THE EULER CLASS GROUP OF A POLYNOMIAL ALGEBRA
WITH COEFFICIENTS IN A LINE BUNDLE
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ABSTRACT. Let A be a commutative Noetherian ring and P be a projective A-module
of rank = (dim(A) — 1). An intriguing open question is to find the precise obstruction
for P to splitas: P ~ Q ® A for some A-module Q. In this paper we settle this question
when A = R[T] for some ring R containing the field of rationals and P is a projective
A-module of rank = dim(R).

1. INTRODUCTION

Let A be a Noetherian ring of (Krull) dimension n. A classical result of Serre [Se]
asserts that if rank(P) > n + 1, then P ~ @ @& A for some A-module ). There are
well-known examples of rings A and indecomposable projective A-modules of rank
< dim(A) to show that Serre’s result is best possible. Most of the research in projective
modules in last thirty years is centred around the following question.

Question 1.1. Let A be a Noetherian ring of dimension n and P be a projective A-
module of rank » < n. What is the precise obstruction for P to split off a free summand
of rank one?

To tackle the above question one would like to find a suitable ”obstruction group”
G"(A) so that given a projective A-module P of rank r, an element z,(P) € G"(A) can
be associated such that x, (P) is trivial in G"(A) if and only if P ~ Q & A. This has been
achieved in the case = n through the following path-breaking works.

(1) [MK-M, Mu] Let X = Spec(A) be a smooth affine variety of dimension n over
an algebraically closed field k. Then the Chow group CH"(X) is the obstruc-
tion group and ¢, (P) (the top Chern class of P) is the obstruction element. It is
well-known that this result is no longer valid for arbitrary base field k.

(2) [Bh-RS 1, Bh-RS 3] Let A be a Noetherian Q-algebra of dimension n. The n-th
Euler class group E"(A, L) of A with coefficients in a line bundle L (defined
in [Bh-RS 3]) takes the role of G"(A). Given a projective module P of rank
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n, its Euler class e(P, ) takes the role of x,(P), where y : A"(P) = L is an
isomorphism.

(3) [B-M, F, F-Sr, Mo] Let X be a smooth affine scheme of dimension n and L be
a line bundle over X. Let £ be a vector bundle of rank n with determinant L.
Then, one can take the Chow-Witt group @(X , L) (defined in [B-M]) as the
obstruction group. The Euler class associated to £ in this group works as the
obstruction element.

Itis not known if the groups in (2) and (3) are isomorphic for a smooth affine scheme.

As described above, Question 1.1 has a satisfactory solution in the case: rank(P) =
dim(A). However, not much progress has been made for rank(P) < dim(A) (see
[Bh-RS 5] for some results in this direction). The first case that one would like to
investigate is obviously when rank(P) = dim(A) — 1. In this context, it is most natural
to understand first what happens if A is a polynomial algebra, i.e., A = R[T], where R
is a Noetherian QQ-algebra of dimension n, and P is a projective R[T]-module of rank n.
In this setup, we settle Question 1.1 in this paper. A partial solution in the same setup
has been obtained by the first author in [D 1]. We give the details below.

Let R be a commutative Noetherian ring of dimension n > 2 containing Q. Fol-
lowing the works of Bhatwadekar and Raja Sridharan [Bh-RS 1, Bh-RS 3] on the Euler
class groups, the notion of the n-th Euler class group E™(R[T]) has been defined and
explored in detail in [D 1, D 2]. This group serves as an obstruction group to detect
whether a given projective R[T]-module P of rank n, with trivial determinant, splits as
P ~ Q®R[T). To achieve this, given such a P and a trivialization x : R[T] = A"(P), an
element of E"(R[T']) was associated to the pair (P, x), which is called the Euler class of
(P, x). It was then proved [D 1, 4.11] that P ~ @ & R[T] if and only if this Euler class
vanishes in E"(R[T)).

Evidently the theory was limited, as it could only capture projective R[T]-modules
with trivial determinant. In this paper we eliminate that restriction. We extend the
theory to E™(R[T], L) (the n-th Euler class group of R[T"] with respect to a line bundle
L over R[T]) and define the Euler class of a pair (P, x), where P is a projective R[T]-
module of rank n and x : L = A"(P) an isomorphism. We prove that (Theorem
6.12 below) this Euler class vanishes in E"(R[T], L) if and only if P splits off a free
summand of rank one.

We carry this out in two steps. First, in Section 4 we tackle the case when the line
bundle L is extended from R. An expert who is also familiar with [D 1] will realize
that this part is not much difficult if one keeps [D 1] as a guide. We have been able to
extend almost all the relevant results from [D 1] here. These results are then crucially
used to develop the theory further, as discussed below.
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But before we describe our next step, let us digress a bit. It is not hard to believe that
for all practical purposes we may assume that 2 is reduced. Now let R be the seminor-
malization of R. Then R; is seminormal and as a consequence, Pic(R;) ~ Pic(R;[T)).
In other words, line bundles over R;[T] are extended from R;. We successfully exploit
this phenomenon to define and study the n-th Euler class group E"(R[T], L) forn > 4,
when L is not necessarily extended from R.

For an arbitrary L, the idea is to find a suitable finite subintegral extension S of R
(i.e., R — S — Ry), such that the projective S[T]-module L ® S[T] is extended from
S. Note that, E"(S[T], L® S[T1]) is now well-understood due to the results in Section
4. In Section 5 we introduce a machinery, which is modeled on a series of lemmas from
[Bh 1], to descend from S[T] to R[T]. Then in Section 6 we develop the theory of the
Euler class group E™(R[T], L) by going forth and back by using these ‘descent lemmas’.
Finally, it turns out that E"(R[T|, L) ~ E™(S[T], L® S[T]) ~ E™(R:[T], L ® R:[T).

Unfortunately the method we just described above does not work so well in the case
dim(R) = 3 due to the lack of a suitable “subtraction principle”. We treat this case
separately in Section 7 by defining a “restricted” Euler class group which serves most
of our purposes. For instance, here also we prove that the Euler class of a projective
R[T]-module P of rank 3 is the precise obstruction for P to split off a free summand
of rank one. In this section we also treat the case dim(R) = 2 and extend most of the
results from [D 1] for a two dimensional ring R.

We should probably warn our reader that the theory of E™(R[T]) or E™(R[T], L)
is not obtained by just replacing R by R[T] in the works of Bhatwadekar and Raja
Sridharan. We note that dim(R[T]) = n + 1. By a result of Mandal [M1], the top
Euler class group (the one considered in [Bh-RS 3]), E""1(R[T]) is trivial. Using some
additional arguments it can be proved that E"™!(R[T7], L) is trivial too (see (6.1) below).
In this paper we are dealing only with the n-th Euler class groups and therefore we
shall drop the superscript and denote a group like E™(R[T], L) by E(R[T, L).

2. PRELIMINARIES

All the rings considered in this paper are assumed to be commutative, Noetherian.
By the dimension of a ring we mean its Krull dimension. Modules are assumed to
be finitely generated. Projective modules are assumed to have constant rank.
Definition 2.1. Let R be a ring and P be a projective R-module. An element p € P is
called unimodular if there is a surjective R-linear map ¢ : P — R such that ¢(p) = 1.
Note that P has a unimodular element if and only if P ~ @ @ R for some R-module Q).
The set of all unimodular elements of P will be denoted by Um(P).

The following “splitting theorem” is due to Serre [Se].
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Theorem 2.2. Let R be a ring and P be a projective R-module. If rank(P) > dim(R) + 1,
then P ~ @) & R for some R-module ().

Let P be a projective R-module. The group of automorphisms of P of determinant
one will be denoted by SL(P). We now recall the definition of a subgroup of SL(P).
Given ¢ € P*(= Homp(P, R)) and p € P, let ¢, denote the composite P -+ R -+ P.
If o(p) = 0, then gaf, = 0and 1 + ¢, is an automorphism of P.

Definition 2.3. An automorphism of P is called a transvection if it is of the form 1 +
©p where p(p) = 0 and either ¢ is unimodular in P* or p is unimodular in P. The
subgroup of SL(P) generated by all transvections will be denoted by £(P).

The following classical result is due to Bass [Ba].

Theorem 2.4. Let A be a ring and let P be a projective A-module of rank > dimA. Then the
group E(P®A) of transvections of PG A acts transitively on Um(P@A).

The following result is due to Lindel [Li 2, 2.6].

Theorem 2.5. Let A be a commutative Noetherian ring withdim A = dand R = A[Th,--- ,T,).
Let P be a projective R-module of rank > max(2,d + 1). Then (P @ R) acts transitively on
the set of unimodular elements of P @ R.

We shall need the following proposition on lifting of a transvection.

Theorem 2.6. [Bh-R 1, 4.1] Let Abearing, J C A bean ideal and P be a projective A-module
of rank n. Then any transvection 0 € E(P/.JP) can be lifted to a (unipotent) automorphism
0 of P. If in addition, the map Um(P) — Um(P/JP) is surjective, then the map E(P) —
E(P/JP) is surjective.

The next two propositions from [D-Z] are crucial to this paper. To make this paper
self-contained, we reproduce the proofs.

Proposition 2.7. [D-Z,2.7] Let S be a ring and J, C be ideals of S such that J+C = S. Let P
be a projective S-module and o be a transvection of P/C'P. Then o can be lifted to 7 € Aut(P)
with the property that T is identity modulo J.

Proof. Let 0 = 1+ vy, where ¢ € (P/CP)* and ¢ € P/CP such that ¢(¢q) = 0. Suppose
p € P and 6 € P* be lifts of ¢ and . Then we have 6(p) = ¢, for some c € C.

We first consider the case when ¢ is a unimodular element of P/C'P. Then there
exists ¢ € P* such that ¢(p) =1+ d, for some d € C.

Set ¢' = (1+d)0 — cp. Then ¢'(p) = 0 and ¢’ is a lift of . Therefore 1 + ¢, € Aut (P)
and it lifts o. Since J + C = S, therefore there exista € J and b € C such thata+b = 1.
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Finally we consider 7 = 1 + a¢;,. Then again 7 € Aut(P), 7 = Id modulo J and 7 is a
lift of 0.

Next we consider the case when ¢ € Um((P/CP)*). Then there exists p’ € P such
that 0(p') = 1 + ¢, for some e € C. Consider the element ¢ = (1 + ¢)p + ¢p/, then
9(¢') = 0. Therefore, 7 = 1 + ab, will work. O

Proposition 2.8. [D-Z, 2.6] Let R be a ring and P be a projective R-module such that P has
a unimodular element. Let o, f € Um(P*) be such that o« = /3 modulo the nil radical n of R.
Then there is 0 € E(P) such that 8 = af.

