T]/I)" — I/I?
is a local orientation of I. Let I C R[T]| be an ideal of height n and wr a local orientation
of I. Now [ can be decomposed uniquely as I = I;N- - -N1,, where the I;,s are ideals of
RI[T] of height n, pairwise comaximal, such that Spec(R[T"|/I}) is connected for each
k. Clearly wr induces local orientations wy, of I} for 1 < k < r. By (I,wy) we mean the
element (I, wy, ) of G. Let H be the subgroup of G generated by set of pairs (/,wy),
where [ is an ideal of R[T] of height n generated by n elements and w; is a global
orientation of I given by the set of generators of I. We define the Euler class group of
R[T], denoted by E(R[T]), tobe G/H.

Definition 2.21. (The Euler class of a projective R[T]-module) Let R be as in (2.20). Let
P be a projective R[T]-module of rank n with trivial determinant. Fix a trivialization
x : R[T] = A"(P). Let a : P — I be a surjection such that [ is an ideal of height n.
Note that, since P has trivial determinant and dim(R[T]/I) <1, P/IPisafree R[T]/I-
module. Composing o ® R[T]/I with an isomorphism v : (R[T]/I)" = P/IP with the
property A"(y) = x ® R[T]/I we get a local orientation, say wy, of I. Let e(P, x) be the
image in E(R[T]) of the element (/,w;) of G. (We say that (I, wr) is obtained from the
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pair (a, x)). It can be proved that the assignment sending the pair (P, x) to e(P, x) is
well defined (see [D 1, 4.6]). We define the Euler class of P to be e(P, x).

Theorem 2.22. [D 1] Let R be a Noetherian ring (containing Q) of dimension n > 3. Let
I C R[T) be an ideal of R[T) of height n such that I/1? is generated by n elements and wy be a
local orientation of I. Let P be a rank n projective R[T|-module with trivial determinant with
a trivialization x : R[T] ~ A"(P).

(a) Suppose that the image of (I, wr) is zero in E(R[T). Then wy is a global orientation of I.
(b) Suppose that e(P, x) = (I,wr) in E(R[T]). Then there exists a surjection o : P — I such
that wy is induced by o and x (as described above).

(c) P has a unimodular element if and only if e(P, x) = 0 in E(R[T]).

The following results will be very useful in subsequent sections.

Proposition 2.23. Let R be a ring of dimension n and let R,.; = R/n, where n denotes the nil
radical of R. Let L be a projective R-module of rank one.
(1) The groups E(R, L) and E(Ry.q, L ® Ryeq) are canonically isomorphic [B-RS 3, 4.6].
(2) Let Q C R. Then E(R,4[T]) and E(R[TY]) are canonically isomorphic [D 3, 2.15].

We now recall the definition of the weak Euler class group of a ring from [B-RS 3].
Definition 2.24. (The weak Euler class group Eo(R, L)): Let R be a ring of dimension
n > 2. Let G be the free abelian group on the set of all ideals n, where n is m-primary
for some maximal ideal m of height n such that there is a surjection F' — n/n%. Given
any ideal J of height n, we take the (irredundant) primary decomposition J = N;n;
and associate to J, the element ), n; of Gy. We denote this element by (J). Let Hy
be the subgroup of G generated by all (J) such that .J is a surjective image of F'. The
weak Euler class group of R with respect to L is defined as Ey(R, L) = Go/Hp.
Remark 2.25. It is clear from the above definitions that there is an obvious canonical
surjective group homomorphism ©y, : E(R,L) — Ey(R, L) which sends an element
(J,wy) of E(R,L) to (J) in Ey(R, L).

We shall need the following result on Ey(R, L).

Proposition 2.26. [B-RS 3, 6.2] Let R be a ring (containing Q) of even dimension n and
J C R be an ideal of height n. Then (J) = 0 in Ey(R, L) if and only if J is a surjective image
of a projective R-module of rank n which is stably isomorphic to L&OR™ 1.

Remark 2.27. It has been proved in [B-RS 3, Theorem 6.8] that the groups Ey(R, L) and
Ey(R, R) are canonically isomorphic. Therefore, from now on we shall simply denote
the weak Euler class group as Ey(R).
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3. THE MAIN RESULTS

We first recall the definitions and some basic properties of subintegral extensions.
The reader may refer to [Sw1] and [I] for further details.
Definition 3.1. An extension R — S of rings is called subintegral if: (1) it is integral, (2)
the induced map Spec(S) — Spec(R) is bijective, and (3) for each P € Spec(S) the
induced field extension R, /pR, — Sy3/B Sy is trivial, where p =P N R.

The following characterization of subintegral extensions is from [Sw1].

Lemma 3.2. R — S is subintegral if and only if S is integral over R and for any field F' and
any homomorphism ¢, the diagram

R

S
NS
F
can be filled in uniquely.

Definition 3.3. An extension of the form R < R[b] with b?,b® € R is subintegral. It is
called elementarily subintegral.
Remark 3.4. We record the following fundamental facts about subintegral extensions.

(1) R — S issubintegral if and only if S is the filtered union of subrings which can
be obtained from R by a finite number of elementarily subintegral extensions.

(2) If R is a reduced Noetherian ring then any subintegral extension of R is con-
tained in R, the integral closure of R in its total ring of fractions.

(3) Let R — S be an extension of rings and R < R’ be a faithfully flat extension.
Write ' = S ®g R'. Then R — S is subintegral if and only if R’ — S’ is
subintegral. (See [Sw1, Page 215] for details).

In [I] Ischebeck studied the behaviour of certain K -theoretical functors under subin-
tegral extensions. In particular, it is proved in [I, Proposition 6] that if R — S is a
(finite) subintegral extension, then the Chow groups C' H;(S) and C'H;(R) are isomor-
phic. Along the same line, in [G], Gubeladze’s object of study is the orbit space of
unimodular rows under the natural action of elementary matrices. This orbit space
carries a group structure (thanks to the work of Van der Kallen [VK1]), and as shown in
[B-RS 3], is intimately related to the Euler class group and the weak Euler class group.
Therefore, it is natural to ask the following questions.

Question 3.5. Let R — S be a subintegral extension of Noetherian rings with dim(R) =
n > 2. Let L be a projective R-module of rank one. Is E(R, L) ~ E(S,L ®r S)? Also,
is Eg(R, L) ~ Eo(S,L ® gS)?
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We have consciously decided to tackle the above questions in the case L = R first.
The proofs in this case are much more comprehensible as one is working with gener-
ators. We prove that E(R) is isomorphic to E(S). The general case for arbitrary L is
proved in (3.12). If the dimension of R is even, then we prove that Ey(R) is isomorphic
to Ey(S).

Before proceeding we need the following lemmas. These two lemmas must be well
known. However, due to the lack of an appropriate reference, we prove them here.

Lemma 3.6. Let R — S be a subintegral extension. Then R.g — Syeq is also subintegral.

Proof. We shall use (3.2). First of all, it is easy to check that Siq is integral over Ry qq.

Leti : R < Sand ¢ : Req < Sreq be the inclusion maps. Let 7 : R — Ryeq
and 7’ : S — Sieq be the natural surjections. Let F be a field and 0 : R,y — F be
any homomorphism. Then we have the composite ¢ = 7 : R — F. Since R — S
is subintegral, by (3.2) there exists a unique homomorphism © : S — F such that
Pi = O,

Now we define a map ¥ : Sieq — F by ¥([s]) = ¢(s). To see that ¥ is well defined,
let s € S be such that s” = 0 for some positive power r. Then ¢(s") = 0in F. Since F
is a field, ¥(s) = 0, implying that ¥([s]) = 0.

