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ABSTRACT. Let R be a commutative Noetherian ring. This paper examines the ques-
tion of efficient generation of ideals in a birational overring of R[X]. Also, we study
similar questions for rings of the type R[X,Y ]/(XY ). These studies enable us to com-
pute the Euler class groups for those two types of rings.

1. INTRODUCTION

Let k be a field and f ∈ R = k[T1, · · · , Td]. Consider A = R[X,Y ]/(f − XY ).
In the case when f defines a nonsingular hypersurface in kd, Murthy [Mu] proved
that K0(A) ≃ K0(R/fR) and Pic(A) is trivial. Further, taking a suitable plane curve
(namely, taking f(T1, T2) = T 2

1 + T 3
2 − 1), Murthy comments that K0(A) may not be

even finitely generated. In such a situation, the triviality of Pic(A) forces that a non-
zero element of K̃0(A) must be represented by a projective A-module P which is not a
direct sum of rank one modules, in particular, P is not free. This is a very interesting
phenomenon if we note that k[T1, · · · , Td, X] ⊂ A ⊂ k[T1, · · · , Td, X,X−1] and by [Q,
Su1] projective modules defined over the ring on the left are free, whereas the same is
true for projective modules defined over the ring on the right by [Su2].

In the case when f defines an integral (possibly singular) hypersurface in kd, Swan,
Weibel carried out detailed K-theoretic studies of these type of rings in [W].

Later, motivated by the works of Murthy, Swan and Weibel mentioned above, Bhat-
wadekar and Roy [B-R] considered a d-dimensional commutative Noetherian ring R
and proved some remarkable results for projective modules of rank d+1 defined over
a ring A where R[X] ↪→ A ↪→ R[X,X−1]. For instance, they proved that a projective
A-module of rank d+ 1 always splits as P ≃ Q⊕A, where Q is an A-module. We may
note that this result is consistent with similar results on projective modules of rank d+1

defined over the rings R[X] and R[X,X−1], proved in [P] and [M], respectively.
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Very soon after [B-R] appeared, Rao [R] proved that the results of Bhatwadekar
and Roy can be generalized by taking A as: R[X] ↪→ A ↪→ S−1R[X], where S is a
multiplicative set of non-zerodivisors in R[X].

Inspired by the results discussed above, we decided to investigate these rings from
a different perspective, namely to study the behaviour of ideals in such rings. As a
starting point, let us consider the following question. For a moment let f ∈ R =

k[T1, · · · , Td], A = R[X,Y ]/(f − XY ) and assume that f defines a nonsingular hy-
persurface in kd. It can be easily argued (see [Mu]) to conclude that A is regular of
dimension d + 1. Let m be a maximal ideal of A. We ask: Is m a complete intersection?
Note that ht (m) = d + 1 = µ(m/m2). Therefore, we may as well ask, if I ⊂ A is an
ideal of height d+ 1 such that µ(I/I2) = d+ 1, is I generated by d+ 1 elements? One
is tempted to go one step further and inquire whether a given set of d + 1 generators
of I/I2 can be lifted to a set of d + 1 generators of I . Taking cues from [B-R] and [R],
we answer all these questions affirmatively in a much more general setup in the form
of the following theorem (3.2 below).

Theorem 1.1. Let R be a commutative Noetherian ring of dimension d ≥ 1 and S be a
multiplicative set of non-zerodivisors in R[X]. Let A be a ring such that R[X] ↪→ A ↪→
S−1R[X]. Let I ⊂ A be an ideal of height ≥ 2. Suppose that I = (f1, · · · , fn) + I2 where
n ≥ d + 1. Then there exist g1, · · · , gn such that I = (g1, · · · , gn) with fi − gi ∈ I2 for
1 ≤ i ≤ n.

The above result has been proved for A = R[X] and R[X,X−1] by Mandal in [M 1].
For S−1R[X], the result can be deduced from [M-P]. Our method of proof is quite
simple and similar in principle to the methods adopted in [B-R] and [R], namely, to
reduce the problem to one over R[X] and then appeal to the existing results. An
interesting consequence of Theorem 1.1 is that any ideal of A of height at least two
is set theoretically generated by d+ 1 elements. We prove this result in Theorem 3.12.

A reader familiar with the Euler class theory will readily understand that Theorem
1.1 implies that the ”top” Euler class group Ed+1(A) of A is trivial. Consequently, (if
Q ⊂ A) any projective A-module P of rank d + 1 with trivial determinant will have a
trivial Euler class and therefore split as P ≃ Q⊕A for someA-moduleQ. This recovers
[B-R, Theorem 4.2] of Bhatwadekar-Roy (indeed under some restrictions), where they
proved that any projective A-module of rank d + 1 splits off a free summand of rank
one.

Now let us go back to the setup at the beginning of the introduction. Recall that we
started our discussion with f ∈ R = k[T1, · · · , Td] and A = R[X,Y ]/(f −XY ). Unlike
the case when f defines a nonsingular hypersurface (when Murthy showed that there
can be non-free projective A-modules), the projective A-modules are all free if we take



EFFICIENT GENERATION OF IDEALS IN OVERRINGS OF POLYNOMIAL RINGS 3

f to be zero (i.e., R = k[T1, · · · , Td] and A = R[X,Y ]/(XY )). This was proved in [B-R,
Theorem 5.1]. In a spirit similar to Theorem 1.1 we prove the following theorem (4.2
below) and derive similar consequences.

Theorem 1.2. Let R be a Noetherian ring of dimension d ≥ 1 and D = R[X,Y ]/(XY ). Let
I ⊂ D be an ideal of height ≥ 2. Suppose that I = (f1, · · · , fn) + I2 where n ≥ d+ 1. Then
there exist g1, · · · , gn such that I = (g1, · · · , gn) with fi − gi ∈ I2 for 1 ≤ i ≤ n.

Again we remark that dim(D) = d+ 1 and Theorem 1.2 implies that the Euler class
group Ed+1(D) = 0. As a consequence, we observe that if Q ⊂ A, any projective D-
module P of rank d + 1 (with trivial determinant) will have a trivial Euler class and
therefore split as P ≃ Q⊕D for some D-module Q. The restriction on the determinant
of P can be removed. Therefore we obtain (Corollary 4.6) an Euler class theoretic proof
of [B-R, Theorem 5.3(ii)] with the assumption that Q ⊂ A.

Interestingly, we have been able to carry out our analysis further for a ring D as
above to detect the precise obstruction for a projective D-module of rank d to split off
a free summand of rank one. Let us give a brief exposition.

Let P be a projective D-module of rank d and for simplicity assume that the de-
terminant of P is trivial. Fix χ : D

∼→ ∧d(P ). By a theorem of Eisenbud-Evans
[E-E], there exists a surjective map α : P � J , where J ⊂ D is an ideal of height
d. The map α will induce a surjection α : P/JP � J/J2. As dim(D/J) ≤ 1 and the
determinant of P is trivial, the D/J-module P/JP is free. Choose an isomorphism
σ : (D/J)d

∼→ P/JP such that ∧d(σ) = χ ⊗ D/J and take the composite surjection
ωJ := ασ : (D/J)d

∼→ P/JP � J/J2. We prove that if Q ⊂ D, then P ≃ Q ⊕ D for
some D-module Q if and only if ωJ can be lifted to a surjection θ : Dd � J .

The above phenomenon has been formalized in the form of the theory of the d-th
Euler class group Ed(D) of D and the Euler class of (P, χ) taking values in Ed(D). The
result can be found in Corollary 5.11 which asserts that P ≃ Q ⊕ D if and only if the
Euler class of (P, χ) is trivial in Ed(D). The preceding paragraph is an exposition of
the same in simpler terms.

2. PRELIMINARIES

Throughout this paper, rings are assumed to be commutative and Noetherian and
all modules are assumed to be finitely generated. Projective modules are assumed to
have constant rank. For a ring A, dim(A) will denote the Krull dimension of A. For
an A-module M , the notation µ(M) stands for the minimal number of generators of
M as an A-module.

Definition 2.1. An ideal I of a ring A is said to be efficiently generated if µ(I) = µ(I/I2).
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Definition 2.2. Let A be a ring and I ⊂ A be an ideal of height r. We shall call I to be a
complete intersection if µ(I) = r. We shall say that I is a local complete intersection if I is
locally generated by r elements.