Proof. Applying [MK-M-R, Remark 2.3] it follows that there is © € £(P*) such that
O(a) = B. Therefore, © is a finite product of transvections of the projective module P*.
For simplicity, we prove this proposition by assuming that © itself is a transvection.
The general case can be worked out in a similar manner.

Let © = 1+ 1y, where ¢y € P** and ¢ € P* such that ¢)(¢) = 0. Since P is a
projective module, P** can be identified with P. Therefore, we may assume v = p for
some p € P. With this identification we have 1(¢) = ¢(p) = 0. Now from the definition
of a transvection, we have, either ¢ € Um(P**) or ¢ € Um(P*). If p € Um(P**), then
note that p € Um(P). Therefore 1 + ¢, is a transvection of P (as ¢(p) = 0).

Now we have O(a) = (1 + 9y)(o) = . Therefore, for any ¢ € P, we have (1 +
Vo)(@)(q) = B(g). But (1 4+ vy)(a)(q) = alg) + (¢¥)(a)(q) = alq) + (¢a(p))(q) =
a(q) + a(p)o(q).

On the other hand, a(1 + ¢,,)(q) = a(q + po(q)) = a(q) + a(p)¢(¢) and hence a(1 +
®p)(q) = B(q) for all ¢ € P. Therefore, if we write § = 1 + ¢,, then 6§ is a transvection of
Pand af = 4. a

We collect a bunch of lemmas from [Bh-RS 3].

Lemma 2.9. [Bh-RS 3, 2.11] Let R be a Noetherian ring and J C R be an ideal of R. Let
K C Jand L C J? be two ideals of R such that K + L = J. Then J = K + (e) for some
ee€ Lwithe(l—e)e Kand K = JNJ whereJ + L = R.

Lemma 2.10. [Bh-RS 3, 2.13] Let A be a ring and P be a projective A-module of rank n.
Let (av,a) € (P* @ A). Then there exists an element 5 € P* such that ht (I,) > n, where
I = (a+ aB)(P). In particular, if the ideal (a(P), a) has height > n then ht I > n. Further,
if (a(P), a) is an ideal of height > n and I is a proper ideal of A, then ht [ = n.

Lemma 2.11. [Bh-RS 3, 2.14][Bh-RS 4, 2.4] (Moving Lemma) Let R be a Noetherian ring
of dimension d and let P be a projective R-module of rank n, where 2n > d + 2. Let J C R
be an ideal of height n and let & : P/JP — J/J? be a surjection. Then there exists an ideal
J' C R and a surjection 5 : P — J N J' such that:
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(1) J+J =R

(2 B®R/J=1a.

3) ht(J") > n.

(4) Given finitely many ideals Jy,--- , J, of R, each of height > d —n+1, the ideal J' can
be chosen with the additional property that it is comaximal with J; fori =1,--- ,r.

The following lemma is an easy application of (2.9) and (2.10). A proof can be found
in [K].

Lemma 2.12. Let A be a commutative Noetherian ring of dimension d and I be an ideal of
A. Let P be a projective A module with rank(P) = n > d + 1. Assume that there exists a
surjection o : P/IP —» I /1% Then o can be lifted to a surjection 3 : P — 1.

We improve [Bh-RS 2, 2.5] in the following form to suit our needs. The proof is
similar to the one given in [Bh-RS 2].

Proposition 2.13. Let A be a commutative Noetherian ring of dimension d > 2. Let I be an
ideal of A[T] of height > 2 and P be a projective A[T|-module of rank n > d + 1. Suppose that
there exists ¢ : P/IP — I/I%. Then ¢ can be lifted to a surjection 1 : P — 1.

Proof. Since rank(P) = n > dim(A) + 1, by a result of Plumstead [P, Corollary 2 of
section 3], P has a free summand of rank one. Let P = Q& A[T], where () is a projective
A[T] module. Let J = I N A. Since ht(/) > 2, we have ht(J) > 1. Therefore we can
choose b € J? such that ht(b) = 1. Now

n > dim(A) + 1 = dim(A[T]) — 1 + 1 > dim(A[T]/bA[T]) + 1

Hence by the previous lemma we have ® : P/bP — I/(b), which is a lift of ¢ ®
A[T]/bA[T] . Let v € Hom 471(P, I) be a lift of ® (not necessarily surjective). Then, as
I/bA[T] = ®(P/bP), we have v(P) + bA[T] = I. Now by applying (2.10) to the pair
(7,b) € Hom g7y(P, A[T]) @ A[T], we see that there exists 5 € Hom 477(P, A[T]) such
that ht(K}) > n, where K = (v + b8)(P).

Note that K + bA[T] = I and b € I?. By (2.9), there exists an ideal I’ of A[T] such
that K = I NI'"and I' + bA[T] = A[T]. Now ht(I') = ht(I]) = ht(K}) > n. Setting
1 =y + bp we further observe:

1) p:P—>»1INT,

@) ue A[T/I = 6,
If I’ = A[T], then we are done because then i : P — I'NI' = I and p is a lift of ¢ (recall
that b € I%). If I is a proper ideal then clearly I’ contains a monic polynomial and by
[La, Lemma 1.1, p. 79] we have I’ A + bA = A. Therefore I’ contains an element of
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the form 1 + ba for some a € A. Hence I] hA = A[T)14p4, and therefore we have a

surjection p11444 @ Prypa = I14pa-
Now P = Q @ A[T] Let 0, : Qp» ® Ap[T] — Ap[T] be the projection onto the second
factor. Now consider the following surjections:

Ho(1454) © Po(i4pa) = Ap4pa)[T]

Ob1464) * Po(164) = Apapa)[T]

So we have two unimodular elements of Pb*(1 +bA)"
Observe that rank(Qp1454)) = n — 1 > max(2,d) and d — 1 = dim(Ay11p4))-
Therefore, by (2.5) we have a transvection 7 € £(Py(1454)) such that

Tp(14b4) = Op(11b4)

Now consider the following fiber product diagram:

p P,
\ X
I Iy
Py Py1104) —— Pyapa)
WA J WA) %jm
Ijpa b(1+bA) L Ty(1404)

By a standard patching argument we have a surjectionn : P — I . It is easy to see
that 7 is a lift of ¢. O

Lemma 2.14. Let A be a commutative Noetherian ring. Let I and K be two ideals of A[T|
such that K C I?. Let P be a projective A[T)-module and n be the nil radical of A. Let bar
denote reduction modulo n. Suppose that o : P — I /K be a surjection such that the induced
map @ : P — I/K can be lifted to a surjection 8 : P — I. Then « can also be lifted to a
surjection ¢ : P — 1.

Proof. We have /3 : P — I, which is a lift of @. Therefore, we have

B: P — (I+n[T))/n[T] = I/(INn[T)).
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We note that I /(K Nn[T1) is the fiber product of I /K and INn[T] over I /(K,INn[T)):

I/(K nn[T)) I/K
I/(INn[T)) I/(K,INn[T])

Therefore o and  will patch to yield a surjectiony : P — I/(KNn[T]). Let¢ : P —
I be a lift of v. We prove that ¢ is surjective. We have ¢(P) + (K Nn[T]) = I. Since nis
the nil radical of 4, it follows that V' (I) = V(¢(P)) and hence I = ¢(P). Since ¢ lifts c,
we are done. O

Here are some generalities on subintegral extensions that are relevant to this paper.
Definition 2.15. An extension R — S of rings is called subintegral if : (1) it is integral,
(2) the induced map Spec(S) — Spec(R) is bijective, and (3) for each 8 € Spec(S) the
induced field extension R, /pR, — Sy /B Sy is trivial, where p =P N R.

Definition 2.16. An extension of the form R < R[b] with b?,b® € R is subintegral. It is
called elementarily subintegral.

Remark 2.17. We record the following fundamental facts about subintegral extensions.

(1) R — S issubintegral if and only if S is the filtered union of subrings which can
be obtained from R by a finite number of elementarily subintegral extensions.

(2) Let R — S be an extension of rings and R — R’ be a faithfully flat extension.
Write S’ = S ®r R'. Then R — S is subintegral if and only if R — S’ is
subintegral. (See [Sw, Page 215] for details). In particular, R — S is subintegral
if and only if R[T| — S[T'] is subintegral.

(3) Let R — S be subintegral and I C R be an ideal. Then we have ht(I) = ht(15).
For a proof, see [D-Z, 3.6].

3. SOME SUBTRACTION PRINCIPLES

One of the most important tools for the type of questions we are tackling in this
paper are the so called “subtraction principles”, and we shall need a couple of variants
of it. This short section is devoted to collecting them for future use. We first state an
available one and then prove some versions suited to fit our needs.

Proposition 3.1. [Bh-K, 3.7] Let A be a ring of dimension d and .J, J' be two comaximal ideals
of A of height n where 2n > d + 3. Let P = Q@A be a projective A-module of rank n. Let
a: P —»JNJ and B : P — J' be two surjections such that a« ® A/J = B & A/J'. Then
there exists a surjection 0 : P — J such that 0 @ A/J = a® A/ J.

Modifying the proof of [Bh-RS 3, 3.3] we obtain the following subtraction principle.
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Proposition 3.2. Let n > 4 and A be a Noetherian ring of dimension n + 1. Let P and L be
projective A-modules of rank n and 1, respectively, such that P@A ~ LeA". Write Q = L &
A"=2, Let x : A"(P) = L bean isomorphism. Let J C A be an ideal of height > nand J' be an
ideal of height n such that J+J' = A. Let« : P — JNJ and B : Q® A — J' be surjections.
Let 3=p®A/J :P/JP - J/J?*anda =a®A/J : P/J'P — J'/J? be the induced
surjections. Suppose that there exists an isomorphism 6 : P/J'P = (Q ® A)/J'(Q & A) such
that: (i) B0 = @ and (ii) A"(8) = X. Then there exists a surjection 6 : P —» J such that
RA/J=axA/J.

Proof. We write down the proof in two steps as it will turn out to be convenient later.
Step 1. We note that to prove this result we can change 3 by composing with an
element of SL(Q® A). Let 8 = (v,a), where v € Q*. Let tilde denote reduction modulo
J2. As J + J = A, it follows that (7,a) € Um((Q & A)*)). Let / be any element of
Um(Q*). Since dim(A/.J2) < 1 < rank(Q), by (2.4) there exists & € £((Q @& A)*)) such
that (7, a)o = (v/,0). By (2.6), o can be lifted to an automorphism o* € SL((Q © A)*).
But o* induces an automorphism o € SL(Q®A). Therefore, by replacing 3 with (o,
we may assume that 8 = (v, a) has the property thata € J? and v(Q) +J% = A. We can
further apply (2.10) to obtain 7 € Q* such thatif I = (v + a7)(Q), then ht(I,) > n — 1.
Note that (I,a) = J'. Asht(J') = n, it follows thatht(I) = n—1 and thus dim(A/I) < 2.
As (v,a) and (v+art, a) are connected by a transvection, by replacing (v, a) by (v+ar, a),
we can assume that:

1) v(Q) + J? = A.
@) dim(A(v(Q)) < 2.