It is quite clear that the diagram:

il

Rred
0
v
F

is commutative. Uniqueness of ¥ can be easily checked using the uniqueness of ). [

Sred

Lemma 3.7. Let R — S be an elementarily subintegral extension. Let C be the conductor
ideal of Rin S. Then (R/C)req = (S/C)yred-

Proof. Let R — R[b] with b, b3 € R, be an elementarily subintegral extension. Let K =
V/C, radical of C in R[b]. Then it follows that (R[b]/C)eqa = R[b)/K and (R/C)yeq =
R/K N R. Now we will show that R[b]/K = R/K N R. Note that b € K. Therefore,
R[b]/K = R+ Rb/K = R+ K/K = R/K N R. 0
The following remark ensures that for a subintegral extension R — S, there are
natural maps from E(R) to E(S) and from Ey(R) to Ey(.5).
Remark 3.8. Let R — S be a subintegral extension and let dim(R) = n. Then dim(S) =
n. The definition of a subintegral extension asserts that the inclusion i : R — S induces
a bijection i* : Spec(S) — Spec(R). As S is integral over R, the going up theorem
holds for this extension. As R, S are both Noetherian, this implies that * is a closed
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map. But since ¢* is bijective, it is therefore an open map and as a consequence, the
going down theorem also holds for this extension. As S is integral over R, the lying
over theorem is already there. These two theorems imply that for an ideal I of R, we
have ht(/) = ht(IS). It now follows from [M-Y2, 3.3] that there is a morphism from
E(R) to E(S) (see also (2.16) above). However, we give the details for the reader. Let
(I,wr) be a pair, where I is an ideal of R of height n and w; : (R/I)" — I/I?is a
local orientation of I. Then by the above discussion, we have ht(/.S) = n. Although
S may not be flat over R, note that the local orientation w; induces a local orientation
wi : (S/IS)™ — IS/(I1S)? of IS in a natural way. Clearly, if wy is a global orientation,
then so is wj. Thus we have a canonical morphism ¢ : E(R) — E(S) which maps
(I,wr) to (IS,w7). Itis now easy to observe from the above discussion that there is also
a canonical morphism @, : Ey(R) — Ey(S) which sends (1) to (1.5).
To answer the question raised at the beginning, we first prove the following result.

Theorem 3.9. Let R be a Noetherian ring of dimension n > 2. Let R — S be a finite subinte-
gral extension. Then the induced homomorphism ® : E(R) — E(S) is an isomorphism.

Proof. By (3.6) the extension Ryoq < Sred is subintegral. We know that E(R) ~ E(Ryeq)
and E(S) ~ E(Sreq) by (2.23), and therefore without loss of generality we assume
that R, S are both reduced. Further, we may assume that the extension R — S is
elementarily subintegral. From (3.7), we have (R/C)ieq = (5/C)red, Where C'is the
conductor of R in S. Since the extension R < S is finite and R, S are both reduced
rings with the same total ring of fractions, it follows that ht(C') > 1.
Step 1. In this step we prove that the induced map @ : E(R) — E(S) is injective.

Let (/,wr) € E(R) such that (IS,w}) = 0in E(S). Here I C R is an ideal of height
n and wy is a local orientation of I represented by, say, I = (a1, ,a,) + 1 2. To prove
that (/,w;) = 0in E(R), we have to find vy,--- , v, such that I = (vy,---,v,) with
vi—a; € *fori=1,---,n.

Since (IS,w7) = 0in E(S), there exist a1, - -+ , o, € IS such that IS = (aq, -, ay)
where a; — o; € (IS)2.

Since (a1, -+ ,a,)+1? =1, applying the moving lemma (2.11), we can find by, - - - , b, €
I and an ideal I’ of R such that

(1) INT = (b, ,by) witha; — b; € I%.
@) I'+INC=R.
(3) ht(I') > n.
If ht(I") > n, then I’ = R and we are done by (1). Therefore we assume that ht(I") =
n. Now consider the equation IS N I'S = (by,--- ,b,) in S. On the other hand we
have IS = (a1, -+ ,ay) such that a; — a; € (IS)?. Therefore, a; — b; € I?S. Using
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the subtraction principle (2.13), we have 1, , 8, € I'S such that I'S = (81, -+ , B)
with 8 — b; € (I'S)>.

AsI'+C = R,wehave I'® S/C ~ S/C. Further note that the image of I’ in R/C'is
R/C and the image of I'S in S/C is S/C. This implies that (81, -, 3,) € Um,(S/C)
where bar denotes modulo C'in S. Therefore, (31, - - , 8n) € Um,((S/C)req). Note that
we have (R/C)red = (S/C)red- As the canonical map : Um,,(R/C) — Um,,((R/C)red)
is surjective, there are elements f1,--- , f,, € R such that (fy,--- ,}';) € Um,(R/C)

(where tilde denotes reduction modulo C in R). Moreover, for eachi € {1,--- ,n}, we
have f; — 8; € n(S/C), where n(S/C) is the nil-radical of S/C.
Now we have two unimodular rows (51, -- ,,) and (f1,--- , fn) in S/C such that

fi — Bi € n(S/C). Therefore, by [MK-M-R, 2.3], there exists a transvection & of (S/C)"
such that (31, ,B8n)o = (f1, -+, fn). By (2.7), & can be lifted to an automorphism o
of S™ such that ¢ = Id modulo I'S. Let (81, ,8:)0 = (91, - , gn)- Then we have
Gt ,9n) = By, ,Bn)7 = (f1, -+, fn) in S/C. Therefore f; — g; € C. Since f; € R,
we have g; € R.

We now claim that I’ = (g1,--- ,g,) and g; — b; € I"°.

Proof of the claim : We first note that as I’ is comaximal with C' and C' is the conductor
ideal, we have I'SNC = (I'S)C = I'C = I' " C. Further, S/I'S = (I'S + C)/I'S ~
c/I'snc)=cCc/(I'NnC)~(I'"+C)/I'=R/I'. Therefore, 'SNR=1T".

It now follows from above that (g1, - ,9,) C I'. As 0 = Id modulo I'S, it is easy
to see that g; — b; € I’SN R = I'%. As (]71, e ,f,;) € Um,(R/C)and f; — g; € C, it
follows that (g1, - ,gn) + C' = R. Recall that we also have I'S = (g1, -+ , gn)S.

Let m be any maximal ideal of R. If C C m, then I'Ry, = Ry = (91, , gn)Rm. On
the other hand, if C ¢ m, then R, = T-'R = T~1S, where T = R ~ m (this is true
because for any ¢t € C, R; = S;). In this case,

I'Ra=IT'R=IT"'S= (91, ,92)T 'S = (91, , gn) Rm-

Therefore, I' = (g1, - - , gn) With g; — b; € I'*. This proves the claim.

Wehave: (i) INI' = (by,--- ,by), (i) I' = (91, - , gn) With g; — b; € I'>. We can now
apply the subtraction principle (2.13) to obtain vy, - - - ,v, € I such thatl = (vy,--- ,vy)
with v; —b; € I2. As a; — b; € I?, it follows that v; — a; € I?. This proves that (I, w;) = 0
in E(R) and that @ is injective.

Step 2. In this step we show that ® : E(R) — E(S) is surjective.

Let (I,ws) € E(S). Suppose that wy is induced by : I = (f1,--+ , fn) + J2 By using

the moving lemma (2.11), we can find g1, - - , g, € [ and an ideal K C S such that

(a) (917"' 7gn):ImKWheregi_fi€IQ
(b) K +1INC = S whereht(K) > n.
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If ht(K) > n, then K = Sand I = (g1, - ,gn) implying that (/,w;) = 0 in E(S)
and there is nothing to prove. Therefore we assume that ht(K) = n. Let wk be the
local orientation induced by g1, - - - , gn. Then from (a) we have (I, wr) + (K,wg) = 0in
E(S). In order to prove that (/,wy) has a preimage in E(R) it is enough to prove that
(K,wgk) has a preimage.

Let KNR=J. As K+ C = S,wehave J + C = R, and hence there exists ¢ € C
such that/ = 1 — ¢ € J. We can assume that ht(/) = 1. (If ht(/) = 0, choose I’ € .J such
that I’ does not belong to any minimal prime ideal of R. Then ht(l + " — lI') = 1. Now
1-DA=V)=1—-1-VU+4U. Ifwewritel” =1+1'—1l', thenwehavel — " € C
and ht(!”) = 1 and we can work with {"”). Since ¢ € C, we have R. = S.. Therefore
R/(1 —¢) =5/(1 —c¢)and R — S is an analytic isomorphism along [ € J. Therefore
using [N, 1.3], we have

(c) R/J~S/K.

d) K=JS

(e) Asl € J,wehave J/J? ~ K/K?2.
Note that we have K = (g1, -+ ,g,) + K2. As J/J? ~ K/K?, corresponding to this

set of generators of K/K? we have a set of generators of J/J?. Calling them ay,--- ,a,,
we have J = (a1, -- ,a,) + J2. Let wy be the associated local orientation of .J. Then
(J,wy) € E(R) and clearly ®((J,wy)) = (K, wk). O

To extend the above theorem to all subintegral extensions we first prove that the
Euler class group commutes with direct limit in the following sense. Let S be a Noe-
therian ring such that S is the filtered direct limit of a direct system of Noetherian
subrings {S,, 113} indexed by Q. Here, for « < 3 the map pqg : Sa — Sg is the
inclusion map and for each o € Q, let i, : S — S be the inclusion. Assume that the
following conditions hold: (1) dim(S5) = n = dim(S,) for each a € €2, and (2) for any
ideal I, C S, with ht(I,) = n and u(I,/12) = n, one has ht(1,S3) > n for a < 88
and ht(1,S) > n. It is now easy to see that for all a, 5 € Q, the map pap : Soa — Sp
induces 6,5 : E(So) — E(Sg) and 1o : So — Sinduces ¢, : E(S,) — E(S) so that
{E(S4), 043} is a direct system of groups and ¢36,3 = ¢o. Then we show below that
the Euler class group E(S) is isomorphic to the direct limit {hﬂ E(Sa),04}. A situation
as above will occur when, for example, the ring morphisms are all flat extensions (see
(2.16)). In (3.11) we shall soon encounter another set up where it takes place naturally.