We now collect some results for later use. We start with a lemma from [D-K, Lemma
3.1].

Lemma 2.3. (Moving Lemma) Let R be a Noetherian ring and J ⊂ R be an ideal. Let P be
a projective R-module of rank n ≥ dim(R/J) + 1 and let α : P/JP � J/J2 be a surjection.
Given any ideal K ⊂ R with dim(R/K) ≤ n − 1, the map α can be lifted to a surjection
β : P � J ∩ J ′ such that:

(1) (J2 ∩K) + J ′ = R.
(2) ht(J ′) ≥ n.

The next result, due to Bhatwadekar-Roy [B-R, Lemma 4.1], will be crucially used in
Section 3.

Lemma 2.4. Let B ⊂ C be rings of dimension d and let x be an element of B such that
Bx = Cx. Then

(1) B/(1 + bx) = C/(1 + bx) for all b ∈ B.
(2) If J is an ideal of C such that ht(J) ≥ d, and J+xC = C, then there exists an element

b ∈ B such that 1 + xb ∈ J .

The following proposition is proved in ([B-R, Proposition 3.2]).

Proposition 2.5. Let B and C be reduced rings such that B ↪→ C ↪→ Q(B), where Q(B)

denotes the total quotient ring of B. Assume that B is Noetherian. Then dim(C) ≤ dim(B).

The following theorem is due to Mandal [M 2, Theorem 2.1].

Theorem 2.6. Let A be a Noetherian ring. Let I ⊂ A[T ] be an ideal containing a monic
polynomial. Suppose that I = (f1, · · · , fn)+(I2T ), where n ≥ dim(A[T ]/I)+2. Then, there
exist g1, · · · , gn such that I = (g1, · · · , gn) and gi − fi ∈ (I2T ) for i = 1, · · · , n.

The following result is due to Das ([D 1, Theorem 3.10]).

Theorem 2.7. LetR be a Noetherian ring of dimension d ≥ 3, containing the field of rationals.
Let I ⊂ R[T ] be an ideal of height d. Suppose that I = (f1, · · · , fd) + (I2T ) and there exist
F1, · · · , Fd ∈ IR[T ]f such that IR[T ]f = (F1, · · · , Fd) and Fi = fi mod I2R[T ]f for some
monic polynomial f ∈ R[T ]. Then, there exist g1, · · · , gd such that I = (g1, · · · , gd) and
gi = fi mod (I2T ) for i = 1, · · · , d.

We shall frequently use the following lemma from [B-RS 1, Remark 3.9].
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Lemma 2.8. Let R be a ring, I ⊂ R[T ] be an ideal such that I = (f1, · · · , fn) + I2. Assume
further that either I(0) = R or I(0) = (a1, · · · , an) such that fi(0) − ai ∈ I(0)2. Then we
can find g1, · · · , gn ∈ I such that I = (g1, · · · , gn) + (I2T ) with gi − fi ∈ I2 and gi(0) = ai

for i = 1, · · · , n.

The above lemma was generalized slightly in [D 1, Lemma 4.9]. In this paper we
shall also need a more general version, which we state below. A proof can be easily
given by mimicking the proofs from [B-RS 1, D 1]. Note that taking A = R[T ], x = T ,
and P = R[T ]n in the following lemma one obtains Lemma 2.8.

Lemma 2.9. LetA be a ring and I , J be two ideals inA such that J ⊂ I2. Let P be a projective
A-module and x ∈ A. Suppose that we are given surjections α : P � I/J and β : P � I

such that α ≡ β mod J , where bar denotes reduction modulo x. Then the map α can be lifted
to surjection ϕ : P � I/(Jx).

The following proposition is implicit in the proof of [B-RS 2, Proposition 2.5].

Proposition 2.10. Let R be a commutative Noetherian ring of dimension d ≥ 1 and I be an
ideal of R[T ] of height ≥ 2. Assume that I = (f1, · · · , fn) + I2, where n ≥ d+ 1. Then there
exist g1, · · · , gn ∈ I such that I = (g1, · · · , gn) with fi − gi ∈ I2 for i = 1, · · · , n.

Definition 2.11. Let R be a ring and P be a projective R-module. An element p ∈ P is
called unimodular if there is a surjective R-linear map φ : P � R such that φ(p) = 1.
Note that P has a unimodular element if and only if P ≃ Q⊕R for some R-module Q.

The following result is due to Serre [Se].

Theorem 2.12. Let R be a ring and P be a projective R-module. If rank(P ) > dim(R), then
P ≃ Q⊕R for some R-module Q.

LetA be a ring of dimension n. We record the definition of the n-th Euler class group
En(A) below for the convenience of the reader. The following is a simpler form of the
definition given in [B-RS 3].
Definition 2.13. (The n-th Euler class group En(A)) Let A be a commutative Noe-
therian ring of dimension n ≥ 2. Let J ⊂ A be an ideal of height n such that J/J2

is generated by n elements. Two surjections α, β from (A/J)n to J/J2 are said to be
related if there exists σ ∈ SLn(A/J) such that ασ = β. Clearly this is an equivalence
relation on the set of surjections from (A/J)n to J/J2. Let [α] denote the equivalence
class of α. Such an equivalence class [α] is called a local orientation of J . By abuse of
notation, we shall identify an equivalence class [α] with α. A local orientation α is
called a global orientation if α : (A/J)n � J/J2 can be lifted to a surjection θ : An � J .
Let G be the free abelian group on the set of pairs (N , ωN ) where N is an M-primary
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ideal for some maximal ideal M of height n such that N/N 2 is generated by n elements
and ωN is a local orientation of N . Now let J ⊂ A be an ideal of height n such that
J/J2 is generated by n elements and ωJ be a local orientation of J . Let J = ∩iNi be the
(irredundant) primary decomposition of J . We associate to the pair (J, ωJ), the element∑

i(Ni, ωNi) of G where ωNi is the local orientation of Ni induced by ωJ . By abuse of
notation, we denote

∑
i(Ni, ωNi) by (J, ωJ). Let H be the subgroup of G generated by

the set of pairs (J, ωJ), where J is an ideal of height n and ωJ is a global orientation of

J . The n-th Euler class group of A is En(A) def
= G/H .

Definition 2.14. (The Euler class of a projective A-module of top rank) Let P be a
projective A-module of rank n such that A ≃ ∧n(P ) and let χ : A

∼→ ∧nP be an
isomorphism. Let φ : P � J be a surjection where J is an ideal of height n. Therefore
we obtain an induced surjection φ : P/JP � J/J2. Let γ : (A/J)n ≃ P/JP, be an
isomorphism such that ∧n(γ) = χ. Let ωJ be the local orientation of J given by φ γ :

(A/J)n � J/J2. Let e(P, χ) be the image inEn(A) of the element (J, ωJ) ofG. If Q ⊂ A,
the assignment sending the pair (P, χ) to the element e(P, χ) of En(A) is well defined
(see [B-RS 3]). The Euler class of (P, χ) is defined to be e(P, χ).

Theorem 2.15. [B-RS 3] Let A be a commutative Noetherian ring of dimension n ≥ 2.

(1) An element (I, ωI) is zero in En(A) if and only if ωI is a global orientation.
(2) Let P be a projective A-module of rank n together with an isomorphism χ : A

∼→ ∧nP .
Then e(P, χ) = 0 in En(A) if and only if P has a unimodular element.

Remark 2.16. The Euler class group En(A) captures the projective A-modules of rank
n with trivial determinant. This restriction is removed in [B-RS 3] by defining En(A,L)
where L is a projective A-module of rank one (the Euler class of a projective module
with determinant L takes values in this group).
Remark 2.17. Let dim (A) = n. Then it can be easily argued using a theorem of Mandal
[M 1] that the top Euler class group En+1(A[T ]) is trivial. The n-th Euler class groups
of A[T ] (quite different from the n-th Euler class group of A) have been defined and
studied in [D 1, D-Z].