Using (1) we may further assume that a = 1 modulo J.

Step 2. Consider the following ideals in A[Y]: K; = (v(Q),Y + a), K2 = J[Y], and
K3 =K;NKs.

We claim that there is a surjection 7(Y) : P[Y] — K3 such that (0) = . We
first check that the theorem follows from the claim, as it is easier! Puttingy =1 —a
we obtain a surjection § : P — J. Since a = 1 modulo J 2, we have 0 @ A/J =
n(l—a)®A/J =n0)® A/J =a® A/J, which proves the theorem.

Now for the claim, note that A[Y]/K; ~ A/(v(Q)) and we have dim(A[Y]/K;) <
2. As P and @ @ A are stably isomorphic, it is easy to see that there is an isomor-
phism, say, x(Y) : P[Y]/KP[Y] = Q[Y]/K1Q[Y] ® A[Y]/K;. We choose x(Y) so
that A"k(Y) = x ® A[Y]/K;. Since A"(§) = x @ A/J, it follows that x(0) and §
differ by an element of SL(Q/J'Q & A/J’). We can apply (2.6) and alter x(Y") by an
element of SL(Q[Y]/K1Q[Y] & A[Y]/K;) and assume that x(0) = J. Now, tensoring
the surjection (v ® A[Y],Y 4+ a) : QY] & A]Y] — K; with A[Y]/K;, we obtain a
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surjection €(Y) : Q[Y]/K1Q[Y] ® A]Y]/K1 — K1/K?. Therefore, we have a surjection
7(Y) = e(Y)r(Y) : P[Y]/K1P]Y] - K1/K?. Since 8§ = @, €(0) = 3, and x(0) = J,
we have 7(0) = a ® A/J'. Therefore, applying [M-RS, 2.3] we obtain a surjection
n(Y) : P[Y] — K3 such that (0) = «. This proves the claim. O

Using a similar method we have another subtraction principle.

Proposition 3.3. Let R be a ring of dimension n > 3 and write A = R[T]. Assume that
ht J(R) > 2, where J(R) is the Jacobson radical of R. Let P and L be projective A-modules
of rank n and 1, respectively, together with an isomorphism x : A"(P) = L. Write Q =
L& A"2, Let J C A be an ideal of height > n and J' be an ideal of height n such that
J + (K*T) = A, where K = J(R)NJ. Leta : P - JNJ and B : Q@& A — J'
be surjections such that a(P) + (K?*T) = J. Let 3 = BRA/J' : P/J'P — J'/J? and
a=a®A/J : P/JP — J'/J? be the induced surjections. Suppose that there exists an
isomorphism 6 : P/J'P = (Q ® A)/J'(Q & A) such that: (i) B§ = @ and (ii) \"(5) = X.
Then there exists a surjection 6 : P — J such that (0 — o)(P) C (K?T).

Proof. To be consistent with the above proposition, we write the proof in steps.

Step 1. As in the proof of (3.2), write 8 = (v,a), where v € Q*. Let tilde denote
reduction modulo (K2T). Then (7,a@) € Um((Q & A)*)). Let v/ be any element of
Um(Q*). Write D = R[T]/(K2T). Note that KD is contained in the Jacobson radical
of Dand D/KD ~ (R/K)[T]. With an argument combining (2.5) and (2.6), it is easy to
check that, changing f if necessary, we can assume that 5 = (v, a) has the property that
a € (K*T) and v(Q) + (K2T) = A. Now apply (2.10) to finally ensure that ht(v(Q)) =
n — 1, and therefore by [Bh-RS 1, 3.1] dim(A/(v(Q)) < 1. Note that we may further
assume that a = 1 modulo (K?2T).

Step 2. This step is exactly the same as its counterpart in (3.2). Note that here we have
the advantage that dim(A/(v(Q)) < 1 and therefore we do not need P and () & A to be
stably isomorphic. O

4. THE EULER CLASS GROUP E(R[T], L[T])

By a ring we shall mean a commutative Noetherian ring containing Q.

Let R be a ring of dimension n > 3. The aim of this section is to extend the theory
of the Euler class group E(R[T]) of R[T], as developed in [D 1, D 2], to E(R[T}, L[T)),
where L is a projective R-module of rank one. Obviously, when L is free, E(R[T], L[T])
should coincide with E(R[T]). Experts in this area, who are familiar with [D 1, D 2],
would agree that this extension is not really difficult. However, we need to carry out
the details not only for the convenience of a general reader but also for keeping a ready



THE EULER CLASS GROUP 11

reference for Section 6 because Section 6 depends heavily on this section with Section
5 providing the technical bridge.

The following theorem was stated without proof in [D 1, 3.11]. One can actually
mimic the proof of [D 1, 3.10] with necessary modifications to prove this result directly.
For the sake of completeness we give here a quick proof, using [D 1, 3.10]. As[D 1, 3.10]
played a pivotal role in studying the Euler class group E(R[T7]), this theorem will do
the same for E(R[T], L[T]). Recall that R(T) is the ring obtained from R[T| by inverting
all the monic polynomials and that dim(R(7")) = dim(R).

Theorem 4.1. Let R be a ring of dimension n > 3 and P be a projective R-module of rank n.
Let I C R[T be an ideal of height n such that there is a surjection

b PIT]  1)(I°T).
Assume that ¢ @ R(T) : (P[T| ® R(T)) — IR(T)/I*R(T) can be lifted to a surjection
0 : (P[T)® R(T)) — IR(T).
Then 1) also has a lift to a surjective map 0 : P[T| — I.

Proof. We first note that if I contains a monic polynomial, then the conditions of the
theorem are trivially satisfied. In this case, the theorem has been proved by Mandal
[M 2, 2.1]. Therefore, in what follows, we may assume that / does not contain a monic
polynomial.
Let J = INR. Applying [D 1, 3.9], we get a lift € Hompy)(P[T, I) of ¢, such that
the ideal ¢(P[T']) = I"” satisfies the following properties:
(i) I” + (J°T) = 1.
(i) I” = INI, whereht(I') > n.
(iii) I’ + (J?T) = R[T).
Let J' = I’ N R. It can be deduced that dim(R/(J + J’)) = 0. This was proved in
[D1,3.10].
Write B = Ry4;. Tensoring the surjection ¢ ® B : P ;[T] — (I N I')B[T] with
B[T]/I' B[T| we obtain a surjection
é1 ¢ Prys[T] — I'B[T] /I BIT).
Now we note two things. First, as I’ + (J?T) = A[T], it follows that I'(0)B = B.
Secondly, since J B is contained in the Jacobson radical of B and dim(B/JB) < 1, it
is easy to see using (2.2) that P ; has a free summand of rank one and hence there is

a surjective map « : Piy; — I'(0)B(= B). Combining these two, it is not hard to see
that there is a surjection

B: Pryy|T] — I'B[T)/(I"*T)BITY,
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which is a lift of ¢; (see [Bh-RS 1, 3.9] for a proof).

Consider the ring C = By = Ryyj4 . Asdim(R/(J + J')) = 0, it follows that C
is semilocal, and consequently P; ;v is a free C-module. Applying the subtraction
principle (3.1) over C(T'), we see that there is a surjection y : PQC(T) — I'C(T) which
lifts 32 C(T). Since Py, .,y is a free C-module, it follows from [D 1, 3.10], that @ C[T]]
has a lift to a surjective map B : Pyyyyp[T) — I'C[T). It now follows from [D 1, 3.8],
that (3 has a lift to a surjection 3 : Py, [T] — I'B[T), i.e., (8—B)(Pi4s[T]) € (I"*T)B[T).

Now we can apply [Bh-K, 4.7], and obtain a surjection n : Py4 ;[T] — IB[T], such
that (n — ¢)(P14s[T]) C (I?T)B[T). Applying [D 1, 3.8] again, we are done. O

In this section we shall frequently apply the above theorem taking L[T] & R[T]" ! in
place of P[T], where L is a projective R-module of rank one. Let us illustrate one such
application in the form of following proposition which will be used later.

Notation. Let L be a projective R-module of rank one. Throughout this section we
shall denote L ® R" ! by £ and L[T]| ® R[T]"~! by L[T].

Proposition 4.2. Let R be a ring and I C R[T'] be an ideal of height n. Let o and /3 be two
surjections from L[T)|/IL[T) to 1/I? such that there exists o € SL(L[T]|/IL[T)) with the
property that ac = (3. Suppose that o can be lifted to a surjection 0 : L|T] — I. Then [ can
also be lifted to a surjection ¢ : L[T] — 1.

Proof. Since Q C R, there exists A € Q such that I(\) = R or I()\) is an ideal of R of
height n. Without loss of generality we may assume that A = 0.

If 1(0) = R, then by [Bh-RS 1, 3.9], we can lift § to a surjection 3 : L[T] — I/(I>T).
We now show that the same can be done if ht(/(0)) = n. Let «(0) : £/I1(0)L —
1(0)/1(0)?, B(0) : L£L/I(0)L — 1(0)/I(0)? be surjections induced by «, 3, respectively.
Therefore a(0)o(0) = B(0). As dim(R/I(0)) = 0, we have o(0) € E(L/I(0)L). As
E(L) — E(L/I(0)L) is surjective, there exists 7 € £(L), which is a lift of 5(0). As
6(0) lifts «(0), the composition #(0)7 lifts 5. Again by [Bh-RS 1, 3.9], we can lift § to a
surjection 3 : L[T] — I/(I*T).

Now consider the ring R(7") and the induced surjections a ® R(T") and B ® R(T).
Again since dim(R(T")/IR(T)) = 0, we have SL(L ® R(T)/IL ® R(T)) = E(L ®
R(T)/IL® R(T)) and as above , 3® R(T) can be lifted to a surjection from £ — [ R(T).
Now we can apply (4.1) and conclude that /5 can be lifted to a surjection ¢ : £ — 1. O

Remark 4.3. The above proposition was proved in [D 1, 4.4] in the case when L is
free. We may justifiably call the technique involved in the proof as a “monic inversion
technique”. This was ubiquitous in [D 1]. As we are proving results analogous to [D 1]
in this section, therefore, whenever we present a result which can be proved by this
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monic inversion technique, either we give a quick sketch or we leave the proof to the
reader.

The following addition and subtraction principles, like their counterparts in [D 1],
can be proved using the monic inversion technique illustrated above.

Proposition 4.4. (Addition principle) Let R be a ring of dimension n > 3 and let Iy, I, C
RI[T] be two comaximal ideals, each of height n. Assume that there exist surjections 6, :
L[T] — I, and 03 : L[T] — Is. Then there exists surjection § : L[T] — I N Iz such
that 0 @ R[T)/1; = 0; ® R[T|/IL;,i = 1,2.