Theorem 3.10. With notations as above, E(S) = E(hg Sa) = lim F(Sa).

Proof. As for each «a there is a group homomorphism ¢, : E(S,) — E(S) with
¢8bap = ¢a, by the properties of direct limit there is a group homomorphism ) :
lim E(Sy) — E(S). We prove that ¢ is an isomorphism.
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An element x of li%mE(Sa) is of the form z = 6,(x,) for some o € Q and z, €
E(Sy). Let x4 = (Jo,wa) € E(Sa), where J, is an ideal of S, of height n and w,
is a local orientation of J, induced by, say, J, = (ai,- - ,a,) + J2. Assume that
Y(z) = 0in E(S). This implies that ¢ ((Ja,wa)) = (JoS,w}) = 0in E(S), where w},
is the local orientation of J,.S induced by w,. Applying (2.18) we obtain by,--- ,b, €
JoS such that J,S = (by,--- ,b,) with b; —a; = \; € J2S. Since S is the filtered
direct limit of the subrings S,, it is easy to see that there exists § € 2 such that
at, - Qp, b1, bp, Al -, Ay € Sg. Now there is v € €2 such that S, — S, and
Sg — S,. It follows that in S, we have J,Sy = (b1, - ,b,) with b; —a; = \; € JgSV.
This implies that (J,.S,,w}) = 0 in E(S,) and therefore z = 0 in ligE(Sa), proving
that ¢ : @E(Sa) — E(S) is injective.

Next we prove that v is surjective. Let (I,w) € E(S). Then I is an ideal of S
of height n and w is a local orientation of I induced by, say, I = (f1,--,f.) + I
Then by (2.10), there exists e € I such that I = (f1,---, fn,e) where e(1 —e) €
(f1,--+, fn). Suppose that e(1 —e) = kifi1 + ---knfn where k; € S. Since S is the
filtered direct limit of the subrings S,, it is easy to see that there exits & € € such
that f1,---, fo,e, k1, ,kn € So. Let I' = (f1,- -+, fn,€)Sa. Then I' = (f1,--- , fn,e —
kifi— - —knfn) = (f1, -+, fn,€?) implying that I’ = (f1,-- -, fn)+1". If ' denotes the
local orientation of I’ induced by this set of generators of I'/I"?, then (I’,w') € E(S,).
Then clearly ¢, ((I',w’)) = (I,w) and it proves that ¢ (0, ((I',«w’))) = (I,w), implying
the surjectivity of . O

Corollary 3.11. Let R be a Noetherian ring of dimension n > 2. Let R — S be any subintegral
extension. Then the induced homomorphism ® : E(R) — E(S) is an isomorphism.

Proof. Recall that S is the filtered union of subrings S, where each S, is obtained from
R by a finite sequence of elementarily subintegral extensions. This means that given
two subrings S, S of the above type, there is a subring S, of the above type such that
R— Sy — Syand R — Sg — S,. Let S = UneqSa-

For elements o, 3 € ) define o < 3 to mean S, C Sz and let y105 : So < Sg be the
inclusion map. Then S is the filtered direct limit of {S, }ncq, ie.,

S = lim S,
aefl

For o < B(e€ Q) we have a group homomorphism 6,5 : E(S,) — E(S3) induced
by the inclusion map S, < Sg. Note that S, < S is subintegral.

We then have the direct limit lim £ (Sa) of the direct system of groups {E(Sq) }aca
and group homomorphisms 6, : E(S,) — lim £ (Sa)-

By (3.10), E(S) = E(hﬂ Sa) ligE(Sa). Since by (3.9), E(R) ~ E(S,) for each «, it
follows that E(R) ~ E(S). O
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We now proceed to prove that if R — S is subintegral, then F(R, L) is isomorphic to
E(S,L ®r S), where L is a projective R-module of rank one. Again we need to ensure
that there is a natural morphism from ® : E(R,L) — E(S,L ®g S). As for any ideal
J C R of height n, by (3.8) we have ht(JS) = n, the existence of ® is ensured by [M-Y2,
3.3]. However, we present the explicit description of ® below for the convenience of
the reader.

We write F' = L & R"!. Let J be any ideal of R of height n and w; : F/JF — J/.J?
be any surjection. Tensoring with S/.J.S over R/J we obtain the induced surjection

_  (F®grhs) N (J®rS)
Y TS(ForS) | JS(T®RS)

Now composing w; with the surjective map f induced by the natural surjection f :
J ®gr S — JS we obtain a local orientation of J.S. We call it w¥. Thus

. (F®rS) & (JORS) I Js
T JS(ForS)  JS(J®rS)  J2S

Note that if w; can be lifted to a surjection 6 : F' — J, then so can be w?. Therefore, we
have a well defined group homomorphism ¢ : E(R, L) — E(S, L ®p S) which takes
an element (J,wy) of E(R, L) to (JS,wY) of E(S,L ®g S).

We now prove the following theorem. We shall not give a detailed proof as itis along
the same line as the last two theorems. We shall only highlight the crucial deviations.

Theorem 3.12. Let R — S be a subintegral extension and L be a projective R-module of rank
one. Then the map ® : E(R,L) — E(S,L ®gr S), described above, is an isomorphism.

Proof. As the direct limit argument of (3.11) works in this case too, we may assume that
S is obtained from R by a finite number of subintegral extensions. Therefore, as before,
we may assume that R, S are both reduced and R — S is elementarily subintegral. If
C'is the conductor of R in S, then ht(C) > 1 and (R/C)eq = (5/C)red-

Let (J,wy) € E(R,L) be such that (JS,w}) = 0in E(S,L ®g S). Applying the
moving lemma (2.11) and the subtraction principle (2.13), we may assume that J +C =
R. As (JS,w%) = 0in E(S,L ®@r S), there exists a surjection 3’ : F @z S — JS
such that ' lifts w%. As JS + C = S, it follows that 3" = ' ®g S/C € Um((F ®r
S/C)*). Now " will induce a unimodular element of (F ®p (5/C)q)* and also, as
(R/C)ed = (S/C)req, @ unimodular element of (F ®@p (R/C)eq)*. We lift the latter one
to d € Um((F ®g R/C)*). Now note that 0 ® p/S/C and 3" are the same modulo the
nil radical of S/C. Therefore, applying (2.6), we obtain & € £(F ®pr S/C) such that
d® r/cS/C = Ba. Applying (2.7) we can lift & to an automorphism o of F'® S such
that ¢ = id modulo JS.



18 MRINAL KANTI DAS AND MD. ALI ZINNA

Write § = f'o. Then f : F®rS — JS and f lifts w¥ (as o is identity modulo
JS). As J+ C = R, we have J® S ~ JS (see (2.8)), and J® rR/C ~ R/C, and
J® rS/C ~ S/C. Up to these identifications, the following diagram is Cartesian

J J@S~JS
(R/C) (5/C)
As 3 and ¢ agree over S/C, they will patch to yield a surjection o : F' — J. Here is
the patching diagram:
F F&®S
\ X
J L J®S~JS
FoR/C FeS/C

R/C S/C
Identifying J ® rS with JS and using the isomorphism S/.JS ~ R/J, we have:

@ (R/J) =a®(5/J8) = (0@ 8) @ (S/J5) =
B&(S)JS) =wy @ (S/JS) =ws @ (R)J) = wy.
S R/J R/J

Thus « lifts wy, implying that (J,w;) = 0in E(R, L). This proves that ® is injective.
The proof that ® is surjective is similar to the proof in Step 2 of (3.9). O
Applying the above theorem we have the following corollaries.