3. BIRATIONAL OVERRINGS OF R[X]

Let R be a Noetherian ring. A birational overring of R[X] is a ring A such that A
contains R[X] as a subring and is contained in the total quotient ring of R[X].
Remark 3.1. In this section we are considering ideals of A and modules defined over
A. For our purposes, it can be easily deduced that we can take A to be Noetherian and
of the form R[X] ↪→ A ↪→ R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Further, if
necessary, R and A can be taken to be reduced. It follows from Proposition 2.5 that
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dim (A) ≤ dim (R[X]). In all the questions addressed in this section, the reader will
observe that in the case when dim (A) < dim (R[X]), the results are either well-known
or can be easily proved. Therefore, we shall always assume that dim (A) = dim (R[X]).
Further, it is assumed throughout this section that A ̸= R[X] and A ̸= R[X, 1g ].

3.1. Efficient generation of ideals and the triviality of the ‘top’ Euler class group. We
start with the main theorem of this section.

Theorem 3.2. Let R be a ring with dim(R) = d ≥ 1 and A be a ring such that R[X] ↪→
A ↪→ R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Let I ⊂ A be an ideal of height ≥ 2.
Suppose that I = (f1, · · · , fn) + I2 where n ≥ d + 1. Then there exist g1, · · · , gn such that
I = (g1, · · · , gn) with fi − gi ∈ I2 for 1 ≤ i ≤ n.

Proof. As remarked above, we assume that dim (A) = d + 1. If n ≥ d + 2, then
the theorem can be easily proved using some standard general position argument.
Therefore we further assume that n = d+ 1.

Since I = (f1, · · · , fn)+I2, applying the moving lemma (2.3), we can find h1, · · · , hn ∈
I and an ideal I ′ ⊂ A such that

(1) I ∩ I ′ = (h1, · · · , hn) with fi − hi ∈ I2.
(2) I + I ′ = A.
(3) I ′ + gA = A.
(4) ht(I ′) ≥ n.

Now, if ht(I ′) > n, then I ′ = A, and hence by (1), I = (h1, · · · , hn) with fi − hi ∈ I2

and we are done. Therefore we assume that ht(I ′) = n.
We have R[X]g = Ag = R[X, 1g ] and ht(I ′) = n. Also from (3) we have I ′ + gA = A.

By Lemma 2.4, there exists f ∈ R[X] such that 1 + gf ∈ I ′ and R[X]/(1 + gf) =

A/(1 + gf).
Let J = I ′ ∩R[X]. Then as f, g ∈ R[X], 1 + gf ∈ J .
Therefore, using [N, Proposition 1.3] , we have

(1) R[X]/J ≃ A/I ′.
(2) JA = I ′.
(3) J/J2 ≃ I ′/I ′2.

Therefore, corresponding to h1, · · · , hn we have a set of generators of J/J2, say,
given by

J = (α1, · · · , αn) + J2,

and we proceed to prove that there exist β1, · · · , βn in J such that J = (β1, · · · , βn)
with αi − βi ∈ J2.
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Here we note that J ⊂ R[X] with ht(J) ≥ 2 and n ≥ d + 1 = dim(R) + 1.
Therefore, Proposition 2.10 ensures that we indeed can find β1, · · · , βn ∈ J such that
J = (β1, · · · , βn) with αi − βi ∈ J2.

As JA = I ′, we can now use the subtraction principle [D-RS, Proposition 2.2] to find
g1, · · · , gn ∈ I with I = (g1, · · · , gn) such that fi − gi ∈ I2. �

Modifying the above proof, it is easy to establish the following theorem.

Theorem 3.3. Let R be a ring with dim(R) = d ≥ 1 and A be a ring such that R[X] ↪→ A ↪→
R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Let L be any rank one projective A-module
which is extended from R[X] and I ⊂ A be an ideal of height n ≥ 3. Suppose that there is a
surjection α : L/IL⊕ (A/I)n−1 � I/I2 where n ≥ d+1. Then α can be lifted to a surjection
β : L⊕An−1 � I .

Now we deduce some consequences of Theorem 3.3.

Corollary 3.4. Let R be a ring of dimension d ≥ 1. Let A be a ring such that R[X] ↪→ A ↪→
R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Let L be any rank one projective A-module
which is extended from R[X]. Then,

(1) The (d+ 1)-th Euler class group Ed+1(A,L) is trivial.
(2) The weak Euler class group Ed+1

0 (A,L) is trivial.

Proof. The first assertion follows from Theorem 3.3 and the definition of the Euler class
group as given in [B-RS 3]. SinceEd+1

0 (A,L) is surjective image of the Euler class group
Ed+1(A,L) (see [B-RS 3]), the second assertion follows trivially from the first. �

Remark 3.5. In Theorem 3.3 and Corollary 3.4 above we had to put the restriction that
the rank one projective A-module L is extended from R[X]. To see that there could
be rank one projective A-modules which are not extended from R[X], take R = k[T ],
where k is a field and let f ∈ k[T ] be any nonconstant reducible polynomial which is
not associated to a power of an irreducible in k[T ]. Take A = k[T,X, Y ]/(f − XY ).
Then Pic(R[X]) is trivial but by [B-R, Theorem 7.1], Pic(A) is not so. We do not know
how to remove the restriction in (3.3, 3.4) in the general setup. However, there are
important class of rings where this can be done. We prove a couple of corollaries below
to illustrate this point.

Corollary 3.6. Let R be a normal domain of dimension d ≥ 1 and b(̸= 0) ∈ R be such that
R/bR is also a normal domain. Let A = R[X,Y ]/(XY − b) and L be any rank one projective
A-module. Then the (d+ 1)-th Euler class group Ed+1(A,L) is trivial.
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Proof. Let x be the image of X in A. Then we have

(1) A[1/x] = R[X,X−1].
(2) A/xA = (R/bR)[Y ].

Now it follows from (1) and (2), respectively, that A[1/x] and A/xA are normal and
hence, so is A. Also A is an integral domain.

Now R[X] is a normal domain and by Nagata’s theorem (see [Sa]) it follows that
Pic(R[X]) ≃ Pic(R[X,X−1]). Again, as x is a prime element in A, it follows from
Nagata’s theorem that Pic(A) ≃ Pic(A[1/x]) = Pic(R[X,X−1). Therefore, Pic(R[X]) ≃
Pic(A), which means that any projective A-module of rank one is extended from R[X].

Since R[X] ↪→ A ↪→ R[X,X−1], the corollary now follows from Corollary 3.4. �

Corollary 3.7. Let R be a UFD of dimension d ≥ 1. Let A be a ring such that R[X] ↪→ A ↪→
R[X, 1g ] and assume that g is a prime in A. Let L be any rank one projective A-module. Then
the (d+ 1)-th Euler class group Ed+1(A,L) is trivial.

Proof. We have A[1/g] = R[X, 1g ]. Therefore A[1/g] is a UFD. As g is a prime, by
Nagata’s criterion for UFD, it follows thatA is a UFD. Then applying Nagata’s theorem
we have Pic(R[X]) ≃ Pic(A). And again we are done by Corollary 3.4. �

Theorems proved by Bhatwadekar-Roy [B-R, Theorem 4.2] and Rao [R] can now be
deduced (for any projective A-module with extended determinant), with the assump-
tion that Q ⊂ A, in the following form.

Corollary 3.8. Let R be a ring of dimension d ≥ 1, containing Q and A be a ring such that
R[X] ↪→ A ↪→ R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Let P be a projective A-
module of determinant L which is extended from R[X] with rank(P ) = d + 1. Then P has a
unimodular element.

Proof. We may assume that dim(A) = dim(R) + 1 ≥ 2. If Q ⊂ A , then the Euler class
of P is defined and hence the result follows from Corollary 3.4 and [B-RS 3, Corollary
4.4]. �

Let R be a ring and I be an ideal of R[X] such that I contains a monic polynomial.
Let µ(I/I2) = n ≥ dim(R[X]/I) + 2. Then Mandal [M 1] proved that any set of n
generators of I/I2 can be lifted to a set of n generators of I . In the same paper, a similar
result was proved for ideals in R[X,X−1] which contain a doubly monic polynomial
(i.e., a polynomial which is monic inX as well asX−1). Motivated by these two results
we prove the following theorem. Recall that a polynomial in R[X] is called a special
monic if the coefficient of the highest degree term and the constant term are both 1.
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Theorem 3.9. Let R,A be rings such that R[X] ↪→ A ↪→ R[X,X−1]. Let I ⊂ A be an
ideal containing a special monic polynomial. Suppose that I = (f1, · · · , fn) + I2, where
n ≥ dim(A/I) + 2. Then I = (g1, · · · , gn) such that fi − gi ∈ I2 for i = 1, · · · , n.