Proposition 4.5. (Subtraction principle) Let R be a ring of dimension n > 3 and let I, I> C
RI[T] be two comaximal ideals, each of height n. Assume that there exist surjections 6; :
LIT) — Iyand 0 : L][T] — Iy NIy such that 0 ® R[T)/I, = 61 ® R[T|/1,. Then there
exists surjection o : L[T| — I such that 0 @ R[T|/Is = 62 ® R[T]/Is.

Let R be a commutative Noetherian ring of dimension n > 3 containing Q. Let L be
a projective R-module of rank one. We now go on to define the (n-th) Euler class group
E™(R[T], L[T). For brevity we denote this group by E(R[T], L[T]). As above, we shall
denote L ® R" ! by L and L[T] ® R[T|" ! as L[T).

We first define some terms. Let I C R[T] be an ideal of height n such that there exists
a surjection L[T]|/IL[T] — I/I%. Two surjections «, 8 : L[T]/IL[T] — I/I? are said to
be related if there exists 0 € SL(L[T]/IL[T]) such that ac = (. It easily follows that
this defines an equivalence relation on the set of surjections from £[T]|/IL[T] to I/I.
Let [a] denote the equivalence class of a. We call such an equivalence class [a] a local
L[T)-orientation of I.

We call a local L[T-orientation [«] of I a global L[T-orientation if the surjection « :
L[T)/IL[T) — I/I? can be lifted to a surjection 6 : £L[T] — I. Note that by (4.2), if
a can be lifted to a surjection ¢ : L[T| — I, then 5 can also be lifted to a surjection
n : L]T] — I. Therefore, by a slight abuse of notations, we denote [a] by .

Let G be the free abelian group on the set of pairs (I, w;) where I C R[T] is an ideal
of height n with the property that Spec(R[T]/I) is connected and I/I? is a surjective
image of £[T]/IL[T) and wy : L[T]/IL[T] — I/I?is a local L[T)]-orientation of I.

Let I be any ideal of R[T] of height n such that I/I? is surjective image of L[T|/1L[T].
Then there is a unique decomposition (see [D 1] for details), I = I; N --- N I, where
Spec(R[T]/1;) is connected and ht I; = n for each ¢, and I; + I; = R[T for i # j. Now
if wr is a local L[T]-orientation of I then it naturally gives rise to wy, : L[T|/LL[T] —
I;/I;* for 1 < i < k. By (I,wr) we mean the element > (I;,wy,) € G.

Let H be the subgroup of G generated by the set of pairs (/,w) in G such that wy is
a global orientation.
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Definition 4.6. We define the (n-th) Euler class group of R[T'| with respect to L[T]| as
E(R[T),L[T]) := G/H.

Let P be a projective R[T|-module of rank n having determinant L[T|, where L is a
projective R-module of rank 1. Let y : L[T] = A"P be an isomorphism. To the pair
(P, x), we associate an element e(P, x) of E(R[T],L[T]) as follows: Let \g : P — I
be a surjection, where I is an ideal of R[T] of height n. Let bar denote reduction
modulo Iy. We obtain an induced surjection Xo : P/IoP — Ip/ Ig. Note that, since P
has determinant L[T] and dim(R[T"]/1y) < 1, by Serre’s splitting theorem (2.2) we have
P/IoP ~ L[T)/IoL|T) @ (R[T]/1o)" ' (= L[T]/IoL[T] in our notation). We choose an
isomorphism 7 : L[T]|/IoL[T] = P/IyP, such that A"y = Y. Let wy, be the composite
surjection

CITY1LIT) S PP S 1o/12
Let e(P, x) be the image in E(R[T], L[T]) of the element (I, wy,). We say that (Iy, wy,)
is obtained from the pair (Ao, X).

As yet another application of the monic inversion technique, we have the following

Lemma 4.7. The assignment sending the pair (P, x) to the element e(P, x), as described above,
is well defined.

Proof. (Sketch) Let A\; : P — I; (i = 0,1) be two surjections so that (\;, x) induce
(Ii,wr,). Apply the moving lemma 2.11 to find an ideal K C R[T] and a local L[T-
orientation wx of K such that ht(K) > n, K + I; = R[T] fori = 0,1 and (lo,wy,) +
(K,wg) =0in E(R[T], L[T]). Now let I = I} N K and wy be the local L[T]-orientation
of I induced by wy, and wx. Now use the facts that the Euler class of a projective R-
module (resp., R(T")-module) is well-defined, and the monic inversion technique as in
(4.1) to show that wy is a global orientation. This will prove 0 = (I,w;r) = (I1,wr,) +
(K,wg) in E(R[T], L[T]) and therefore, (1o, wy,) = ({1, wr, ). O
Definition 4.8. We define the Euler class of (P, x) to be e(P, ).

Remark 4.9. It is easy to see from the definition of E(R, L) in [Bh-RS 3] and the def-
inition of E(R[T], L[T]) given above, that there is a canonical group homomorphism
® : E(R,L) — E(R[T],L[T]). Following the method of proof of [D 2, 3.3] with ob-
vious modifications, one can check that there is a surjective group homomorphism
U : E(R[T],L[T]) - E(R, L) with the property that if (/,w;) € E(R[T], L[T]) is such
that the ideal 7(0) is an ideal of R of height n, then ¥((I,ws)) = (lo,ws(0)), where
wr(o) is the local L-orientation of 7(0) induced by w; (if 1(0) = R, then ¥((I,w;)) =
0). Moreover, ¥® = idgg ) and therefore & is injective. On the other hand, as
the extension R[T] — R(T) is flat, we have a canonical group homomorphism ¢ :
E(R[T],L[T)) = E(R(T),L[T)® R(T)).
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With the above remark in hand, one can prove the following theorem. The method
of proof again involves a straightforward monic inversion technique.

Theorem 4.10. Let R be a ring of dimension n > 3. Let I C A[T] be an ideal of height n
such that I/1? is generated by n elements and let wy : L[T)/IL[T) — 1/I? be a local L[T)-
orientation of 1. Suppose that the image of (I,wr) is zero in E(A[T], L[T]). Then wr can be
lifted to a surjection 6 : L[T| — I (i.e., wy is a global orientation).

Proof. We leave the proof to the reader. O

The following theorem extends [D 1, 4.8] and a theorem of Mandal [M 2, 2.1]. The
method of proof is similar to [D 1, 4.8]. As the proof is rather involved, we give an
outline.

Theorem 4.11. Let R be a ring of dimR = n > 3 and J C R[T) be an ideal of height n. Let
P be a projective R[T')-module of rank n whose determinant is L[T'|. Assume that we are given
a surjection ¢ : P — J/(J*T). Assume further that 1 ® R(T) can be lifted to a surjection
V' PQR(T) — JR(T). Then, there exists a surjection W : P — J such that W is a lift of ¢ .

Proof. We fix an isomorphism y : L[T] = A"P. Let J (R, P) denote the Quillen ideal of
P in R and write K = J(R,P) N J. Since the determinant of P is extended from
R, we have, ht(J (R, P)) > 2. Therefore, ht KX > 2. We can apply [D 1, 3.9] and
obtain a lift « € Hom gj71(P, J) of ¢ and an ideal J' C R[T] of height n such that
(1) J' + (K2T) = R[T], 2) a: P — J N J'is a surjection and (3) a(P) + (K*T) = J.

It follows that e(P, x) = (J N J,wjny) in E(R[T], L[T]) where the local orientation
wjny is obtained by composing a ® R[T]/(J N J') with a suitable isomorphism X :
(R[T)/JNJ)" ~ P/(JNJ)P, as described in the definition of an Euler class.

Therefore, e(P, x) = (J,wy) + (J',wy). We note that since J'(0) = R, by [Bh-RS 1,
3.9] we can lift wy to a surjection from L[T] — J'/(J”*T). Moreover, considering
the equation ¢(P ® R(T),x ® R(T)) = (JR(T),w; ® R(T)) + (J'R(T),wy ® R(T))
in E(R(T), L[T] ® R(T')) and using the condition of the theorem it is easy to deduce
that (J'R(T),wy @ R(T)) = 0in E(R(T), L[T] ® R(T)). (Actually, the condition of the
theorem tells that e(P®R(T), xQR(T')) = (JR(T),ws®R(T)) ). Asw, is induced by a
surjection L[T'] — J'/(J’ 2T), it follows from (4.1) that there is a surjection § : L[T] — J’
which lifts w .

Let us write B = Ry, k. By [D 1, 3.8] it is enough to prove that there is a surjection
6 : L|T) ® B[T] — J such that (6§ — «)(L[T]) C (K?T). We can apply (3.3) to obtain
such a 6. O
Remark 4.12. Let the notations be as in the above theorem. Note that if J contains a
monic polynomial, the conditions of the theorem are trivially satisfied. The conclusion
of the theorem asserts that if J contains a monic polynomial, then any surjection 1) :
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P — J/(J*T) can be lifted to a surjection ¥ : P — J. This improves [M 2, 2.1], where
P was assumed to be extended from R.

To derive some corollaries of the above two theorems, we need the following lemma.

Lemma 4.13. [D 1, 49] Let A be a ring, I C A[T] be an ideal and P be a projective A[T]-
module. Suppose that we are given surjections o : P — I /1% and 3 : P — 1(0) = I/I N (T)
such that a ® oy r A/1(0) = B®4 A/I(0). Then there is a surjection § : P — I/(I*T) such
that 6 lifts both o and .

We have the following set of corollaries. These can be derived easily from (4.10),
(4.11). For assistance, the reader may consult [D 1].

Corollary 4.14. Let R be of dimension n > 3. Let P be a projective R[T|-module of rank
n with determinant isomorphic to L[T]. Let x : A"P = L[T]. Let e(P,x) = (I,wy) in
E(R[T), L[T)). Then, there exists a surjection o : P — I such that (I,wr) is obtained from
(@, x)-

Corollary 4.15. Let R be a ring. Let P be a projective R[T|-module of rank n with determinant
isomorphic to L[T). Let x : A*P = L[T). Then, e(P,x) = 0 if and only if P has a unimodular
element. In particular, if P has a unimodular element then P maps onto any ideal of R[T] of
height n which is surjective image of L[T) & R[T]" .

Corollary 4.16. Let R be a ring and I C R[T] be an ideal of height n. Let P be a projective
R[T-module of rank n with trivial determinant and o : P — I be a surjection. Suppose that
P has a unimodular element. Then I is surjective image of L[T| & R[T]"~1.

We can also prove the following local-global principle for the Euler class groups.