Corollary 3.13. Let R be a ring of dimension n > 2 and T (R,.;) be the seminormalization of
Ryeq. Let L be a projective R-module of rank one and write L = L&+ (Ryeq). Then E(R, L) ~
E(+(Rred)a L)'

Proof. Recall that if A is a reduced ring then its seminormalization is the subintegral
closure of A in its total ring of fractions.
Here we have E(R, L) ~ E(Ryeq, L ® Ryeq) by (2.23), and the group E(Ryedq, L ® Ryed)
is isomorphic to E(*(Ryeq), L) by (3.12). O
The (unstated) result of Bhatwadekar from [B 1], as mentioned in the introduction,
can now be deduced (although we have the restriction that Q C R).
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Corollary 3.14. Let R — S be a subintegral extension of Q-algebras with dim(R) = n > 2.
Let P be a projective R-module of rank n. Then P has a unimodular element if and only if the
projective S-module P @p S has a unimodular element.

Remark 3.15. The above corollary is also true if we take S = T(Ryq). Further, if
dim(R) = 2, then we do not need the assumption that Q C R (see (2.19)).

Adapting the same method as above, one can similarly prove the following result.
The reader may also note that by (3.4), as R[T] is faithfully flat over R, the extension
R — S is subintegral if and only if so is the extension R[T| — S[T].

Theorem 3.16. Let R be a ring (containing Q) of dimension n > 3. Let R — S be a
subintegral extension. Then E(R[T]) ~ E(S[T]). In particular, if R is reduced and if S
is the seminormalization of R, then E(R[T]) ~ E(S[T]). Therefore, for an arbitrary R, the
groups E(R[T]) and E(*(Ryeq)[T)) are isomorphic.

Proof. Instead of writing the whole proof, we just work out one key step. The rest can
be easily worked out. We can assume that the rings are reduced and the extension R —
S is elementarily subintegral. Let C' be the conductor of R in S. We have ht(C) > 1.

Let I = (fi,--+,fn) + I?. We just show how to ‘move away’ from I to obtain a
suitable residual ideal I’ of height n so that I’ is comaximal with both I and C[T']. Let
J =1*>NC C R. Then ht(J) > 1. Let b € J be such that ht(b) = 1. Let bar denote
reduction modulo (b). We have, T = (at, -+ ,a@) + I in R[T]. As dim(R) < n — 1,
it follows from (2.12) that there exist g1,--- ,g, € I such that I = (g1, ,9»), where
Gi — fi € I°. Therefore, I = (g1, , gn,b) such that g; = f; € I?. One can now apply
(2.9) and (2.10) to find an ideal I’ such that (possibly after some renaming the g;’s): (1)
INI'= (g1, ,9n), Q'+ INC[T] = R[T], B) ht(I") = n.

Note that I" = (g1, ,gn) + I’*. One can work with I’ and apply the subtraction
principle [D 1, 4.3] at appropriate places to prove the results. O

Remark 3.17. In our forthcoming paper [D-Z], we have been able to define E(R[T], L),
where L is a line bundle over R[T], and prove results analogous to [D 1]. Further, in
[D-Z] we prove that if R < S is subintegral then E(R[T], L) ~ E(S[T], L ® S[T]).

Let R be a ring of dimension n > 2. Given a pair (J,ws), where J C R is an ideal
of height > 2 and w; : (R/J)™ — J/J? a surjection, the Segre class s(J,w,) has been
defined in [D-RS] in the following way:

Suppose that w; induces J = (a1, ,a,) + J2. Applying a variant of the moving
lemma [D-RS, 2.7], we can find ¢, -+ ,¢, € J such that (¢1, -+ ,¢,) = J N J; where
htJ; > n, J1 +J = Rand ¢; = a; modulo J2. If J; is a proper ideal then J; =
(c1, -+ ,cn) + J? and it induces a local orientation wy, : (R/J1)" — Ji/J?. The Segre
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class of the pair (J,wy) is defined as: s(J,wy) = —(J1,wy,) € E(R). If J1 = R then
J = (c1,- -+, cy) and the Segre class is defined to be zero. It is proved that the definition
of the Segre class does not depend on the choice of .J;. Further, when ht(J) = n, the
Segre class coincides with the Euler class of (/,ws). We now recall the following result
on Segre classes.

Theorem 3.18. [D-RS, 3.3] Let R be a ring of dimension n > 2. Let J C R be an ideal of
height > 2 and wy : (R/J)" — J/J? be a surjection. Suppose that s(J,w;) = 0 in E(R).
Then w can be lifted to a surjection 6 : R™ — J.

We now have

Theorem 3.19. Let R be a ring of dimension n > 2 and R — S be a subintegral extension.
Let J C R be an ideal of height > 2 and wy : (R/J)™ — J/J? be a surjection. Assume that
the induced surjection w* : (S/JS)" — JS/JS has a lift to a surjection 6 : S™ — JS. Then
w,y can be lifted to a surjection o : R™ — J.

Proof. The hypothesis tells that the Segre class s(J.S,w?) = 0in E(S). It is now obvious
from the definition of the Segre class and (3.11) that s(J,w;) = 0 in E(R). Therefore,
by the above theorem, w; can be lifted to a surjection 6 : R™ — J. O

We now mention another immediate consequence of (3.11). We need to recall some
generalities from [B-RS 3, Section 7]. Let A be a ring of dimension 2. Let IA(BSp(A) be
the set of isometry classes of (P, s), where P is a projective A-module of rank 2 and
s : P x P — A anon-degenerate skew-symmetric bilinear form. In [B-RS 3], a group
structure is defined on KSp(A), where the pair (A2, h) plays the role of the identity
element, where h is the unique (up to isometry) non-degenerate alternating form on
A?. Tt is then remarked that this group coincides with the usual notion of If(voSp(A).
Further, itis proved in [B-RS 3, 7.2] that KoSp(A) is isomorphic to the Euler class group
E(A).

Corollary 3.20. Let R — S be a subintegral extension with dim(R) = 2 = dim(S). Then the
groups KoSp(R) and KoSp(S) are isomorphic.

Proof. We have KoSp(R) ~ E(R) and KoSp(S) ~ E(S), the result is obvious from
(3.11). O

We now consider the weak Euler class groups. We shall first prove the invariance
of the weak Euler class group under finite subintegral extension (for even dimensional
rings) and then generalize it to arbitrary subintegral extension by a direct limit argu-
ment. Before proceeding we first clarify a notation.
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Remark 3.21. Let R be a ring of dimension n and take (/,w;) € E(R). Letu € R be a
unit modulo /. By uw; we mean the local orientation obtained from the composition

(R/D)" 2 (R/T)" 5 1/ 12,

where § € GL,,(R/I) has determinant w (here "bar” means modulo 7). It follows from
[B 2, 2.2] that if w; and wo are two local orientations of I, then there exists v € R such
that v is a unit modulo I and wy = Tw;.

Theorem 3.22. Let R be a ring (containing Q) with dim(R) = n, where n is even. Let R — S
be a finite subintegral extension. Then Eo(R) ~ Ey(S).

Proof. Let ®y : Ey(R) — Ey(S) be the group homomorphism induced by the inclu-
sion R < S. We have already proved that there is an isomorphism ® : E(R) —
E(S). Recall that there are canonical surjective morphisms ¢ : E(R) — Eyp(R) and
' o E(S) - Ey(S). Furthermore, ¢/'® = ®¢1. Therefore it easily follows that @ is
surjective. Note that this is true even if we do not assume that n is even.

We may assume that R is reduced. Let C' be the conductor of Rin S. Then ht(C) > 1.
To prove that @ is injective, let (I) € Ey(R) be such that ®¢(()) = (I.5) = 0in Ey(S5).
Let w be any local orientation of I and w* be the local orientation of 1.5 induced by
w. Then (I,w) € E(R), (IS,w*) € E(S) and ¢((I,w)) = (I), ¥'((IS,w*)) = (IS5).
Applying moving lemma (2.11) we can find (J,w;) € E(R) such that (I,w)+(J,wy) =0
in E(R) and J+1NC = R. Then (JS) = 0in Ey(S) and if we can prove that (J) = 0in
Ey(R) then it implies that (I) = 0 in Ey(R). Therefore, without any loss of generality
we may assume that I is comaximal with C. Consequently, S/I.S ~ R/I. We will need
this information in the latter part.

Since (1.S) = 0in Ey(S), by (2.26) there exists a stably free S-module P’ of rank n
together with an isomorphism ' : S = A"P’ such that e(P’, ') = (IS,w ® S) in E(S).