Proof. Let h(X) ∈ I be a special monic polynomial. Therefore h(X) can be written
in the form 1 + Xf(X), where f(X) ∈ R[X]. Let J = I ∩ R[X]. Then h(X) = 1 +

Xf(X) ∈ J . Since dim(R[X]) = dim(A) and R[X]X = AX , applying Lemma 2.4 we
have R[X]/(1 +Xf) = A/(1 +Xf).

Therefore using [N, Proposition 1.3] , we have

(1) R[X]/J ≃ A/I .
(2) JA = I .
(3) J/J2 ≃ I/I2.

Recall that we have I = (f1, · · · , fn) + I2 and J/J2 ≃ I/I2. Therefore corresponding
to f1, · · · , fn we have a set of generators of J/J2 say, give by

J = (h1, · · · , hn) + J2,

and it is enough to prove that J = (k1, · · · , kn) with hi − ki ∈ J2. Now J con-
tains a monic polynomial, namely, h(X). By using [M 1, Theorem 1.2], we can find
k1, · · · , kn ∈ J such that J = (k1, · · · , kn) with hi − ki ∈ J2. �

3.2. Set-theoretic generation of ideals. As an application of our main theorem in this
section, we can easily prove some results on set-theoretic generation of ideals in the
ring A. As preparation we need to recall the definition of a reduction of an ideal and a
result due to Katz ([Ka]).
Definition 3.10. Let R be a ring. Let J ⊆ I be ideals. J is said to be a reduction of I if
there exists a non-negative integer m such that Im+1 = JIm.

Theorem 3.11. [Ka] Let R be a Noetherian ring and I ⊂ R an ideal. Let d be the maximum
of the heights of maximal ideals containing I , and suppose that d < ∞. Then some power of I
admits a reduction J satisfying µ(J/J2) ≤ d.

Theorem 3.12. Let R be a ring of dimension d ≥ 1 and A be a ring such that R[X] ↪→ A ↪→
R[X, 1g ]. Let I ⊂ A be an ideal of height ≥ 2. Then I is set theoretically generated by d + 1

elements.

Proof. It follows from the above theorem of Katz that for some k, the ideal Ik has a
reduction J such that µ(J/J2) ≤ d+1. If µ(J/J2) ≤ d, then clearly J is generated by at
most d+1 elements. Therefore we assume that µ(J/J2) = d+1. Since J is a reduction of
Ik, it is easy to see that

√
I =

√
Ik =

√
J and ht(I) = ht(J). Then applying Theorem 3.2

we see that J is generated by d+1 elements. Therefore, I is set-theoretically generated
by d+ 1 elements. �
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Corollary 3.13. Let R be a Cohen-Macaulay ring of dimension d and f ∈ R be such that
R/fR is also Cohen-Macaulay. Let A = R[X,Y ]/(f − XY ). Then any ideal I of height
d + 1 is a set-theoretic complete intersection. If both R and R/fR are regular rings, then any
maximal ideal m ofA (and therefore any reduced ideal of height d+1) is a complete intersection.

Proof. We only remark that if both R and R/fR are Cohen-Macaulay, then so is the
ring A. Similarly, if both R and R/fR are regular, then A is also regular. The rest of the
corollary now follows from Theorem 3.12. �

The following corollary is a derivative of Theorem 3.9.

Corollary 3.14. Let R be a ring of dimension d and A be a ring such that R[X] ↪→ A ↪→
R[X,X−1]. Let I be a locally complete intersection ideal in A and I contains a special monic
polynomial. Then, we have the following assertions.

(1) If dim(A/I) ≤ 1 and ht(I) = r, then I is set theoretically generated by r elements.
(2) If dim(A/I) > 1, then I is set theoretically generated by d elements.

Proof. (1) Let J = I ∩R[X]. Since I contains a special monic polynomial, therefore we
have (i) R[X]/J ≃ A/I , (ii) JA = I and (iii) J/J2 ≃ I/I2.

From (i), (ii) and (iii), we have dim(R[X]/J) = dim(A/I) ≤ 1 and J is a locally
complete intersection ideal. Also ht(I) = ht(J) = r.

Since J contains a special monic polynomial, a theorem of Mandal [M 5, Theorem
1.1] ensures that J is set theoretically generated by r elements. Therefore, I is set
theoretically generated by r elements and the result follows.

(2) Since dim(R[X]/J) = dim(A/I) > 1, it follows from ([M 4, Theorem 6.2.6] or
[M 5, Theorem 1.4]) that J is set theoretically generated by d elements. Therefore, I is
set theoretically generated by d elements. �

3.3. Polynomial extensions ofA. We end this section by extending Theorem 3.2 to the
polynomial ring A[T ], and deriving some consequences.

Theorem 3.15. Let R be a Noetherian ring of dimension d ≥ 2 containing Q and A be a
ring such that R[X] ↪→ A ↪→ R[X, 1g ], where g ∈ R[X] is a non-zerodivisor. Let I ⊂ A[T ]

be an ideal of height ≥ 3. Suppose that I = (f1, · · · , fn) + I2 where n ≥ d + 1. Then
I = (g1, · · · , gn) such that fi − gi ∈ I2 for i = 1, · · · , n.

Proof. Without loss of generality we may assume that n = d+1 = dim (A). Let ht (I) =
r. Since R contains Q, by [B-RS 1, Lemma 3.3], we can find some λ ∈ Q such that
I(λ) = A or I(λ) is an ideal of A of height r. If necessary, we can replace T by T − λ

and assume that either I(0) = A or ht(I(0)) = r.
If I(0) = A, by Lemma 2.8, we can lift f1, · · · , fn to a set of n generators of I/(I2T ),

say, I = (l1, · · · , ln) + (I2T ) with fi − li ∈ I2 for i = 1, · · · , n.



12 MRINAL KANTI DAS AND MD. ALI ZINNA

Now assume that ht(I(0)) = r. We have I(0) = (f1(0), · · · , fn(0)) + I(0)2. By
Theorem 3.2, there exist a1, · · · , an ∈ I(0) such that I(0) = (a1, · · · , an) with fi(0)−ai ∈
I(0)2. Therefore, again by Lemma 2.8, we can lift f1, · · · , fn to a set of n generators of
I/(I2T ), say, I = (l1, · · · , ln) + (I2T ) with fi − li ∈ I2 for i = 1, · · · , n.

Therefore, in any case, we can lift the given set of n generators of I/I2 to a set of n
generators of I/(I2T ).

Let S be the multiplicatively closed set of all monic polynomials in R[T ]. Write
R(T ) = S−1R[T ].

Then we have dim(R(T )) = dim(R) = d and R(T )[X] ↪→ S−1A[T ] ↪→ R(T )[X, 1g ].
It follows from Proposition 2.5 that dim(S−1A[T ]) ≤ d + 1. Clearly, the case when
dim(S−1A[T ]) ≤ d can be ignored. Now we move to the ring S−1A[T ]. Applying
Theorem 3.2, we get IS−1A[T ] = (k1, · · · , kn) such that fi − ki ∈ I2S−1A[T ].

Now we can apply Theorem [D-RS, Theorem 4.2] and obtain the desired set of
generators for I . �

Corollary 3.16. Let R be a ring of dimension d ≥ 2 containing Q and let A be a ring such
that R[X] ↪→ A ↪→ R[X, 1g ]. Then Ed+1(A[T ]) = 0 and Ed+1

0 (A[T ]) = 0

Proof. Since there is a surjective map Ed+1(A[T ]) � Ed+1
0 (A[T ]) (see [D 1]), we only

need to prove Ed+1(A[T ]) = 0, which follows from Theorem 3.15 and the definition of
the Euler class group as given in [D 1]. �

Corollary 3.17. Let R be a ring of dimension d ≥ 2, containing Q and A be a ring such
that R[X] ↪→ A ↪→ R[X, 1g ]. Let P be a projective A[T ]-module of trivial determinant with
rank(P ) = d+ 1. Then P contains a unimodular element.