Theorem 4.17. Let R, L be as above. The following sequence of groups is exact
0 — E(R,L) — E(R[T), L[T]) — | [ E(Rul[T), La[T)).
m

Proof. Let (I1,wr,) € E(R[T],L[T]) be such that its image in E(Rw[T], Lw[T]) is zero
for each maximal ideal m of R. We show that (I1,wy, ) has a preimage in E(R, L).

As Q C R, we can assume that either 7;(0) is an ideal of height n or I;(0) = R.
Case 1. Assume that 1(0) is proper. Apply the moving lemma (2.11), and obtain an
ideal K C R of height n which is comaximal with I; N R and a local L[T]-orientation
wk of K such that (I1(0),wr, 9)) + (K, wk) = 0in E(R, L).

Let I = I N K[T]. As I and K[T] are comaximal, wy, and wg will induce a local
L[T]-orientation w; of I and we have:

(I,wr) = (I,wr,) + (K[T),wrx ® R[T]) in E(R[T], L[T]).
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Note that proving (I,w;) = 0 will suffice. Observe from the above equation that
(1(0),wr)) = 0in E(R, L) and therefore, by [Bh-RS 3, 4.2] wy(g) can be lifted to a
surjection o : £ — I(0). Therefore, by [Bh-RS 1, 3.9] w; can be lifted to a surjection
Y L[T] — I/(I*T). It is now enough to show that 1 can be lifted to a surjection
0: LT — I
Now we can proceed as in the first half of the proof of (4.1) and reduce the theorem
to the case when R is semilocal. But in that case L is free and the proof in this case is
givenin [D 1, 5.5].
Case 2. If I (0) = R, then wy, can be lifted to a surjection ¢y : L[T] — I /(I3T). We can
proceed as in Case 1 to reduce the proof to the semilocal case. O
The following is an analogue of a theorem of Roitman [Ro, Proposition 2], proved
for the Euler class groups in [D-RS 2].

Theorem 4.18. Let R, L be as above. Let S C R be a multiplicatively closed set. Assume
that the canonical map ® : E(R,L) — E(R[T), L[T]) is given to be surjective. Then the
canonical map ®g : E(S™'R,S™'L) — E(S~'R[T), S™'L[T)) is also surjective.

Proof. Write Lg for L ®r Rs. By Theorem 4.17, we have the following exact sequence
of abelian groups

0 — E(Rs, Ls) — E(Rs[T], Ls[T]) — [ E(Rs)m[T], (Ls)m[T]),

where m is a maximal ideal of Rg of height n. To prove the theorem, it is enough to
show that E((Rs)m[T], (Ls)m[T]) = 0 for each such m. Since m is a maximal ideal of R
which avoids S, we are reduced to showing that under the hypothesis of the theorem,
E(Rm,Lm) — E(Rm|[T], Lm[T]) is surjective. Since E(Rm,Lm) = 0, we need only
prove that E(Rm[T], Lm[T]) = 0. But Ly, is free and we are done by [D-RS 2, 42]. O

Theorem 4.19. Let R be a reqular ring of dimension n > 3 which is essentially of finite type
over a field k such that R has infinite residue fields. Let L be a projective R-module of rank one.
Then E(R, L) is isomorphic to E(R[T], L[T).

Proof. We only need to prove that the canonical map from E(R, L) to E(R[T], L[T])
is surjective. In view of the local-global principle ( 4.17), it is enough to prove that
E(Rm[T], Lm[T]) = 0 for each maximal ideal m of R of height n. But Ly is free and
therefore the result follows from [M-V, Theorem 4], [D 4, 4.9]. O

Theorem 4.20. Let R be an affine algebra of dimension n > 3 over an algebraically closed field
k of characteristic zero. Then the canonical map E(R[T], L[T]) — E(R(T),L[T] ® R(T)) is
injective.
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Proof. It can be derived by modifying the proof in [D 1, 5.8] O
Remark 4.21. Let R be a regular domain of dimension d containing an infinite field and
n be a positive integer such that 2n > d + 3. Then the n-th Euler class group E"(R[T])
has been defined in [D-RS 2] and results analogous to those in [D 1, D 2] have been
proved. By a result of Lindel [Li 1], any line bundle on R[T7] is extended from R and
hence is of the form L[T], where L is a line bundle on R. The theory can easily be
extended to define E"(R[T], L[T]) and many results of this section can be proved. For
instance, it can be proved that if R is regular and is essentially of finite type over an
infinite field, then E™(R[T], L[T]) ~ E"(R, L). A similar result has been proved using
different techniques in [M-Y 2]. However we are not going into the details of this setup
in this paper.

5. SOME DESCENT LEMMAS AND THEIR APPLICATIONS

In this section we prove some technical results which are crucial to the theory and
results in Section 6. Motivation for the following lemmas came from [Bh 1, 3.1, 3.2, 3.3].
The basic setup is as follows. We shall try to stick to the notations introduced below
throughout this section.

Let R — S be a finite extension of reduced rings and let C be the conductor ideal of
Rin S. Let L be a projective R[T]-module of rank one and I C R[T] be an ideal such
that I5[T is a proper ideal. Write £ = L& R[T]" L. Assume that there is a surjection « :
£/I€ — I/I?. Then « naturally induces a surjection from (£ ® S[T])/IS[T](£ ® S[T])
to IS[T]/12S[T), which we shall denote by a*. We now explicitly describe how o* is
obtained.

Tensoring a with S[T]/IS[T] over R[T|/I we obtain the surjection

5. (E®rm ST (I @rm S[T])
CIS[TN(E @R SIT))  IS[TI(I @R SIT))

Composing a with the surjective map f induced by the natural surjection f : I ®pp)
S[T] — IS[T), we obtain a*. Thus a* is the composition fa

. (L®gm S[T]) a (I @pr) S[T)) _f» IS[T)
IS[TI(LE@pm SIT))  IS[TIU @gry SIT)  I2S[T)

«

Now suppose it is given that o* has a lift to a surjection 5 : £® S[T] — IS[T]. In the
following three lemmas we investigate, under what additional hypotheses, we may be
able to obtain a lift of « to a surjection ¢ : £ — I. We fix the above notations for the
following lemmas. We shall only mention the additional hypotheses in the statements.

The method of proof of the following lemma is similar to [D-Z, 3.11].
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Lemma 5.1. Let R, S,C, £, I, « be as above and assume that : (i) (R/C)yeq = (S/C)req, (ii)
I+ C[T] = R[T), (iii)) n > 2. Then « can be lifted to a surjective map ¢ : £ — 1.

Proof. We give the proof in steps.
Step 1. We first note that since I + C[T] = R[T] and C is the conductor ideal of R in S,
the following can be easily verified :

(1) I® (R/C)[T]~ (R/C)[T].
(2) I®(S/O)T) = (S/C)[T].
(3) R[T)/I ~ S[T)/IS|T).

We have a surjection, 3 : £ ® S[T'| = 1S[T] which is a lift of o*. Consider
fri= e (S/C)T]: Lo (S/O)T] - IS[T] @ (S/C)[T].

From (2) we have IS[T]| ® (S/C)[T] ~ (S/C)[T], implying that the image of IS[T] in
(S/0)[T] is (S/C)[T]. Therefore, 51 : £ ® (S/C)[T] — (S/C)[T] is a surjection and
therefore 8; € Um((£ ® (S/C)[T])*).

Now (1 ® (S/C)req|T] is also a unimodular element of (£ ® (S/C).eq[T])*. Since it is
given that (R/C)req = (5/C)req, it is easy to see that we have a lift of 51 @ (S/C)req[T] to
(R/C)[T],say, 0 : L&(R/C)[T] — (R/C)[T]. In other words, J is a unimodular element
of (£® (R/C)[T))*. It is obvious from the way 0 is obtained that ¢ ® (S/C)[T] = 5
modulo n((S/C)[T]), where n((S/C)[T]) denotes the nil radical of (S/C)[T] . So, we
have two unimodular elements ; and 6 ® (S/C)[T] of (£ ® (S/C)[T])* such that 6 ®
(S/C)[T] = p1 modulo n((S/C)[T]). Therefore, by (2.8), there exists a transvection o of
£®(S/C)[T] such that 10 = 0®(S/C)[T]. By (2.7), o can be lifted to an automorphism
7 of £ ® S[T] such that 7 is identity modulo I5[T.

Step2. Note that I ® (R/C)[T] ~ (R/C)[T] and I ® (S/C)[T] ~ (S/C)[T]. Since
I 4 C[T] = RI[T], it is easy to check that the natural map f : I ®@pp) S[T] — IS[T] is
actually an isomorphism.

Consider the following Cartesian diagram :

I IS[T) ~ I ® S[T]

| |

(R/O)[T] (S/O)T]
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Therefore, we have the following commutative diagram:

£ S[T]
KA
1 ® S[T] ~ IS[T]
L& (R/O)[T Lo (S/O)T]
\ \
(R/C)IT] (5/C)[T]

Since § ® (S/C)[T] = f1o = BT @ (S/C)[T], the surjective maps ¢ and S7 will patch to
yield a surjection ¢ : £ — I.

Step 3. Finally we need to show that ¢ ® R[T]/I = «a. Since 7 = Id (modulo I5[T]),
we have g7 = 3 modulo IS[T]. Identifying I ® g S[T] with IS[T] and using the
isomorphism S[T'|/IS[T] ~ R[T]/I, we have:

¢ ® (R[T/I) =¢ @ (S[T]/IS[T]) = (¢ @ S[T]) @ (S[T/IS[T]) = Bt @ (S[T]/IS[T])
R[T] R[T) R[T) S[T) S[T)

=B (S[T/1S[T) =a @ (S[T]/IS[T)=a @ (R[T]/I)=a.
S RIT]/1 RITI/1

Thus ¢ lifts o, and the proof of the lemma is complete. O

Lemma 5.2. Let R, S,C, £, 1, « be as fixed in the beginning of this section and assume that:
(1) (R/C)rea = (S/C)red;
(2) dim(R) = dim(S) =n > 4;
() ht(C) = 1;
(4) for any ideal J of R[T|, ht(J) = ht(JS[TY]).
Then « can be lifted to a surjective map ¢ : £ — 1.

Proof. We have o : £/1€ — I/I%. Let J = I? N C. Then ht(.J) > 1. Therefore, we can
choose an element b € J such that ht(b) = 1. Let bar denote reduction modulo b. Then
we havea : £/18€ —» T/TQ and dim(R/bR) < dim(R), where.