As P’ is a stably free S-module of rank n = dim(S), there is a unimodular row
(ap, a1, -+ ,an) € Umy41(S) corresponding to P'. It is an easy exercise (for a solution
see the proof of (6.1), last paragraph) to show that there is a stably free R-module P
of rank n such that P ® S ~ P’. Let x : R = A™P be an isomorphism. Consider the
Euler class e(P @ S,x ® S) = e(P',x ® S). Now X’ and x ® S differ by a unit of S,
say, u. Therefore, e(P ® S,x ® S) = (IS,uw) in E(S). As S/IS ~ R/I, the image
of w in S/IS has a lift to v € (R/I)* (where bar denotes reduction modulo 7). We
then have ®(e(P,x)) = e(P® S,x ® §) = (IS,uw) = (IS,uw). On the other hand,
O((I,7w)) = (IS, uw). As ® is injective, it follows that e(P, x) = (I, vw). By (2.18) there
is a surjection o : P — I. As P is stably free, it follows from (2.26) that (I) = 0 in
Ey(R). This proves that ®( : Ey(R) — Ey(S) is injective and completes the proof. [
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Remark 3.23.If dim(R) = 2, we do not need to assume that Q C R in the above
theorem.

We now prove that the weak Euler class group also commutes with direct limit. Let
S be a Noetherian ring which is the filtered direct limit of a direct system of Noetherian
subrings {S,, 115} and the set up be exactly as in (3.10). Then it is easy to see that the
weak Euler class groups form a direct system {FEy(S,), fas}. Let {hg Eo(Sa), fo} be
its direct limit. For each a € 2, we also have group homomorphism h, : Ey(S,) —
Ey(S) induced by the inclusion y, : So — S with the property that hgf,s = hq for
a < 3. We prove below that Ey(S) is isomorphic to hﬂE@(Sa). Note that we do not
put any restriction on the dimension of the ring.

Theorem 3.24. With notations as above, Ey(S) = Eo(ligq Sa) = lim Ey(Sa)-

Proof. In this proof we shall apply (3.10) and freely use the notations from there.

As for each « there is a group homomorphism h,, : Eg(Sa) — Eo(S) with hgfas =
he for oo < 3, by the properties of direct limit there is a map g : lim Ey(Sa) — Eo(S5).
We prove that g is an isomorphism.

By (2.25) there is a canonical surjective morphism E(S,) — Ey(S,) for each a € Q.
They will induce a surjection ® : lim E(Sy) — lim Ey(Sy). We also have a canonical
surjection ¥ : E(S) — Ep(S). We then have the following commutative diagram.

lim E(S.) E(S)
@l l\l/
limg Eo(Sa) — Ey(S)

Therefore, g is surjective. To prove that g is injective, note that an element « of
@EO(SQ) is of the form x = f,(z,) for some a € Q and x,, € Ey(Sy). Let z, = (J,) €
Ey(Sa), where J, is an ideal of S, of height n. Assume that g(x) = 0 in Ey(S). This
implies that 7, ((Ja)) = (JoS) = 0in Ep(5).

Let (Jo,wa) € E(S,) be a preimage of (J,). By a slight abuse of notations let us view
(Jo,wq) as an element of hﬂE(Sa) and write ¢¥((Ja,wa)) = (JoS,w}), where w}, is
induced by w,. By the commutativity of the above diagram, ¥((J,5,w})) = (JoS) =0
in Ey(S). Applying [B-RS 2, 3.3] (which works for a commutative Noetherian ring) it

follows that
k !

(JaS’WZ) + Z(Ii>wi) = Z (Ij’wj)

i=1 j=k+1

in E(S), where each of I, - - - , I} is generated by n elements.
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We now want to lift the above equation in lim £ (Sa). Let us describe the process
with one element, say, (I;,w;). Let I1 = (a1, --,a,) and let w denote the global
orientation of I; induced by these generators. Then by (3.21), (I1,w1) = (I1,uw)
for some v € S which is unit modulo I;. There exists v € S such that uwv — 1 =
aiby + -+ + apb,. As S is the filtered direct limit of {S,}acq, We can find some
B1 € Qsuch that ay,--- ,an,b1--- ,bp,u,v € Sg,. Let Ky = (a1,--- ,a,)Ss, and let o
denote the global orientation of K; induced by these generators. Composing o with an
automorphism of (Sg, /K1)" with determinant « modulo K we get a local orientation,
say, o1 of K. Itis then clear that ¢g, (K1,01)) = ({1, w1).

Applying the above process for each of Iy, --- , I; we can find a suitable 5 € {2 and
elements (K;,0;) € E(Sg), 1 < i < [ such that ¢g((Ki,04)) = (I;,w;) for each i.
Moreover, applying (3.10) it is easy to see that the following equation holds in E(Sg).

k l
(Ja55,wa®55)+Z(Ki,O‘i) = Z (Kjvaj)
i=1 j=k+1

As each K; is generated by n elements, it follows that (J,.Sg) = 0in Ey(Ss) and as a
consequence, z = 0 in hﬂ Ey(Sy). O

Corollary 3.25. Let R be a ring (containing Q) with dim(R) = n, where n is even. Let R — S
be a subintegral extension. Then Ey(R) ~ Ey(S5).

Proof. The proof is along the same line as in (3.11) and is obtained by using (3.22) and
(3.24). O
Remark 3.26. Similarly one can prove that if R < S is a subintegral extension of even
dimensional Q-algebras, then Ey(R[T]) ~ Ey(S[T]).

Remark 3.27. Let R — S be a subintegral extension of even dimensional rings and L
be a projective R-module of rank one. By (2.27) we know that the weak Euler class
group does not depend on L. Therefore, applying (2.27) and (3.25) above, we have
Eo(R,L) ~ Ey(R) ~ Ey(S) ~ Ep(S, L ® S).

When dim(R) is not necessarily even, we have the following affirmative result.
Recall that for a module M, the notation p(M) stands for the minimal number of
generators of M.

Theorem 3.28. Let R be an affine algebra over a C-field k of characteristic zero and R — S
be a subintegral extension with dim(R) = n > 2. Then Ey(R) ~ Ey(S). In particular, if J is
an ideal of R of height n such that j1(J/J?) = n, then u(J) = n if and only if u(JS) = n.

Proof. For any affine algebra of dimension n > 2 over a C-field of characteristic zero,
the Euler class group is isomorphic to the weak Euler class group. A proof for n > 3
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is given in [D 2, 5.2], whereas the case n = 2 can be worked out easily. Therefore, we
have E(R) ~ Ey(R) and E(S) ~ Ey(S) and the first assertion follows from (3.11).

To prove the second part, let J C R be an ideal of height n. If J is generated by n
elements, then obviously so is J.S.

Conversely, let ;(J/J?) = n and suppose it is given that u(JS) = n. Let wy :
(R/J)* — J/J? be any surjection and let w¥ : (S/JS)" — JS/J%S be the surjection
induced by w;. As E(S) ~ Ey(S), we have (JS,w}) = 0in E(S) and therefore by
(3.11), (J,wy) = 0in E(R) and J is generated by n elements. O

We conclude this section with the following set of questions.

Question 3.29. Let R — S be a subintegral extension.

(1) Can one extend (3.25) to arbitrary dimension?

(2) Let dim(R) = d and n be an integer such that 2n > d + 3. Are the n-th Euler
class groups E"(R) and E™(S) isomorphic? (For the definition of the n-th Euler
class group, see [B-RS 4])

4. INTEGRAL EXTENSIONS

The aim of this short section is to explore what happens when R — S is an integral
extension. We shall give an example to show that even if R < § is a finite birational
extension, E/(R) may not be isomorphic to F(S). Before giving this example, we
engage ourselves in a more delicate investigation and prove a result which general-
izes (3.11) and improves the understanding further. This entire section emerged from
Bhatwadekar’s ideas, which he communicated to us after seeing an earlier version of
the paper. We have only checked the details. Once again, we thank him most sincerely.

First, to ensure that there is a group homomorphism from E(R) to E(S) when R —

S is integral, we need to prove some generalities on the Euler class group. In fact we
define a group which is very similar to the Euler class group.
Definition 4.1. Let A be a Noetherian ring of dimension n > 2. Let G be the free abelian
group on the pairs (J,wy), where: (1) J is an m-primary ideal for some maximal ideal m
of A (not necessarily of height n), (2) wy is an SL,(A/J)-equivalence class of surjections
from (A/J)" — J/J? (i.e., a local orientation of J). Given any zero dimensional ideal I of
A and a surjection wy : (A/I)™ — I/I?, one can associate an element of G in an obvious
manner; we call it (/,wr). Let H be the subgroup of G generated by all elements of the
type (I,wr) where dim(A/I) = 0 and w; can be lifted to a surjection from A" to I. We
define E(A) = G/H.