Proof. By Proposition 2.5, dim(A) ≤ dim(R) + 1 = d+ 1. In view of Theorem 2.12, the
only relevant case here is when dim(A) = dim(R) + 1 = d + 1 ≥ 3. Since Q ⊂ A , the
Euler class of P is defined and hence the result follows from Corollary 3.16 and [D 1,
Corollary 4.11]. �

Corollary 3.18. Let R be a ring of dimension d ≥ 2 containing Q and A be a ring such that
R[X] ↪→ A ↪→ R[X, 1g ]. Let I ⊂ A[T ] be a local complete intersection ideal of height ≥ 3 such
that dim(A[T ]/I) ≤ 1. Then I is set theoretically generated by d+ 1 or less elements.

Proof. Let ht(I) = r. It follows from the Ferrand-Szpiro construction (see [M 4, Theo-
rem 6.1.3]) that there exists an ideal J ⊂ A[T ] such that

(1)
√
I =

√
J .

(2) J/J2 is a free A[T ]/J-module of rank r.
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If r ≤ d, then J is generated by at most d + 1 elements. So, take r = d + 1. Let
J = (f1, · · · , fd+1) + J2. Applying Theorem 3.15, we see that J is generated by d + 1

elements. From (1), it follows that I is set-theoretically generated by d+1 elements. �

4. RINGS OF THE TYPE R[X,Y ]/(XY )

LetR be a Noetherian ring and letD denote the ringR[X,Y ]/(XY ) = R[x, y], where
x, y are the images of X,Y in R[X,Y ]/(XY ), respectively. Note that D/yD is the
polynomial ring R[X] and D/xD is the polynomial ring R[Y ], whereas D/(x, y)D is
R.

We now set up some notations which we intend to use for the rest of this paper.
Notation. Let I be an ideal of D = R[x, y] and P be a projective D-module. In general,
we shall use ‘bar’ when we move modulo (y) and ‘tilde’ when we move modulo (x).
For instance, we have:

(1) I = I/I ∩ (y), an ideal of R[X],
(2) Ĩ = I/I ∩ (x), an ideal of R[Y ],
(3) Ĩ = I/(I ∩ (x, y)), an ideal of R.

Similarly, if α : P → I is a map then α denotes the induced map P/yP → I and α̃

denotes the induced map P/xP → Ĩ .
Remark 4.1. The following remarks are in order for subsequent discussions.

(1) Since X is a zero-divisor in D, the canonical map D −→ R[X,X−1] is not
injective whereas R[X] −→ D is injective. This is an important difference
between D and the rings A considered in the previous section.

(2) Let I ⊂ D be an ideal. Then, either I = R[X] or ht (I) = ht (I). Same for Ĩ .
(3) If I ⊂ D is a proper ideal, then both I = R[X] and Ĩ = R[Y ] cannot hold

simultaneously.

Most of our arguments in the rest of this paper depend crucially on the following
two theorems. Theorem 4.2 is the ‘free’ version of Theorem 4.3. Essentially the same
idea is used to prove these results but we decided to treat the free case separately as it
will be more comprehensible to the reader.

Theorem 4.2. Let R be a Noetherian ring of dimension d and D = R[X,Y ]/(XY ). Let I be
an ideal in D. Suppose I = (f1, · · · , fn) + I2. Then I = (g1, · · · , gn) with fi − gi ∈ I2 in
each of the following cases:

(1) ht(I) = d+ 1 = n ≥ 2.
(2) ht(I) = d = n ≥ 3 and I = (u1, · · · , ud) such that ui− fi ∈ I

2 and Ĩ = (v1, · · · , vd)
such that vi − f̃i ∈ Ĩ2. We also need the additional assumption that Q ⊂ R.
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Proof. Case 1: Note that ht(I) ≥ d + 1 = n. We first go modulo x, i.e., to the ring
R[Y ] and consider the equation Ĩ = (f̃1, · · · , f̃n) + Ĩ2 in R[Y ]. Since n ≥ dim(R) + 1,
applying Proposition 2.10 we can find v1, · · · , vn such that Ĩ = (v1, · · · , vn) with f̃i −
vi ∈ Ĩ2. Therefore, it follows from Lemma 2.9 that there exist λ1, · · · , λn such that
I = (λ1, · · · , λn) + (I2x) with fi − λi ∈ I2.

We now go modulo y, i.e., to the ring R[X] and consider the equation

I = (λ1, · · · , λn) + (I
2
X)

(Note that x becomes X in R[X].) Since ht(I) ≥ d + 1, therefore I contains a monic
polynomial inX . Also n ≥ 2 = dim(R[X]/I)+2. By Theorem 2.6, there exist δ1, · · · , δn
such that I = (δ1, · · · , δn) with λi − δi ∈ (I

2
X).

Therefore, it follows from Lemma 2.9 that there exist g1, · · · , gn such that I = (g1, · · · , gn)+
(I2xy) with λi − gi ∈ (I2x). As xy = 0 in D = R[x, y], we obtain I = (g1, · · · , gn) with
fi − gi ∈ I2.

Case 2: As Ĩ = (v1, · · · , vn) with vi − f̃i ∈ Ĩ2, by Lemma 2.9 there exist λ1, · · · , λn
such that I = (λ1, · · · , λn) + (I2x) with fi − λi ∈ I2.

Now we go modulo y, i.e., to the ring R[X]. Consider the equation

I = (λ1, · · · , λn) + (I
2
X)

We know that I = (u1, · · · , un) such that ui − fi ∈ I
2. Now we move to the ring R(X),

where R(X) denotes the ring obtained from R[X] by inverting all monic polynomials.
Then we have λi−ui ∈ I

2
R(X). Using Theorem 2.7, it follows that there exist δ1, · · · , δn

such that I = (δ1, · · · , δn) with λi − δi ∈ (I
2
X).

Again applying Lemma 2.9, we can find g1, · · · , gn such that I = (g1, · · · , gn)+(I2xy)

with λi − gi ∈ (I2x). As xy = 0 in D, we have I = (g1, · · · , gn) with fi − gi ∈ I2. This
completes the proof. �

Theorem 4.3. Let R be a Noetherian ring of dimension d and D = R[X,Y ]/(XY ). Let
I ⊂ D be an ideal and L be a projective D-module of rank one which is extended from R[X].
Write P = L ⊕ Dn−1. Let α : P � I/I2 be a surjection. Then there exists a surjection
β : P � I that lifts α in each of the following cases:

(1) ht(I) = n = d+ 1.
(2) Q ⊂ R, ht(I) = n = d ≥ 3 and it is given that the induced maps α : P/yP � I/I

2,
α̃ : P/xP � Ĩ/Ĩ2 can be lifted to surjections γ : P/yP � I and δ : P/xP � Ĩ ,
respectively.

Proof. Case 1: Let ht(I) = rk(P ) = n = d+ 1. Then note that ht(I) ≥ n.
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We consider α̃ : P/xP � Ĩ/Ĩ2 in R[Y ]. Since n = dim(R) + 1, by [D-Z, Proposition
2.13], there exists a surjection ϕ : P/xP � Ĩ which is a lift of α̃. Then by Lemma 2.9,
we can lift α to a surjection ψ : P � I/(I2x).

We go modulo y, i.e., to the ring R[X] and consider ψ : P/yP � I/(I
2
X).