Now we can apply (2.13) to get a (surjective) lift / : £ — I of @, and therefore a
lift n : £ — I of o such that (n(£),b) = I. Note that b € I?. Applying (2.10) to the
element (7, b) of £* @ R[T], we see that there exists ¥ € £* such that ht(K}) > n, where
K = (n+t)(£). But (n(£),b) = I has height n and I is a proper ideal. Therefore, by
(2.10), ht(K) = n. Since n+ b¥ is also a lift of o, we may replace n by (n+ b¥) and write
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K = n(£). Note that (K,b) = I and b € I°. It follows, applying (2.9), that there exists
an ideal I’ of R[T] such that:

W) (&) =InT;

2) n@R[T)/I =«;

(3) ht(I') > n;

(4) I' + bR[T] = R[T] and therefore, I' + C[T| = R[T).

If ht(I') > n, then I’ = R[T] and 7 is the desired lift of a. So, we assume that
ht(I') = n.

Let 5 : £® S[T| — IS[T] be the lift of o*. Now consider the surjection

n@S[T]
LRSI — (INI)®S[T)— INI)S[T)
As I' + 1 = R[T], wehave (I NI")S[T] = IS[T] N I'S[T]. By the subtraction principle
(3.1), there exists v : £® S[T| — I'S[T] such that v ® S[T]/I' = n* @ S[T]|/I'. Now we
can apply the above proposition (taking I’ in place of I) to get a surjection ¢ : £ — I’
such thatn ® R[T|/I' =4 ® R[T]/I'.

Finally, we are going to apply the subtraction principle again to get a lift of . We
have two surjections: £ - INI"and ¢ : £ — I’ such thatn®@ R[T]/I' = ¢y @ R[T]/I'.
Therefore by the subtraction principle (3.1), we have a surjection ¢ : £ — I such that
dQR[T)/I =n®R[T|/I. Asn® R[T]/I = o, we have ¢ ® R[T]/I = «. Thus the proof
is complete. O

Lemma 5.3. Let R, S,C, £, 1, « be as in the beginning of this section and assume that:
(1) the canonical map Spec(S) — Spec(R) is bijective;
(2) for every q € Spec(S) the map R/(q N R) — S/q is birational;
(8) dim(R) = dim(S) =n > 4.

Then o can be lifted to a surjective map ¢ : £ — 1.

Proof. Let C' be the conductor ideal of R in S. By the assumptions of the lemma,
ht(C') > 1. Further note that R < S is actually a subintegral extension and therefore
by (2.17) R[T| — S[T] is also subintegral. Further, by (2.17) if J is any ideal of R[T],
then ht(J) = ht(JS[T)).

We prove the lemma by induction on dim(R/C). If dim(R/C) = 0, then (R/C);ed
is also zero-dimensional and (R/C),¢q does not contain any non-zerodivisor. Let K
be the radical of C in S, then we have (R/C),eq = R/KNR and (S/C),eq = R/K.
Now the total ring of fractions, Q(S/K) = [[ k(F;), where P; are minimal prime ideals
of S/K. Therefore Q(R/K N R) = [[k(P; N R), since the canonical map Spec(S) —
Spec(R) is bijective.
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Now by using k(P;) = k(P; N R), we have Q(S/K) = Q(R/K N R). But then
R/KNR— S/K = Q(S/K)=Q(R/KNR)=R/KNR

The last equality holds, since R/K N R does not contain any non-zerodivisor.

Therefore it follows that (R/C);eq = (S/C)req and we are done by (5.2). So let us
assume that dim(R/C') > 0. But then by [Bh-R 2, 3.5] there exists a ring 5" enjoying the
following properties:

1) R—= S5 =S8
(2) (R/C)red = (S//C)red
(3) dim(R/C) > dim(S’/C") where C’ is the conductor ideal of 5" in S.

Now since the extension S’ — S satisfies all the hypotheses of the lemma, by
induction hypothesis there exists a surjection ¢ : £ ® S’[T] — IS'[T], which is a
lift of o*. But (R/C)yeq = (S'/C)rea and again applying (5.2) we obtain a surjection
¢ : £ — I, which is a lift of a. O
Remark 5.4. The above lemma is true for n > 2 if the ideal I is assumed to be comaxi-
mal with C[T. To see this, first note that, in the lemma, we need n > 4 only to be able
to apply the subtraction principle which was required to prove (5.2). Now if we start
with I+ C[T'] = R[T], we can apply (5.1) instead. Further note that in the proof of (5.3),
the conductor of R in S’ is C and C'is contained in C’ and therefore 1.5’ is comaximal
with C’[T]. For this last argument one has to go through the proof of [Bh-R 2, 3.5].

For the convenience of exposition, we make the following definition.

Definition 5.5. Let A be a ring and L be a projective A[T]-module of rank one. A ring
extension A — B will be called special L-regular if the following conditions are satisfied.

(1) The projective B[T]-module L ® 41 B[T] is extended from B,

(2) B is module-finite over A4,

(3) the canonical map Spec(B) — Spec(A) is bijective, and

(4) for every B € Spec(B), the inclusion A/(P N A) — B/ is birational.
Remark 5.6. Let R be a reduced ring and L be a projective R[T]-module of rank one.
Then there is a special L-regular extension R — S with S reduced. The proof is
essentially contained in the proof of [Bh 1, Proposition 3.3]. Further, note that a spe-
cial L-regular extension R — S is actually a subintegral extension. If *(R) denotes
the seminormalization of R, then since T(R) is seminormal, one has Pic(™(R)[T]) ~
Pic("(R)) and therefore L@ (*(R)[T]) is extended from *(R). As L is finitely generated
and *(R) is the filtered direct limit of finite subintegral extensions of R, the reader will
probably feel convinced that there is a special L-regular extension of R.

The three technical lemmas we just proved above culminate in the following theo-
rem which will be crucially used in the next section.
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Theorem 5.7. Let R be a reduced ring of dimension n > 4 and L be a projective R[T|-module
of rank one. Let R — S be a special L-reqular extension. Let I be an ideal of R[T| and o : £ —
I/1? be a surjection. Suppose that the induced surjection o* : £® S[T] — IS[T]/I12S[T] can
be lifted to a surjection § : £ ® S[T] — IS[T]. Then « can also be lifted to a surjective map
OV

Proof. Since R — S is a special L-regular extension, with S reduced and it satisfies all
the conditions of (5.3). 0
Remark 5.8. It follows from (5.4) that the above theorem is true for n > 2 if the ideal I
is assumed to be comaximal with C[T']. We shall need this observation in Section 7.

We now demonstrate an application of (5.7) below. A result of Mandal [M1, 1.2] is
improved, albeit with a stronger hypothesis on the dimension.

Theorem 5.9. Let A = R[T] be a polynomial ring over a commutative Noetherian ring R
with dim(R) = n > 4. Let I be an ideal of A of height n that contains a monic polynomial. let
L be a projective R[T|-module of rank 1. Write £ = IL & R[T|"~!. Suppose that there exists
o : & — I/I?. Then there is a surjection 3 : £ — I such that B lifts a.

Proof. By (2.14) we may assume that R is reduced. Let R < S be a special L-regular
extension with S reduced.

Let o* : £® S[T] — IS[T]/I?S[T) be the surjection induced by . Now note that
L@ ST = (LeS[T)aS[T|" L. As R — S is a special L-regular extension, L ® S[T] is
extended from S. It then follows from [Bh-RS 4, 3.3], that o* can be lifted to a surjection
B : £® S[T] = I. The result now follows from (5.7). O

6. THE EULER CLASS GROUP E(R[T],LL) FOR ARBITRARY L

Our aim in this section is to define and study the (n-th) Euler class group of R[T'] with
respect to a projective R[T]-module L of rank one (which is not necessarily extended
from R), and extend the results of Section 4.

Remark 6.1. We keep it for the record that the top Euler class group E""(R[T]) is
trivial. This case falls in the domain of [Bh-RS3]. Let ¢ : L @ R[T]|" — I/I* be any
surjection, where I is an ideal of R[T] of height n + 1. It follows from (2.13) that ¢ can
be lifted to a surjective map ® : L & R[T]" — I. Therefore, E""(R[T], L) is trivial.
Notation. By a ring R we shall mean a commutative Noetherian ring R containing Q
with dim(R) = n > 4. Let us fix a projective R[T]-module L of rank one. Further, we
write £ = L @ R[T|" L.

We now go on to define the n-th Euler class group E™(R[T],L) (henceforth de-
noted as E(R[T],L)). This definition is simply a verbatim copy of the definition of
E(R[T], L|T)]) that was given in Section 4, only replacing L[T| by LL. Therefore, we just
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recall a few terms and point out the differences. The harder part in this section is to
prove results analogous to those in Section 4.

Let I C R[T] be an ideal of height n such that I/I? is surjective image of £/I£. Let
bar denote reduction modulo I. Two surjections «, 3 : £/1€ — I/I? are said to be
related if there exists an automorphism o € SL(£/1£) such that aoc = (. This defines
an equivalence relation on the set of surjections from £/I¢€ to I/I?. We call such an
equivalence class a local L-orientation of I.

We now prove

Lemma 6.2. Let o, 3 : £/1€ — I/I? be two surjections belonging to the same equivalence
class. Suppose it is given that o can be lifted to a surjection ¢ : £ — I. Then (3 can also be
lifted to a surjection ¢ : £ — 1.

Proof. In view of Lemma 2.14 we may assume that R is reduced.

Let R — S be a special L-regular extension with S reduced (such an extension
exists by (5.6)). Consider the two surjections o*, 5* : (£ ® S[T])/IS[T](£® S[T]) —
IS[T)/I?S[T), which are induced by «, 3, respectively. By the assumption of the lemma,
there exists an automorphism o € SL(£/1£) such that ac = (5. This implies that o*, 5*
are also connected by an automorphism of determinant one. Now note that L ® S[T] is
a projective S[T]-module of rank one which is extended from S. Therefore, as a* has
a surjective lift ¢ @ S[T] : £® S[T] — IS[T], applying (4.2), it follows that §* also has
a surjective lift, say, 6 : £ ® S[T] — IS[T]. Now we can apply (5.2) and conclude that
there is a surjection ¥ : £ — I which lifts j3. O
Definition 6.3. We call a local L-orientation [«] of I a global orientation of I if the surjec-
tion o : £/1€ — I/I? can be lifted to a surjection 0 : £ — 1.

Define the groups G and H exactly as in Section 4, by only replacing L[T] with L.
Definition 6.4. The n-th Euler class group of R[T| with respect to the projective R[T-
module L is defined as E™(R[T],L) e /H. In this paper we shall simply denote this
group as E(R[T],L).