One can follow the theory of Euler class groups as developed in [B-RS 3] and adapt-
ing similar methods can prove the following assertion: Let .J be a zero dimensional ideal
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of A and w; be a local orientation of J. Then (J,wy;) = 0 in E(A) if and only if wy can be
lifted to a surjection o : A" — J. One has to modify the “addition” and “subtraction”
principles suitably (we skip the details here). As the reader may have suspected by
now, the group defined above is indeed isomorphic to the Euler class group.

Proposition 4.2. Let A be a Noetherian ring of dimension n > 2. The canonical map from
E(A) to E(A) is an isomorphism.

Proof. It is obvious that there is a canonical map, say, ¢ : E(4) — E(A), which
takes an element (J,wy) of E(A) to (J,wy) in E(A). It is also clear that 6 is a group
homomorphism.

We now define a map in the reverse direction. Let J C A be an ideal such that
dim(A/J) = 0 and let w; be a local orientation of J given by: J = (ay,--- ,a,) + J>.
By (2.10) there is e € J? such that J = (ay,--- ,an,e), where e(1 — e) € (ay,- - ,ay).
Using a standard general position argument (see [D-RS, 2.4]) it follows that there are
elementsy,--- ,v, € Asuchthattheideal I = (a1+m1€,- - , an+7ne) has the property
that ht (I.) > n. Note that I + (¢) = J and (e) C J2. Applying (2.10) we see that there
is an ideal J’ such that

(al"‘Vl@a"' 7an+7n€):=]m=]/

where J' + (e) = A. Now it is easy to deduce that ht(J’) > n. The case when
J' = A being trivial, we assume that ht (J’) = n. Let us write b; = a; + 7;e. Clearly
bi, -+ ,by induce wy. Let wy be the local orientation of J’ induced by by, --- ,b,. We
then have (J,w;) + (J',wy) = 0 in E(A). One can repeat the above procedure for
J' and wy to obtain an ideal J” of height n and a local orientation w;» such that
(J',wyr) + (J",wym) = 0in E(A). Therefore, (J,wy) = (J",wy») in E(A).

We define ) : E(A) — E(A) by sending (J,w) to (J”,w ) in E(A). It can be easily
checked that 7 is well-defined. Clearly 7 is a group homomorphism. Further, 6 and n
are inverses of each other. O
Remark 4.3. Clearly E(A) ~ E(Awq)-

We now assume that R < S is an integral extension with dim(R) = n > 2. Let
(J,wy) € E(R), where dim(R/J) = 0and wy : (R/J)" — J/J? is a local orientation of
J. As R — S is integral, we have dim(S/JS) = 0. Further, w; induces w? : (S/JS)" —
JS/(JS)?, alocal orientation of JS. Therefore, (JS,w?) € E(S). Tt is now easy to see
that there is a group homomorphism, say, ® : E(R) — E(S), which takes (J,w) to
(JS,wY). Using (4.2), we have a group homomorphism from E(R) to E(S).

We now prove the following theorem which improves (3.11).
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Theorem 4.4. Let R — S be an integral extension such that the extension R,y — Syeq 15
birational. Then the map ® : E’(R) — E(S) is surjective. Further, if Ry — Syeq i5 4
subintegral extension, then ® is an isomorphism.

Proof. We first show that it is enough to prove the result when R < S'is a finite exten-
sion. To see this, let (I,w) € E(S). Then I is an ideal of S with dim(S/I) = 0 and wis a
local orientation of I induced by, say, I = (f1,-- , fn) + I2. Then by (2.10), there exists
e € Isuchthatl = (fi, -, fn,e) wheree(1—e) € (f1, -+, fn). Suppose thate(l—e) =
kyfi + - - knfn where k; € S. Now consider Ry = R[f1, -, fn,€,k1, -+ ,kn] — S and
R — Ry is finite. Let I’ = (f1, -+, fn,e)R1. Then I' = (f1,- -+, fn,e — k1f1 — - —
knfn) = (fi,-++, fn, €?) implying that I’ = (f1,---, fn) + I'%. If ' denotes the local
orientation of I’ induced by this set of generators of I'/I’?, then (I’,w') € E(R,). The
map from E(Ry) to E(S) takes (I',w/) to (I,w). It is enough to find a preimage of
(I',«') in E(R). Therefore, we may assume the extension to be finite to start with.

Let us write R = Req and S = S,eq. Let C be the conductor of Rin S. As R < S is
birational, we have ht(C) > 1.

Let (I,w;) € E(S). By (4.2) we may assume that ht(/) = n. Exactly the same proof
as in Step 2 of (3.9) will show that the map from E(R) to E(S) is surjective. It follows
that the map ® : E(R) — E(S) is surjective.

We now assume that R < S is subintegral. Then, by (3.11) E(R) ~ E(S), and we
have,

E(R) ~ E(R) ~ E(R) ~ E(S) ~ E(S) ~ E(S).
O
Example 4.5. (Bhatwadekar) Let S = C[X,Y] and f = (X% — Y3). Let S1 = S/(f).
Then (S1)* = C*. Then we have, SK;(S1) # 0 (see [Kr, Section 12], [Mu-Pe]). Let
R = C[X] + fS. Then S is a finite (birational) extension of R and fS is the conductor
of Rin S. Moreover, R/ fS ~ C[X].

Now it is easy to see that R is seminormal. From the Cartesian square

R S
| |
R/f S/fS ~ 5

we have an exact Mayer-Vietoris sequence (see [Ba, pp. 481]) as given below:
0— R" — S"®(R/f)" — S — Pic(R) — Pic(S) ® Pic(R/f) — Pic(51).
Consequently we have

0—C"—C"®C" — C" — Pic(R) — 0,
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from which it follows that Pic(R) = 0.
Now using the above Cartesian square, we have another exact sequence

SKl(R) — SKl(S)@SKl(R/f) — SKl(Sl) — SK[)(R) — SKo(S)@SKo(R/f) — SKO(Sl).

It is easy to see that SK;(R/f), SKo(S) and SKy(R/f) are all trivial. Also by Suslin’s
stability theorem [Su 1] (or see [L, pp. 220]), we have SK;(S) = 0. Hence we have

As Pic(R) = 0, we have Ky(R) ~ SKy(R).

Hence Ko(R) = SK1(S)) # 0. Therefore there exists a projective R-module P of
rank two (with trivial determinant) which is not stably free. Fix an isomorphism x :
R ~ A?(P) and consider the Euler class e(P, x) € E(R). As P has trivial determinant,
e(P, x) = 0 would imply that P is free. Therefore, E(R) is not the trivial group whereas
E(S) is trivial, showing that the map from E(R) to E(S) is not injective. O

5. SUBINTEGRAL EXTENSION OF 2-DIMENSIONAL RINGS

The following question, mentioned in [I, Remark (b), pp 331], is still open.
Question 5.1. Let R — S be a subintegral extension. Let P and @ be two projective
R-module with det(P) ~ det(Q)and PR S~ Q® S.IsP~Q?

In [I] it is suggested that perhaps the compatibility of the two isomorphisms is
required as an additional hypothesis. Following that suggestion we give an affirmative
answer in the case when dim(R) = 2.

We need the following crucial lemma from [B 2].

Lemma 5.2. Let A be a ring and P and Q) be two projective A-module of rank 2 such that
det(P) ~ det(Q). Let x : det(P) = det(Q) be an isomorphism. Let J C A be an ideal of
height 2. Let o : P — Jand  : Q — J be two surjections. Let bar denote the reduction
modulo Jand @ : P — J/J? and B : Q — J/J? be the surjections induced from o and 3,
respectively. Suppose that there exists an isomorphism § : P = Q such that : (i) 3§ = @ and
(ii) A26 = X. Then there exists an isomorphism o : P = Q such that fo = «, o is a lift of §
and N2o = x.

We now prove the main result of this section. Note that in view of (2.19), we do not
need to assume that Q C R.

Theorem 5.3. Let R be a ring of dimension 2 and R — S be a subintegral extension. Let P
and Q be two projective R-modules of rank 2 such that det(P) ~ det(Q) and P® S ~ Q® S.
Let x : det(P) = det(Q) and 0 : PS = Q®S be isomorphisms. Assume that x®S = N20.
Then P ~ ().
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Proof. Now det(P) = A?(P) and det(Q) = A?(Q) are projective R-modules of rank
one. Since they are isomorphic, there is a projective R-module L of rank one which is
isomorphic to both. We fix x1 : L = AZP. Let x2 := (x)x1: L = A2P 5 A2Q.

We now point out a general fact. Let A be a ring of dimension n and P be a projective
A-module of rank n with an isomorphism y : L = A"(P). Recall from the definition of
the Euler class of the pair (P, x) that e(P, x) is an invariant of the isomorphism class of
(P, x)-

From the above paragraph we conclude that the Euler classes ¢(P ® S, x1 ® S) and
e(Q ® S, x2 ® S) are equal in the Euler class group E(S,L ® S).