Now, as L is extended from R[X], it follows from the proof of [B-R, Theorem 5.1]
that L/yL and hence P/yP is extended from R. Therefore, using a theorem of Mandal
[M 2, Theorem 2.1], we can find θ : P/yP � I which lifts ψ. Therefore, it follows from
Lemma 2.9 that we have a surjection β : P � I/(I2xy) which is a lift of ψ. Since xy = 0

in D, therefore we have β : P � I such that β ≡ α modulo I2.
Case 2: Let ht(I) = rk(P ) = d and assume that α, α̃ can be lifted to the surjections

γ : P/yP � I and δ : P/xP � Ĩ respectively. Since α̃ can be lifted to a surjection
δ : P/xP � Ĩ , applying Lemma 2.9, we can lift α to a surjection ϕ : P � I/(I2x).
We go modulo y, i.e., to the ring R[X]. Consider ϕ : P/yP � I/(I

2
X). We know that

α can be lifted to a surjection γ : P/yP � I . Now we move to the ring R(X). Then
ϕ = γ modulo I2R(X). Therefore, it follows from [D-Z, Theorem 4.1] that we can find
a surjection ψ : P/yP � I which lifts ϕ. Applying Lemma 2.9, we have a surjection
β : P � I/(I2xy) which lifts ϕ. Since xy = 0 in D, therefore β : P � I such that β ≡ α

modulo I2. This completes the proof. �

Remark 4.4. We can actually extend the above theorem for an arbitrary rank one projec-
tive D-module L (which is not necessarily extended from R[X]). We outline a strategy.
Write L = L/yL. Then L is a rank one projective R[X]-module. It is not difficult to
believe that we can take R to be reduced. Then there exists an extension (see [B 1,
Proposition 3.3] and [D-Z, Remark 5.6]) R ↪→ S such that:

(1) The projective S[X]-module L⊗R[X]S[X] is extended from S,
(2) S is module-finite over R,
(3) the canonical map Spec(S) → Spec(R) is bijective, and
(4) for every P ∈ Spec(S), the inclusion R/(P ∩R) −→ S/P is birational.

Write E = S[X,Y ]/(XY ) and note that by [B-R, Theorem 5.1], the module L ⊗ E is
extended from S[X]. Therefore Theorem 4.3 applies to the ring E = S[X,Y ]/(XY ).
One now needs some descent technique to conclude the result for D. This can be
achieved by following the method of [D-Z, Section 5], which involves an induction
argument on dim (R/C), where C is the conductor ideal of R in S. We do not repeat
the details here. Keeping [D-Z] in hand, any diligent reader can work this out.

The following set of corollaries are now obvious from (4.3, 4.4) and we skip the
proofs.
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Corollary 4.5. Let R be a ring of dimension d ≥ 1 containing Q and D = R[X,Y ]/(XY ).
Let L be a rank one projective D-module. Then,

(1) The (d+ 1)-th Euler class group Ed+1(D,L) is trivial.
(2) The weak Euler class group Ed+1

0 (D,L) is trivial.

The result of Bhatwadekar and Roy from [B-R], can now be deduced (although we
have the restriction that Q ⊂ D.).

Corollary 4.6. Let R be a ring of dimension d ≥ 1 containing Q and D be as above. Let P be
a projective D-module of rank ≥ d+ 1. Then P contains a unimodular element.

We now extend Theorem 4.2 to the polynomial extension of D.

Theorem 4.7. Let R be a Noetherian ring of dimension d ≥ 2 containing Q and let D =

R[X,Y ]/(XY ). Let I ⊂ D[T ] be an ideal of height n. Suppose that I = (f1, · · · , fn) + I2

where n ≥ d+ 1. Then there exist g1, · · · , gn such that I = (g1, · · · , gn) and fi − gi ∈ I2.

Proof. The proof is similar to the proof of Theorem 3.15.
Note that dim(D) = d+1. Now if n ≥ d+2 = dim(D)+1, there is nothing to prove.

Therefore we assume that n = d+ 1.
Since R contains Q, by [B-RS 1, Lemma 3.3], we can find some λ ∈ Q such that

I(λ) = D or I(λ) is an ideal of D of height n. If necessary, we can replace T by T − λ

and assume that either I(0) = D or ht(I(0)) = n.
If I(0) = D, by Lemma 2.8, we can lift f1, · · · , fn to a set of n generators of I/(I2T ),

say, I = (l1, · · · , ln) + (I2T ) with fi − li ∈ I2.
Now assume that ht(I(0)) = n, then we consider I(0) = (f1(0), · · · , fn(0))+I(0)2. By

Theorem 4.3, there exist a1, · · · , an ∈ I(0) such that I(0) = (a1, · · · , an) with fi(0)−ai ∈
I(0)2. Therefore, again by Lemma 2.8, we can lift f1, · · · , fn to a set of n generators of
I/(I2T ), say, I = (l1, · · · , ln) + (I2T ) with fi − li ∈ I2.

Therefore, in any case, we can lift the given set of n generators of I/I2 to a set of n
generators of I/(I2T ).

Let S be the set of all monic polynomials in R[T ] and R(T ) = S−1R[T ]. We note that
dim(R(T )) = dim(R) = d and S−1D[T ] = R(T )[X,Y ]/(XY ). Now we move to the
ring S−1D[T ]. Again, applying Theorem 4.3, we get IS−1D[T ] = (k1, · · · , kn) such that
fi − ki ∈ I2S−1D[T ].

Now we can apply Theorem 2.7 and obtain the desired set of generators for I . �

Note that modifying the proof of Theorem 4.7 and following Remark 4.4, we can
also extend Theorem 4.7 in the following form.
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Theorem 4.8. Let R be a Noetherian ring of dimension d ≥ 3 and D = R[X,Y ]/(XY ). Let
I ⊂ D[T ] be an ideal of height n ≥ 3 and L be a projective D[T ]-module of rank one. Suppose
that α : L ⊕ D[T ]n−1 � I/I2 where n ≥ d + 1. Then there exists β : L ⊕ D[T ]n−1 � I

which lifts α.

We then have

Corollary 4.9. Let R be a ring of dimension d ≥ 3 containing Q and D = R[X,Y ]/(XY ).
Then,

(1) The (d+ 1)-th Euler class group Ed+1(D[T ], L) is trivial.
(2) The weak Euler class group Ed+1

0 (D[T ], L) is trivial.

The following corollary is now obvious, which extends the result of Bhatwadekar-
Roy [B-R, Theorem 5.3(ii)] to the the polynomial ring D[T ], with the assumption that
Q ⊂ R.

Corollary 4.10. Let R be a ring of dimension d ≥ 3, containing Q and D be as above. Let P
be a projective D[T ]-module of rank ≥ d+ 1, then P contains a unimodular element.

5. THE EULER CLASS GROUP OF D

In this section, R will denote a commutative Noetherian ring containing the field of
rationals with dimension d ≥ 3. Let D = R[X,Y ]/(XY ) = R[x, y] and we retain the
same notations as established at the beginning of the last section. Our aim is to define
and study the d-th Euler class group of D. We retain the same notations established at
the beginning of the last section.

5.1. Addition and subtraction principles. We first prove some ‘addition’ and ‘sub-
traction’ principles for ideals of the ring D = R[X,Y ]/(XY ). These two principles
form the technical heart of the Euler class theory and also have some intrinsic appeal.

Proposition 5.1. (Addition principle) Let R be a Noetherian ring of dimension d ≥ 3 and let
D = R[X,Y ]/(XY ). Let I , J be two comaximal ideals in D, each of height d. Suppose that
I = (f1, · · · , fd) and J = (g1, · · · , gd). Then I ∩ J = (h1, · · · , hd) where hi − fi ∈ I2 and
hi − gi ∈ J2 for 1 ≤ i ≤ d.

Proof. Let K = I ∩ J . Since I and J are comaximal, the generators of I and J induce a
set of generators ofK/K2, say,K = (k1, · · · , kd)+K2 where ki−fi ∈ I2 and ki−gi ∈ J2

for 1 ≤ i ≤ d.
Since K ⊂ D is a proper ideal, it is easy to see that both K and K̃ cannot be the

whole ring. We consider the case when ht(K) = d and ht(K̃) = d. Other cases can be
tackled similarly.
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Since I and J are comaximal ideals in D, it is easy to see that K = I ∩ J . Therefore,
ht(I) ≥ d and ht(J) ≥ d. Both of them cannot equal R[X], as K is proper. If one of
them, say I = R[X], then K = J = (g1, · · · , gd) whereas gi − ki ∈ J

2. Since I = R[X],
it follows that gi − ki ∈ K

2.
Now assume that both I and J are proper ideals. In this case, by the addition

principle as in [D 1, Proposition 4.2], K = (u1, · · · , ud) such that f i − ui ∈ I
2 and

gi − ui ∈ J
2.

Similarly, K̃ = (v1, · · · , vd) such that f̃i − vi ∈ Ĩ2 and g̃i − vi ∈ J̃2.
Therefore we have K = (u1, · · · , ud) such that ki − ui ∈ K

2 and K̃ = (v1, · · · , vd)
such that k̃i − vi ∈ K̃2.