Remark 6.5. Let A be a commutative Noetherian ring of dimension d and L be a projec-
tive A-module of rank one. For each r, 1 < r < d, Mandal-Yang defined the r-th Euler
class group E"(A, L) in [M-Y 1, M-Y 2], generalizing the definition of E4(A, L) given
by Bhatwadekar-Sridharan in [Bh-RS 3]. We may note that, for E"(A, L), to define
local L-orientations of an ideal J of height r, Mandal-Yang used equivalence classes
givenby E((L® A1) /J(L® A™1)) instead of SL((L ® A" 1) /J(L ® A™1)). Ifr = d,
the Mandal-Yang definition of the Euler class group E¢(A, L) coincides with that of
Bhatwadekar-Sridharan because then dim(A/.J) = 0and £((L® A1) /J(L A1) =
SL((L @ AT /J(L @ A4~1)). Since these groups may differ if dim(A4/J) > 0, the
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reader may note that our definition of E"(R[T],L) given above is not obtained from
the Mandal-Yang definition just by putting A = R[T|,d=n+1,r =nand L = L.

The following result is crucial for further discussions.

Proposition 6.6. Let R be a reduced ring, L be a projective R[T|-module of rank one and let
R — S be a special L-regular extension. Then there is a canonical injective group homomor-
phism © : E(R[T]|,L) — E(S[T],L @ S[T).

Proof. We first note that R — S is a finite subintegral extension. Therefore, R[T| —
S[T] is also subintegral. Further, if I C R[T] is an ideal, then ht(I) = ht(IS[T]) (see
(2.17)). Given a surjection wy : £/1€ — I/I?, we have the induced surjection

. (cas[T) IS

P IS[T)(&® S[T)) — I2S[T)

as described at the beginning of Section 5. It is now easy to see that there is a canonical
group homomorphism © : E(R[T]|,L) — E(S[T],L ® S[T]), which takes (I,wr) to
(IS[T],w7). To prove that O is injective, let (1, wy) € E(R[T],L)be such that ©((I,wy)) =
0in E(S[T],L ® S[T]). In other words, (IS[T],w;) = 0in E(S[T],L ® S[T]), where w}
is induced by w;. As L ® S[T] is extended from S, it follows from (4.10), that w} has
a surjective lift n : £ ® S[T] — IS[T]. But then (5.2) implies that there is a surjection
¢ : £ — I lifting wy. Therefore wy is a global L-orientation and consequently, (I, w;) =0
in E(R[T],L). O

We now prove the following results on the Euler class group E(R[T],L).

Theorem 6.7. Let R be a reduced ring of dimension n > 4. Let I C R[T be an ideal of height
n such that I /1% is surjective image of £ and let wy be a local L-orientation of I. Suppose that
the image of (I,wr) is zero in E(R[T],1L). Then wr can be lifted to a surjection 6 : £ — 1.

Proof. This is a direct consequence of (4.10) and (5.2). O
So far we kept assuming that the ring R is reduced. To extend the theory to non-
reduced rings, the following proposition is in order.

Proposition 6.8. Let R be a ring and let R,,; = R/n(R), where n(R) is the nil-radical of
R. Let L be a projective R[T|-module of rank one. Then there is a canonical isomorphism
n: E(R[T], L) = E(Rred[T]a L® Rred[TD'

Proof. The proof is along the same line as [D 3, 2.15] and [Bh-RS 3, 4.6] and therefore
omitted. The reader may also consult [K, 4.13]. O
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Remark 6.9. As a consequence of the above proposition, (6.7) is now valid for non-
reduced R and therefore, throughout this section we may assume R to be reduced.

We now define the Euler class of a projective R[T]-module with determinant L.

Let P be a projective R[T]-module of rank n whose determinant is isomorphic to L.
Let x : L = A™(P) be an isomorphism. To the pair (P, x), we associate an element
e(P,x) of E(R[T],L) as follows:

Let o : P — I be a surjection, where I is an ideal of R[T’| of height n. Let bar denote
reduction modulo I. Note that, since dim(R[T]/I) < 1, by Serre’s splitting theorem
(2.2) we have P/IP ~ £/I£. We choose an isomorphism 7 : £/1€ = P/IP such that
A" = X. Let wr be the composite surjection

J a
£/1& = P/IP — I/1%
Let e(P, x) be the image in E(R[T],L) of the element (I,wr). We say that (/,wy) is
obtained from the pair («, x).
Definition 6.10. We define the Euler class of (P, x) to be e(P, x).

Lemma 6.11. The assignment sending the pair (P, x) to the element e(P,x), as described
above, is well defined.

Proof. Let o : P — I and 3 : P — J be two surjection, where I, J C R[T| be two ideals
of height n. Let (I,w;) and (.J,w;) be obtained from («, x) and (3, x), respectively.

Applying (2.11), we can find an ideal K C R[T'] of height n such that K is comaximal
with I, J and there is a surjection v : £ - INK such thaty® R[T]/I = wy. Since K and
I are comaximal, vy induces a local L-orientation wg of K. Clearly, (I,wr)+ (K,wxk) =0
in E(R[T),L).

Let M = K N J. Note that wg and w; together will induce a local LL-orientation of
M. Callitwys. Then, (M,wy) = (K,wk) + (J,wy). Therefore, showing (M,wjs) = 0in
E(R[T],L) is enough to prove the lemma.

We may assume that R is reduced. Let R — S be a special L-regular extension.
Then L ® S[T'] is extended from S. As the Euler class of a projective S[T]-module (in
E(S[T],L®S[T)))is well defined, it follows that (M S[T],w},) = 0in E(S[T],L® S[T]),
where wj}, is induced by wys. Therefore, by (4.10), it follows that wj, can be lifted to
a surjective map 0 : £ ® S[T] — MS[T]. Applying (5.2), we obtain a surjective lift
¢ : £ — M of wy. In other words, (M,wyr) = 0in E(R[T],L). O

Theorem 6.12. Let R be a ring and L, P, x as above. Then, e(P, x) = 0 in E(R[T],L) if and
only if P has a unimodular element.
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Proof. Without loss of generality we may assume that R is reduced. Let R — S be a
special L-regular extension with S reduced. Let o : P — I be a surjection, where I is an
ideal in R[T] of height n. Let e(P, x) = (I,wy) in E(R[T],L), where (I,wy) is obtained
from the pair (a, x).

We first assume that e(P, x) = 0 in E(R[T],L). Then, e(P ® S[T],x ® S[T]) = 0 in
E(S[T],L® S[T]). AsL ® S[T] is extended from 5, it follows from (4.15) that P @ S[T]
has a unimodular element. But then by [Bh 1, 3.2], P has a unimodular element.

Conversely, assume that P has a unimodular element. Therefore, P ® S[T] also
has a unimodular element. As L ® S[T] is extended from S, it follows from (4.15)
that e(P ® S[T],x ® S[T]) = (IS[T],w;) = 0in E(S[T],L ® S[T]). But then by (6.6),
e(P,x) =0in E(R[T],L). O

Theorem 6.13. Let R be a ring and 1L be a projective R[T'|-module of rank one. Let P be a
projective R[T)-module of rank n which is stably isomorphic to L& R[T|" L. Let y : L = A"P
be an isomorphism. Let I C R[T) be an ideal of height n such that 1/1? is surjective image of
£ and wr be a local L-orientation of I. Suppose that e(P,x) = (I,wr) in E(R[T),L). Then,
there exists a surjection o : P — I such that (I,wr) is obtained from (o, x).

Proof. By (2.2), P/IP is isomorphic to £/I£. Choose an isomorphism o : £/I£ =
P/IP such that A"o = x ® R[T]/I. Let v : P/IP — I/I? be the composite surjection:

P/IP 7 e/12 2 1/

Applying (2.11) we obtain a lift of ¢, say, ¢ € Hom g7 (P, I) such that ¢(P) = IN T,
where I’ is an ideal of R[T| of height > nand I+1' = R[T). If I’ = R[T, then obviously
¢ is surjective and we are done in this case. Therefore, we assume that I’ is proper and
ht(I') = n.

Choose an isomorphism ¢ : £/I'€ = P/I'P such that A"(§) = x ® R[T]/I. By the
Chinese Remainder Theorem, we have P/(INI')P ~ P/IP @ P/I'P. Therefore, o
and ¢ together will induce an isomorphism 7 : £/(I N I')€ = P/(I N I')P such that
A'(1) = x @ R[T]/(I N I"). Composing T with ¢ ® R[T]/(I N I') (as in the definition
of the Euler class) one obtains a local orientation of I N I’, say, winy, and therefore,
e(P,x) = (INI',winp). Again note that as I and I’ are comaximal, w;n; induces local
[L-orientations of I and I’ and it is easy to see that the induced local orientation for I is
precisely wy. If we call the one induced for I’ as w; then we have:

e(P,x) = (I,wr) + (I';wp) in E(R[T],L).

From the hypothesis of the theorem it now follows that (I’,wy) = 0, and therefore
by (6.7) there exists a surjection 3 : £ — I’ such that 5 ® R[T|/I' = ¢ ® R[T]|/I'. Now
we can apply (3.2) and conclude the proof of the corollary. O
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Theorem 6.14. Let R be a regular ring of dimension n which is essentially of finite type over
a field k such that R has infinite residue fields. Let L be a projective R[T'|-module of rank one.
Then E(R[T),L) ~ E(R,L/TL).

Proof. By a result of Lindel [Li 1], the projective R[T]-module L is extended from R.
Therefore, there exists projective R-module L of rank one such that L ~ L[T] and
L/TL ~ L. Therefore, we need to prove that E(R[T], L[T]) ~ E(R, L) and we are done
by (4.19). O
Remark 6.15. A result similar to the above has been proved in [M-Y 2] using a different
technique. However, as remarked in (6.5), the group E(R[T], L) is not exactly the same
as the one appearing in [M-Y 2].

In the following theorem we extend some results from [D-Z]. In [D-Z], it has been
proved that if R < S is a subintegral extension then the Euler class groups E(R[T])
and E(S[T]) are isomorphic. The proofs given below are natural extensions of argu-
ments from [D-Z].

Theorem 6.16. Let R be a ring and S be an extension ring. Let L be a projective R[T')-module
of rank one. Then E(R[T),L) ~ E(S[T|,L ® S[T]) in the following cases:
(1) R — S is elementarily subintegral.
(2) R — S is finite subintegral. In particular, when S is a special L-regular extension.
(38) R — S is subintegral.
(4) S = T (Ryeq), the seminormalization of Ry

Proof. We may assume by (6.8) that the ring R is reduced to start with. Also note that if
R — S is subintegral, then we have a natural group homomorphism © : E(R[T],L) —
E(S[T],L ® S[T]), which sends (J,wy) to (JS,w?), where w¥ is the local orientation
induced by w;.

(1) Let R — S be elementarily subintegral. Let C' be the conductor of R in S. Then
by [D-Z, 3.5] we have (R/C)eq = (S/C)req. It now follows from (5.1) that © is injective.

To prove that O is surjective, let (I,0) € E(S[T],L ® S[T]), where I C S[T]isanideal
of height n and o : (£® S[T])/I(£® S[T]) —» I/I? is a surjection. By using the moving
lemma (2.11), we can find an ideal X C S[T] and a surjection 7 : £ S[T] - INK
such that: (i) ht(K) > n, (ii) K + I N C[T] = S[T], and (iii) 7 ® S[T]/I = o.