The two elements e(P ® S, x1®S5) and (Q ® S, x2®S5) of E(S, L®S) are the images of
the elements e(P, x1) and e(P, x2), respectively, under the natural map ¢ : E(R,L) —
E(S,L ® S). The map @ is injective. Therefore e(P, x1) = e(Q, x2) in E(R,L). Let
e(P,x1) = e(Q, x2) = (I,wr) in E(R, L).

Now using [B-RS 3, 4.3], there exist two surjections f : P — [ and g : Q — I such
that (,wy) is obtained from (f, x1) and (g, x2).

Let u : (R/I)*> = P/IP and 7 : (R/I)> = Q/IQ be two isomorphisms such that
A?u = x; and A’T = Y,. From the definition of the Euler class of a projective module,
it follows that w; = fu = gr

Now consider the isomorphism § = 7=t : P/IP = Q/IQ. Then we have g6 = f
and A*(8) = (A*1) (A’ ) =xaxa T =X

Therefore we have two surjections f : P — [ and g : Q — I and an isomorphism
§: P/IP 5 Q/IQ such that A6 = X and g6 = f. Therefore by the above lemma there
exists an isomorphism ¢ : P = @Q such that: (i) 3¢ = «, (ii) ¢ is a lift of §, and (i)
A2¢ = . Hence the theorem is proved. O

Corollary 5.4. Let R — S be a subintegral extension with dim(R) = 2. Let L be a rank 1
projective R-module such that (L & R) ® S is cancellative. Then L & R is also cancellative.

Proof. We give two proofs of this corollary.
Proof 1. Let P be a projective R-module of rank 2 such that L & R* ~ P & R. Then
L ~ A?(P). We fix an isomorphism y : L = A?(P).

Let us denote L ®gr S by Land P ® r S as P. As L is cancellative, there is an
isomorphism ¢ : L& S S P. Then ¢ induces A2(¢) : L = A2(P). The isomorphism
X® S : L 5 A2(P) (induced by x) and the isomorphism A2(¢) differ by a unit u € S.
Define 7 : L ® S — L & S by sending (I, s) to (I,us). Then 7 is an isomorphism
and moreover, A%(7) : L =5 L is just scalar multiplication by u. Then the composition
0 =¢r:LadS S Phasthe property that A?(§) = x ® S. Now we can apply the above
theorem to conclude that L & R = P. Thus, L ® R is cancellative.
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Proof 2. In this proof we do not use the above theorem. We shall denote L ®g S by L.

We use the following observation of Bhatwadekar in [B 2, p. 348] : for a ring A and a

projective A-module L of rank one, L & A is cancellative if and only if E(A, L) ~ Ey(A, L).
Now assume that L & S is cancellative. Then E(S, E) ~ Fy(S, E) Since R < S'is

subintegral, using (3.12) and (3.27) it follows that E(R, L) ~ Ey(R, L). Therefore L & R

is cancellative. O
For the next result we need the following proposition from [B 2].

Proposition 5.5. Let A be ring of dimension 2 and let P be a rank 2 projective A-module. If
AP & Ais cancellative, then P is cancellative.

Corollary 5.6. Let R — S be a subintegral extension with dim(R) = 2. Suppose that all
projective S-modules of rank 2 are cancellative. Then all projective R-modules of rank 2 are
cancellative.

Proof. By the above proposition it is sufficient to consider rank 2 projective R-modules
of the form L @ R. Rest of the proof follows from the above corollary. 0.

We can easily extend (5.3) to R[T] for projective modules with trivial determinants,
in the following way.

Theorem 5.7. Let R be a ring (containing Q) of dimension 2 and R — S be a subintegral
extension. Let P and @ be two projective R[T|-modules of rank 2 with trivial determinants
such that P ® S[T] ~ Q ® S[T). Let x : det(P) = det(Q) and 0 : P® S[T] = Q @ S[T be
isomorphisms. Assume that x ® S = A%0. Then P ~ Q.

Proof. We just follow the proof of (5.3). We repeat Step 1 word by word, only replacing
L by R[T). In Step 2 we only need to use [D 1, 7.6] in place of [B-RS 3, 4.3]. O

Remark 5.8. A nontrivial result that is hidden in the proof of (5.7) is the symplectic
cancellation theorem of Bhatwadekar [B 2, 4.8], which is used to prove [D 1, 7.6].

6. A PROOF BY BHATWADEKAR

Let A be a ring and n be an integer such that 2 < dim(A4) < 2n — 4. Van der
Kallen [VK2] proved that the orbit set Um,,(A)/&,(A) carries a group structure. Now
let A — B be a subintegral extension. Let u,v € Um,(A4). In [G], Gubeladze proves
that

u ~ .

~ UV < U
En(A) En(B)
Consequently, one obtains that the canonical group homomorphism Um,,(A)/&,(A) —
Um,(B)/&,(B) is injective. We learnt from S. M. Bhatwadekar, through private com-
munication, the proof of the following result. Bhatwadekar’s approach has a different
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appeal and we believe the reader will find it interesting. We thank Bhatwadekar most
sincerely for allowing us to include it here.

Theorem 6.1. Let R — S be a subintegral extension of rings of dimension n > 2. Then the
induced map ¢ : Umyy1(R)/Ent1(R) — Ump1(S)/En+1(S) is an isomorphism.

Proof. (Bhatwadekar) Without loss of generality we may assume that R, S are both
reduced. Further, we may assume that R — S is an elementarily subintegral extension
and, say, S = R[b] with b%,b® € R, b ¢ R. Let C be the conductor ideal of R in S.Then
S/C ~ R/C @ (R/C)-band b = 0, where b is the residue class of b modulo C. Further,
we have ht(C) > 1.

Let (ag, -+ ,a,) € Umy41(R). Since dim(R/C) < n — 1, the row, when reduced
modulo C, is elementarily completable. Therefore we can assume that (ag,--- ,a,) =
(1,0,---,0) modulo C.

We first show that the map ¢ is injective. Let (ag, - ,an) € Umy41(R) be such

that (ag, -+ ,an) . N(S) (1,0,---,0). Therefore there exists 0 € &,41(S) whose first
n+1

row is (ag,- - ,ap). Let @ be the image of ¢ in &,,11(S/C). By the observation in the
preceding paragraph, the first row of & is (1,0,---,0). Applying some elementary
transformations, we may assume that & has the following form:

()

where 6 € SL,(S/C) N Ep41(S/C). We first show that there exist 6 € SL,(R/C) and
e € £,(5/C) such that ef = 9.
Consider the conductor diagram:

R S

| |

R/C S/C ~R/C & (R/C)b

Clearly 6 induces a matrix § € SL,(R/C). Now consider ¢ = 60~! € SL,(S/C).
Observe that ¢ is identity modulo nil(S/C') and therefore ¢ € &,(S/C).
Let 7 € &,(S) be a lift of . Consider the matrix

A= ((1) 0) o € Enii(S)

T

Then

i | ]

~__—

S|

|
-
Sl
o Ol
~—
~—
el
> O
~_

|
-\
Sl
> O
~_

ol =

>|
|
~~
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Since the image of 7 is in £,,+1(R/C), it follows that § € SL,(R/C) N Epta1(R/C).
Therefore, A € £,41(R/C). Hence we have A € SL,11(R). Also (ag, - - - ,ay) is the first
row of \. Let a € &,,1(R) be a lift of \. Now consider the matrix 5 = Aa~!, which is
elementary in S and also 3 = I,,; in R/C.

Recall that by [St, 2.2] the relative group &,41(S,C) is isomorphic to the kernel
of the natural map &,41(S) — &n+1(5/C). Therefore, 5 € &,41(5,C). The first
row of 3 is (ag,a1,---,a,)a"t. Let us call it (bo,b1,---,b,). Then (bg,--- ,b,) =
(1,0,---,0) modulo C. In other words, (by,- - ,b,) € Um,11(R, C) (Recall that the set

Um,,4+1(R, C) consists of unimodular rows (vg, - - -, v,,) of R such that vy9 = 1 modulo
C,and v; € C fori = 1,---,n). Now it is enough to prove that (bg,--- ,by) . N(R)

n+1
(1,0,---,0).