Finally applying Theorem 4.2, we can find h1, · · · , hd such thatK = I∩J = (h1, · · · , hd)
where hi − fi ∈ I2 and hi − gi ∈ J2 . �

Proposition 5.2. (Subtraction principle) Let R be a Noetherian ring of dimension d ≥ 3 and
let D = R[X,Y ]/(XY ). Let I , J be two comaximal ideals in D, each of height d. Suppose that
I = (f1, · · · , fd) and I ∩ J = (h1, · · · , hd) such that hi − fi ∈ I2 . Then, J = (g1, · · · , gd)
where hi − gi ∈ J2 .

Proof. Let K = I ∩ J . First note that J = (h1, · · · , hd) + J2. We only consider the case
when ht(I) = ht(Ĩ) = d and ht(J) = ht(J̃) = d (other cases can be handled similarly).

We now have J = (h1, · · · , hd)+J
2 in R[X] and J̃ = (h̃1, · · · , hd)+ J̃2 in R[Y ]. Then

by [D 1, Proposition 4.3], J = (u1, · · · , ud) such that hi − ui ∈ J
2.

Similarly, J̃ = (v1, · · · , vd) such that h̃i − vi ∈ J̃2.
Finally applying Theorem 4.2, we can find g1, · · · , gd such that J = (g1, · · · , gd)

where gi − hi ∈ J2. �

5.2. Definition of the group. We proceed to define the d-th Euler class group of D. It
is along the same line as the one given in Section 2. However the reader may note that
here dim (D) = d+ 1 and we are going to define the d-th Euler class group Ed(D) and
it involves some work. In fact, we closely follow [D 1] here.

Let I ⊂ D be an ideal of height d such that I/I2 is generated by d elements. Two
surjections α, β : (D/I)d � I/I2 are said to be related if there exists an automorphism
σ of (D/I)d of determinant 1 such that ασ = β. This defines an equivalence relation
on the set of surjections from (D/I)d to I/I2. We call such an equivalence class a local
orientation of I .

We now prove

Lemma 5.3. Let α, β : (D/I)d � I/I2 be two surjections belonging to the same equivalence
class. Suppose it is given that α can be lifted to a surjection ϕ : Dd � I . Then β can also be
lifted to a surjection ψ : Dd � I .
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Proof. Note that here α and β are represented by two sets of generators of I/I2, say,
I = (f1, · · · , fd) + I2 and I = (g1, · · · , gd) + I2 respectively. Suppose that ϕ is given by
a set of generators of I , say, h1, · · · , hd such that fi − hi ∈ I2.

Again we illustrate the proof in the case when ht(I) = ht(Ĩ) = d.
Consider the equations I = (f1, · · · , fd) + I

2 and I = (g1, · · · , gd) + I
2 in R[X]. By

the assumption of the lemma, there exists an automorphism σ ∈ SLd(R[X]/I) such
that (f̄1, · · · , f̄d)σ = (ḡ1, · · · , ḡd). Therefore, by [D 1, Proposition 4.4], I = (u1, · · · , ud)
such that gi − ui ∈ I

2.
Similarly, by [D 1, Proposition 4.4], Ĩ = (v1, · · · , vd) such that g̃i − vi ∈ Ĩ2.
Finally applying Theorem 4.2, we can find k1, · · · , kd such that I = (k1, · · · , kd)

where gi − ki ∈ I2.
The proof of the lemma is therefore complete. �

Definition 5.4. We call a local orientation [α] of I a global orientation of I if the surjection
α : (D/I)d � I/I2 can be lifted to a surjection θ : Dd � I .

Let G be the free abelian group on the set of pairs (I, ωI) where I ⊂ D is an ideal
of height d with the property that Spec(D/I) is connected and I/I2 is generated by d
elements and ωI : (D/I)d � I/I2 is a local orientation of I .

Let I be any ideal of D of height d such that I/I2 is generated by d elements.
Then there is a unique decomposition (see [D 1] for details), I = I1 ∩ · · · ∩ Ik, where
Spec(D/Ii) is connected and ht(Ii) = d for each i, and Ii + Ij = D for i ̸= j. Now
if ωI is a local orientation of I then it naturally gives rise to ωIi : (D/I)d � Ii/Ii

2 for
1 ≤ i ≤ k. By (I, ωI) we mean the element

∑
(Ii, ωIi) ∈ G.

Let H be the subgroup of G generated by the set of pairs (I, ωI) in G such that ωI is
a global orientation.
Definition 5.5. We define the (d-th) Euler class group of D as Ed(D) := G/H

5.3. Results on the Euler class group. To establish most of the results on Ed(D) we
shall take advantage of the theory developed for Ed(R[X]) in [D 1]. In order to do so,
we need to have a group morphism from Ed(D) to Ed(R[X]). We prove that first.

Theorem 5.6. LetR be a ring containing Q of dimension d ≥ 3 and letD = R[X,Y ]/(XY ) =

R[x, y]. There is a group homomorphism ψ : Ed(D) −→ E(R[X]) such that if (I, ωI) ∈
Ed(D) has the property that I is an ideal of R[X] of height d, then ψ(I, ωI)) = (I, ωI) in
E(R[X]), where ωI is the local orientation of I induced by ωI . If I = R[X], ψ((I, ωI)) = 0.

Proof. We give a sketch of the proof. Let I ⊂ D be an ideal such that Spec(D/I) is
connected, ht (I) = d = µ(I/I2). Let ωI be a local orientation of I given by: I =

(f1, · · · , fd) + I2. Note that either I is a proper ideal of R[X] of height d or I = R[X]. If
I is proper, we naturally have the local orientation ωI given by: I = (f1, · · · , fd) + I

2.
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Recall that Ed(D) = G/H . The assignment sending (I, ωI) to (I, ωI) will give rise to
a morphism ψ′ : G −→ Ed(R[X]) (if I = R[X], we map it to zero).

To see that ψ′ extends to a morphism ψ : Ed(D) −→ Ed(R[X]) as described in the
statement of this theorem, we are eventually reduced to checking the following: (1) If
(I, ωI), (J, ωJ) ∈ Ed(D) such that I+J = D, then ψ′((I, ωI)+(J, ωJ)) = (I, ωI)+(J, ωJ),
and (2) H ⊂ ker(ψ′).

To prove the first assertion let I = (f1, · · · , fd) + I2 and J = (g1, · · · , gd) + J2 induce
ωI and ωJ respectively. Then, a simple application of the Chinese remainder theorem
would yield, I ∩ J = (h1, · · · , hd) + (I ∩ J)2 such that hi − fi ∈ I2 and hi − gi ∈ J2.
We thus get a local orientation ωI∩J induced by h1, · · · , hd. Clearly, I ∩ J = I ∩ J and
I + J = R[X]. Further, it is obvious from the relations that ωI and ωJ together induce
ωI∩J .

The second assertion is rather obvious because if L = (k1, · · · , kd) ⊂ D is an ideal
of height d and ωL is induced by these generators, then ωL is obviously induced by
k1, · · · , kd and is therefore global. �

We are now ready to prove the following result.

Theorem 5.7. Let R be a ring of dimension d ≥ 3 and D = R[X,Y ]/(XY ). Let I ⊂ D be an
ideal of height d such that I/I2 is generated by d elements and let ωI : (D/I)d � I/I2 be a
local orientation of I . Suppose that the image of (I, ωI) is zero in Ed(D). Then ωI can be lifted
to a surjection θ : Dd � I (i.e., ωI is a global orientation).