If ht(K) > n, then K = S[T] and we have (/,0) = 0 in E(S[T]). Therefore we
assume that ht(K) = n. Let n = 7 ® S[T']/ K be the local L-orientation of K. Then we
have, (I,0)+ (K,n) = 0in E(S[T],L® S[T]). It is now enough to prove that (K, ) has
a preimage in E(R[T],L).

Let KNR[T| = J. As K+ C[T] = S[T], wehave J+C[T] = R[T], and therefore there
exists f € C[T] such that g = 1 — f € J. We can assume that ht(g) = 1. (If ht(g) = 0,
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choose ¢’ € J such that ¢’ does not belong to any minimal prime ideal of R[T|. Then
ht(g+¢ —gg)=1.Now (1—g)(1—¢)=1—-g—9¢ +g¢. lf wewriteg" = g+¢ — g9/,
then we have 1 — ¢’ € C[T] and ht(¢”) = 1 and we can work with ¢”). Since f € C[T],
we have R[T|; = S[T]. Therefore R[T]/(1 — f) = S[T]/(1 — f) and R[T] — S[T]is an
analytic isomorphism along g € J. Therefore using [N, proposition 1.3], we have

(@) R[T]/J ~ S[T]/K.
(b) K = JS[T]
(c) Asg € J,wehave J/J? ~ K/K?.

As a consequence of (a) we have, £/J£ ~ (£® S[T])/K(£® S[T]). It is now easy
to see from (c) that 7 is induced from a surjection w; : £/J& — J/J?. Therefore,
O((J,ws)) = (K.n).

(2) Let R — S be finite subintegral. Then S is obtained from R by a finite sequence
of elementarily subintegral extensions and we are done by (1) above.

(3) Here S is the filtered direct limit of subrings S, such that each S, can be ob-
tained from R by a finite number of elementarily subintegral extensions. A direct limit
argument as in [D-Z] can easily be given to conclude the result.

(4) Obvious from (3). O

7. LOW DIMENSIONAL RINGS

In this section we treat the cases when dim(R) = 2,3. The methods of previous
sections do not naturally extend to three dimensional rings due to the lack of a suitable
subtraction principle and we need to handle this carefully. The case of two dimensional
rings is much simpler but the method is different.

7.1. Three dimensional rings. Let R be a ring of dimension 3 (containing Q) and L be
a projective R[T]-module of rank one. Assume for the time being that R is reduced.
Let R — S be a special L-regular extension with S reduced and C' be the conductor of
Rin S. We fix S for the following discussion. We have, ht(C') > 1. A careful inspection
of the theory and the results in Section 4 would reveal that if we had ht(C) > 2, or
more generally, ht(J(R,L)) > 2, where J(R, L) is the Quillen ideal of L in R, then one
can similarly develop the theory of E(R[T], L) and prove all the results of Sections 4, 6.
However, we now assume that ht(C') > 1 and define a “restricted” Euler class group
E(R[T],1L) below, which will serve most of our purposes. The definition is exactly
the same as those in Sections 4 and 6, only with one restriction imposed on the ideals
concerned. We shall not repeat the whole definition in detail and we shall freely use
terms defined in Section 6.
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Definition 7.1. (The “restricted” Euler class group E(R[T],L)): Let R be reduced. Let G
be the free abelian group on pairs (Z,w7), where T C R[T] is an ideal of height n such
that Spec(R[T]/Z) is connected and Z + C[T] = R[T] (here is the restriction), and

L WeRm) 1
I ILeRTP?) 12
is a local L-orientation of Z. Given any ideal I of R[T| such that I + C[T| = R[T] and
any local L-orientation wy, one can easily associate an element in G, as it was done
before. We denote this element as (I, w;). Take H to be the subgroup of G generated by
all those (I,ws) of G such that wy is a global L-orientation. Define E(R[T],L) = G/H.
We write £ = L&R[T)%.

Theorem 7.2. Let R be a reduced ring of dimension 3, L be a projective R[T)-module of
rank one and R — S be a special L-regular extension. Then there is an injective group
homomorphism © : E(R[T), L) — E(S[T],L® S[T]).

Proof. The definition of O is the same as (6.6). Obviously it is a group homomorphism.
The injectivity of © follows from (5.8). O

Corollary 7.3. Let R,L, S be as above. Let (I,w;) = 0 in E(R[T),L). Then wy is a global
L-orientation of I, i.e., there is a surjective map o : £ — I such that « lifts wy.

Proof. Clearly follows from the above theorem because © is injective. O

Now let P be a projective R[T]-module of rank 3 with determinant L and let y : L =
A3(P) be an isomorphism. We can associate an element e(P, ), called the Euler class
of (P, x), in the group E(R[T),L) so that it serves as the precise obstruction for P to
split off a free summand of rank one. We describe it now.

Let R — S be a special L-regular extension as above and C' be the conductor of R
in S. Since dim(R/C) < 2, it follows from (2.2) that the projective (R/C)[T]-module
P/C[T]P has a unimodular element. Applying (2.10) it is easy to see that there is an
ideal I C R[T] of height 3 which is comaximal with C[T’] such that there is a surjection
a : P — I. Choose an isomorphism 7 : £/I€ = P/IP such that A"y = X, where bar
denotes reduction modulo /. Let wr be the composite surjection

5 _
e/1e 5 P/IP 5 112
We define the Euler class of (P, ) as e(P,x) = (I,w;) € E(R[T],LL). Following the

same method as in (6.11) and using (7.2) it is easy to prove that the Euler class is well
defined.
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Theorem 7.4. Let R,IL be as above. Let P be a projective R[T|-module of rank 3 with
determinant L and let x : L. =5 A3(P) be an isomorphism. Then e(P,x) = 0 in E(R[T],L) if
and only if P has a unimodular element.

Proof. Let R < S be the special L-regular extension fixed above and © : E(R[T],L) —
E(S[T], £® S[T]) be the group homomorphism from the above theorem. Let e(P, x) =
(I,w;) in E(R[T],L).

First assume that e(P,x) = 0 in E(R[T],L). This will imply that e(P ® S[T],x ®
S[T)) = (IS[T),w;) = 0in E(S[T], £® S[T]), where wj is the local orientation of I.5[7’]
induced by w;. As L ® S[T] is extended from S, it follows from Corollary 4.15 that
P ® S[T] has a unimodular element. Then by [Bh 1, Lemma 3.1], P has a unimodular
element.

Conversely, if P has a unimodular element then the same is true for P ® S[T], and
then (IS[T],w}) = 0in E(S[T], £® S[T]). As O is injective, it follows that (/,w;) = 0
in E(S[T], £® S[T]). Therefore, e(P, x) = 0in E(S[T], £ ® S[T)). O

Remark 7.5. Now let R be a ring of dimension 3 which is not necessarily reduced. Let
P be a projective R[T]-module of rank 3 with determinant L. Let R,y = R/n(R),
where n(R) is the nil radical of R. It is easy to derive that P has a unimodular element
if and only if P ® Req has a unimodular element. Fix an isomorphism x : L. = A3(P).
Consider the Euler class e(P ® Ryed, X @ Rred) € F(Rred;L ® Ryeq). Then P has a
unimodular element if and only if e(P ® Ryeq, X ® Ryeq) = 0in E (Rred, L ® Rieq)-

7.2. Two dimensional rings. Let R be a ring of dimension 2 and L be a projective
R[T]-module of rank one. The theory of the Euler class group E(R[T],L) is very much
similar to the two-dimensional case developed in [D 1, Section 7]. Unlike the higher
dimensional cases treated so far in this paper, most of the results for two dimensional
rings from [D 1, Section 7] can be extended without much hurdle. We first prove the
following easy lemma.

Lemma 7.6. Let R be a ring of dimension 2 and L be a projective R[T|-module of rank one.
Let J C R[T) be an ideal such that there is a surjection @ : L ® R[T] — J/J?. Then there
exists a projective R[T)-module P of determinant 1L such that P maps onto J.

Proof. Write £ = L & R[T)]. Let a : £ — J be a lift of &@. Then a(£) + J? = J. Therefore,
by (2.9) there exits e € J such that J = (a(£), e) with e(1 —e) € a(£). This implies that
o =aj_¢: £ — Ji_. is a surjection.

On the other hand, we have a surjection 5 : £, — J. = R[T]. which is projection
onto the second factor.
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Thus we obtain two surjections ag, 81— from £._¢) to Jo1_¢) = R[T]c(1—c), and
exact sequences:

0 — ker(ap) = Le(1—e) = Jei—e) = R[T]e(1-¢) = 0

0— ker(ﬁl_e) — Se(l—e) — Je(l—e) = R[T]e(l—e) — 0

As projective modules of rank one are always cancellative, we have ker(ay,) =~ L _) =
ker(81-¢). Therefore, there is an automorphism ¢ of £.;_.) such that det(¢) = 1
and (f1—¢)¢ = «,. By a standard patching argument we obtain a projective R[T-
module P of rank 2 and a surjection from P to J. As det(¢) = 1, it is easy to see that
A2(P) ~ L. O

Armed with the above lemma one can now easily extend [D 1, 7.1] in the following
manner. We omit the proof as it can be worked out modifying the proof of [D 1, 7.1].

Theorem 7.7. Let R be a ring of dimension 2 and LL be a projective R[T|-module of rank one.
Write £ = L ® R[T). Let J C R[T) be an ideal such that there is a surjection @ : £ — J/J2.
Suppose that there is a surjection I' : £ R(T') — JR(T) such that T" lifts « @ R(T'). Then
there is a surjective map 3 : £ — Jand 6 € SL(L/JL) such that o = @ R[T|/J.

Remark 7.8. Let R be a ring of dimension 2 and L be a projective R[T]-module of
rank one. Applying (7.7) one can easily extend [D 1, 7.2, 7.3]. The Euler class group
E(R[T],L) can be defined exactly as it has been done in this paper. The only difference
is that, a local L-orientation « : £/J& — J/J? will be called global if there is a
surjection § : £ — J and some o € SL(£/JL) such that ac = 0 ® R[T]/J. The
Euler class of a projective R[T]-module P of rank 2, together with an isomorphism
x : L = A?(P) can also be defined as it has been done in Section 6. It can be easily
checked that the Euler class e(P, x) is trivial in E(R[T],L) if and only if P ~ L & R[T].
We leave all the details for the reader as no new technique is involved here. Only result
that we could not extend from [D 1] is [D 1, 7.6]. Note that in the proof of [D 1, 7.6], the
“Symplectic” cancellation theorem of Bhatwadekar [Bh 2, 4.8] is crucially used, which
is not available in this case.
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