We know that Um,, (R, C)/&E,41(R,C) and Um,,+1(S,C)/E,+41(S, C) have group
structures due to Wander Kallen. By [VK1, 3.21, pp 382], the natural maps

Umn+1 (Z D C, C)/gn+1<Z D C, C) — Umn+1(R, C)/gn+1 (R, C)

Um,1(Z® C,C)/En1(Z C,C) — Umy41(S,C) /Ent1(S, C)
are isomorphisms and hence Um,,+1(R,C)/Ep41(R,C) — Umy41(S,C)/En+1(S, C)

is an isomorphism. Recall that we have (bg,- - ,by) . N(s o (1,0,---,0). Therefore
n+1 )
bo, - ,bn) ~  (1,0,---,0), proving that ¢ is injective.
(bo ) e Tre) ( ), proving that ¢ is injective
Now we show that ¢ is surjective. Let (ag, - - - , a,) € Um,,11(S). Then (ag,ar,--- ,an) €
Um,,+1(S/C), where bar denotes reduction modulo C. Since dim(S/C) < n — 1, the
row (@, -+ ,ap) is elementarily completable. Say (@i, ,a,)0 = (1,---,0). Let 0 €

En+1(S) be alift of 6. Write (ag, - -+ ,an)0 = (b, -+ ,by). Then (bo, - -+ ,b,) = (1,0, ...,0).
Therefore we have by — 1 € C € Rand by,--- ,b, € C C R. Hence by,--- ,b, € R. Let
m be any maximal ideal of R. If C' C m, then by ¢ m. If C' ¢ m, then b; ¢ m for some
i =1,--- ,n. Inany case, the ideal in R generated by by, - - - , b, is not contained in any
maximal ideal of R. Therefore, (b, - ,b,) € Um,+1(R). O

An alternative proof of (3.25) can now be given.
Proof of (3.25): Let R — S be a subintegral extension of Q-algebras with dim(R) =n =
dim(S), where n is even. By [B-RS 3, 7.6] we have the following commutative diagram
with exact rows:

Unniill) . B(R) — Eo(R) —> 0

8,L+1 (R)
l q>0

las
GronlS) —~ B(S) — Ep(S) — 0

B



32 MRINAL KANTI DAS AND MD. ALI ZINNA

As ® and ¢ are both isomorphismes, it follows that so is ®y. O

REFERENCES

[Ba] H. Bass, Algebraic K-theory, W.A. Benjamin, Inc.,New York-Amsterdam (1968).

[B1] S. M. Bhatwadekar, Inversion of monic polynomials and existence of unimodular elements (II),
Math. Z. 200 (1989), 233-238.

[B2] S. M. Bhatwadekar, Cancellation theorems for projective modules over a two dimensional ring
and its polynomial extensions, Compositio Math. 128 (2001), 339-359.

[B-K] S. M. Bhatwadekar and Manoj Keshari, A Question of Nori: projective generation of ideals, K-
Theory 28 (2003), 329-351.

[B-R] S. M. Bhatwadekar and Amit Roy, Some theorems about projective modules over polynomial
rings, J. Algebra 86 (1984), 150-158.

[B-RS 1] S. M. Bhatwadekar and Raja Sridharan, Projective generation of curves in polynomial extensions
of an affine domain and a question of Nori, Invent. Math. 133 (1998), 161-192.

[B-RS 2] S. M. Bhatwadekar and Raja Sridharan, Projective generation of curves in polynomial extensions
of an affine domain (II), K-Theory 15 (1998), 293-300.

[B-RS 2] S. M. Bhatwadekar and Raja Sridharan, Zero cycles and the Euler class groups of smooth real
affine varieties, Invent. Math. 136 (1999), 287-322.

[B-RS 3] S. M. Bhatwadekar and Raja Sridharan, Euler class group of a Noetherian ring, Compositio
Math. 122 (2000), 183-222.

[B-RS 4] S. M. Bhatwadekar and Raja Sridharan, On Euler classes and stably free projective modules, in:
Algebra, arithmetic and geometry, Part I, [I(Mumbai, 2000), 139-158, Tata Inst. Fund. Res. Stud.
Math., 16, Tata Inst. Fund. Res., Bombay, 2002.

[B-RS 5] S. M. Bhatwadekar and Raja Sridharan, On a question of Roitman, J. Ramanujan Math. Soc. 16
(2001), 45-61.

[B-S] S. M. Bhatwadekar and Sarang Sane, Projective modules over smooth, affine varieties over
Archimedean real closed fields, J. Pure and Applied Algebra 213 (2009), 1936-1944.

[D1] M. K. Das, The Euler class group of a polynomial algebra, J. Algebra 264 (2003), 582-612.

[D2] M.K. Das, The Euler class group of a polynomial algebra II, J. Algebra 299 (2006), 94-114.

[D3] M.K. Das, Revisiting Nori’s question and homotopy invariance of Euler class groups,]. K-Theory
8 (2011), 451-480.

[D-RS] M. K. Das and Raja Sridharan, Good invariants for bad ideals, J. Algebra 323 (2010), 3216-3229.

[D-Z] M. K. Das and Md. Ali Zinna, The Euler class group of a polynomial algebra with coefficients in
a line bundle, To appear in Math. Z.

[E-E]  D. Eisenbud and E. G. Evans, Generating modules efficiently: Theorems from algebraic K-
Theory, J. Algebra 27 (1973), 278-305.

[G] Joseph Gubeladze, Subintegral Extensions and Unimodular Rows, Geometric and combinatorial
aspects of commutative algebra (Messina, 1999), 221-225, Lecture Notes in Pure and Appl. Math., 217,
Dekker, New York, (2001).

1] F. Ishchebeck, Subintegral Ring Extensions and Some K-Theoretical Functors, . Algebra 121
(1989), 323-338.

[Kr] M. I. Krusemeyer, Fundamental groups, algebraic K -theory and a problem of Abhyankar, Invent.
Math. 19 (1973), 15-47.



ON INVARIANCE OF THE EULER CLASS GROUPS UNDER A SUBINTEGRAL BASE CHANGE 33

[L] T. Y. Lam, Serre’s problem on projective modules, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, (2006).

[M-Y1] Satya Mandal and Yong Yang, Intersection theory of algebraic obstructions, J. Pure Appl. Algebra
214 (2010), 2279-2293.

[M-Y2] Satya Mandal and Yong Yang, Excision in algebraic obstruction theory, J. Pure Appl. Algebra 216
(2012), 2159-2159.

[MK-M-R] N. Mohan Kumar, M.P Murthy and Amit Roy, A cancellation theorem for projective modules
over finitely generated rings, in: Hijikata H., et al. (Eds.), Algebraic geometry and commutative
algebra in honor of Masayoshi Nagata, vol. 1, (1987), 281-287.

[Mu-Pe] M. P. Murthy and C. Pedrini, Ko and K of polynomial rings, Algebraic K-theory II, in: Lecture
Notes in Mathematics, Volume 342, Springer, Berlin (1973), 109-121.

[N] B. S. Nashier, Efficient generation of ideals in polynomial rings, J. Algebra 85 (1983), 287-302.

[P] B. R. Plumstead, The Conjectures of Eisenbud and Evans, American Journal of Mathematics Vol 105
No 6 (1983), 1417-1433.

[R-S]  Leslie G. Roberts and Balwant Singh, Subintegrality, invertible modules and the Picard group,
Compositio Math. 85 (1993), 249-279.

[Se] Serre, J-P, Sur les modules projectifs, Semin. Dubreil-Pisot 14 (1960-61).

[St] M. R. Stein, Relativizing functors on rings and algebraic K-theory, J. Algebra 19 (1971), 140-152.

[Sul] A.A.Suslin, On the structure of the special linear group over polynomial rings, Math. USSR-Izv
11 (1977), 221-238.

[Su2] A. A.Suslin, Cancellation over affine varieties, J. Sov. Math. 27 (1984), 2974-2980.

[Sw1l] Richard G. Swan, On seminormality, J. Algebra 67 (1980), 210-229.

[Sw2] Richard G. Swan, Gubeladze’s proof of Anderson’s Conjecture, Azumaya algebras, actions, and
modules (Bloomington, IN, 1990), 215-250, Contemp. Math., 124, Amer. Math. Soc., Providence, RI,
1992.

[VK1] Van der Kallen, A group structure on certain orbit sets of unimodular rows, J. Algebra 82 (1983),
363-397.

[VK2] Van der Kallen, A module structure on certain orbit sets of unimodular rows, |. Pure and Applied
Algebra 57 (1989), 281-316.

STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE, 203 B. T. ROAD, KOLKATA 700108 INDIA

E-mail address: mrinal@isical.ac.in

STAT-MATH UNIT, INDIAN STATISTICAL INSTITUTE, 203 B. T. ROAD, KOLKATA 700108 INDIA

E-mail address: zinna_r@isical.ac.in