Proof. Here ωI is represented by a set of generators of I/I2, say, I = (f1, · · · , fd) + I2.
Here we illustrate the proof in the case when ht(I) = ht(Ĩ) = d.
Now consider the equations I = (f1, · · · , fd) + I

2 and Ĩ = (f̃1, · · · , f̃d) + Ĩ2 in R[X]

and R[Y ], respectively. Since (I, ωI) = 0 in Ed(D), we have (I, ωI) = 0 in E(R[X]).
Then by [D 1, Theorem 4.7], we have I = (u1, · · · , ud) with f i−ui ∈ I

2. Again by [D 1,
Theorem 4.7], we have Ĩ = (v1, · · · , vd) with f̃i − ui ∈ Ĩ2.

Now applying Theorem 4.2, we can find g1, · · · , gd such that I = (g1, · · · , gd) with
fi = gi ∈ I2. �
Definition 5.8. (Euler class of a projective module: Let P be a projective D-module
of rank n having trivial determinant. Let χ : D

∼→ ∧dP be an isomorphism. To the
pair (P, χ), we associate an element e(P, χ) of Ed(D) as follows: Let λ0 : P � I0 be a
surjection, where I0 is an ideal of D of height d. Let bar denote reduction modulo I0.
We obtain an induced surjection λ0 : P/I0P � I0/I

2
0 . Note that, since P has trivial

determinant and dim(D/I0) ≤ 1, by Lemma 2.12 we have P/I0P ≃ (D/I0)
d . We

choose an isomorphism γ : (D/I0)
d ∼→ P/I0P , such that ∧dγ = χ. Let ωI0 be the
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composite surjection

(D/I0)
d
γ
∼→ P/I0P

λ0� I0/I
2
0 .

Let e(P, χ) be the image in Ed(D) of the element (I0, ωI0). We say that (I0, ωI0) is
obtained from the pair (λ0, χ). The Euler class of the pair (P, χ) is defined to be e(P, χ).
In view of the following lemma, it is a valid definition.

Lemma 5.9. The assignment sending the pair (P, χ) to the element e(P, χ), as described above,
is well defined.

Proof. Let λi : P � Ii (i = 0, 1) be two surjections so that (λi, χ) induce (Ii, ωIi).
Applying the moving lemma (2.3) we can find an ideal K ⊂ D and a local orientation
ωK of K such that ht (K) ≥ d, K + Ii = D for i = 0, 1 and (I0, ωI0) + (K,ωK) = 0 in
Ed(D).

Now let I = I1 ∩K and ωI be the local orientation of I induced by ωI1 and ωK . We
want to show that (I, ωI) = 0 in Ed(D). This proves the lemma because of (I, ωI) =

(I1, ωI1) + (K,ωK) in Ed(D).
Now using the facts that the Euler class of a projective R[X]-module (resp., R[Y ]-

module) is well-defined, we can show that ωI is a global orientation. This will prove
0 = (I, ωI) = (I1, ωI1) + (K,ωK) in Ed(D) and therefore, (I0, ωI0) = (I1, ωI1). �

Theorem 5.10. Let P be projective D-module of rank d having trivial determinant and χ :

D ≃ ∧dP . Let e(P, χ) = (I, ωI) in Ed(D), where I ⊂ D be an ideal of height d. Then there
exists a surjection θ : P � I such that (I, ωI) is obtain from (Θ, χ).

Proof. Since dim(D/I) ≤ 1 and P has trivial determinant, by Lemma 2.12, P/IP is a
free D/I-module of rank d. Choose τ : (D/I)d ≃ P/IP such that ∧dτ = χ ⊗D/I . Let
ωIτ

−1 : P/IP � I/I2.
We may assume that ht(I) = ht(Ĩ) = d. Since e(P/yP, χ ⊗ D/yD) = (I, ωI) in

E(R[X]), by [D 1, Corollary 4.10], there exists a surjection η1 : P/yP � I such that
(I, ωI) is obtained from the pair (η1, χ⊗D/yD). In other words η1 is a lift of ωIτ−1.

Again applying [D 1, Theorem 4.10] there exists a surjection η2 : P/xP � Ĩ such that

(Ĩ , ω
Ĩ
) is obtained from the pair (η2, χ⊗D/xD). In other words η2 is a lift of ω̃Iτ−1.

Now applying Theorem 4.3 one can find Θ : P � I is a lift of ωIτ−1. Since (Θ ⊗
D/I)τ = ωI and ∧dτ = χ⊗D/I , it follows that (I, ωI) is obtained from (Θ, χ). �

We now prove that the Euler class is the precise obstruction for a projective D-
module of rank d to have a unimodular element.

Theorem 5.11. Let P be a projective D-module of rank d having trivial determinant and
χ : D ≃ ∧dP . Then e(P, χ) = 0 in Ed(D) if and only if P has a unimodular element.
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Proof. Let e(P, χ) = (I, ωI) in Ed(D), where (I, ωI) is obtained from the pair (α, χ).
Now ωI is represented by a set of generators of I/I2, say, I = (f1, · · · , fd) + I2.

Assume that P has a unimodular element. Therefore, P/xP and P/yP also have
unimodular elements.

Suppose both I and Ĩ are ideals of height d, then by [D 1, Corollary 4.11], we can
lift the set of generators f1, · · · , fd of I/I2 to a set of generators of I , say u1, · · · , ud.
Again by [D 1, Corollary 4.11], there exist v1, · · · , vd such that Ĩ = (v1, · · · , vd) such
that f̃i − vi ∈ Ĩ2.

Now applying Theorem 4.2, we can find g1, · · · , gd such that I = (g1, · · · , gd) with
fi − gi ∈ I2.

Conversely, assume that e(P, χ) = 0 in Ed(D). Which shows that P/xP and P/yP

have unimodular elements. Let p1 be a unimodular element of P/xP . Let tilde and bar
denote reduction modulo X and Y respectively. Then p̄1 is a unimodular element of
P/(x, y)P . As we have projective modules with extended determinants, it is easy to see
from [B-L-Ra, Theorem 5.2, Remark 5.3], that the map Um(P/yP ) � Um(P/(x, y)P )

is surjective. Therefore there exists p2 ∈ Um(P/yP ) such that p̃2 = p̄1.
Since the following square of rings

D //

����

R[X]

����
R[Y ] // // R

is Cartesian with vertical maps surjective, the unimodular elements p1 and p2 of P/xP
and P/yP respectively will patch up together to give a unimodular element of P (the
reader may have a look at [L, Lemma 1.14] for a general argument). �

Remark 5.12. We can also extend the theory of Ed(D) to Ed(D,L), where L is a rank
one projective D-module. We have already outlined such a strategy in Remark 4.4.

5.4. Some maps between the Euler class groups. In this subsection we study some
maps between the Euler class groups.

LetR be a Noetherian ring containing Q with dim(R) = d ≥ 3. LetD = R[X,Y ]/(XY ).
Note that R[X] ↪→ D is not a flat extension. But it is easy to see that if I ⊂ R[X] is an
ideal of height d then (I + (XY ))/(XY ) also has height d. Therefore, we have a map
ϕ : Ed(R[X]) −→ Ed(D) which sends (I, ωI) ∈ Ed(R[X]) to (I, ωI) ∈ Ed(D), where
I = (I + (XY ))/(XY ) and ωI is the local orientation of I induced by ωI .

Now we have the following maps

Ed(R[X])
ϕ−→ Ed(D)

ψ−→ Ed(R[X]).
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It is easy to see that the composition map ψϕ is identity on Ed(R[X]). Therefore ϕ is
injective and ψ is surjective. The following question is natural.

Question 5.13. Is the map ϕ : Ed(R[X]) −→ Ed(D) surjective?

To answer the above question, we first prove the following theorem, which is an
analogue of [B-R, Theorem 5.1]. Recall from [D 1] that there is a canonical map φ :

Ed(R) −→ Ed(R[X]), which is injective but not necessarily surjective.

Theorem 5.14. LetR be a ring containing Q of dimension d ≥ 3 and letD = R[X,Y ]/(XY ).
Then the following statements are equivalent:

(1) The canonical map φ : Ed(R) −→ Ed(R[X]) is surjective.
(2) The map ϕ : Ed(R[X]) −→ Ed(D) is surjective.
(3) The map ϕφ : Ed(R) −→ Ed(D) is surjective.

Proof. Clearly (3)⇒(2).
We now prove that (2)⇒(1). Let (I, ωI) ∈ Ed(R[Y ]). By the hypothesis, ϕ((I, ωI)) =

(I, ωI) ∈ Ed(D) has a preimage in Ed(R[X]), say (J, ωJ). But then we have (I, ωI) =

(J(0)R[Y ], ωJ(0) ⊗R[Y ]), showing that φ is surjective.
Finally we prove that (1)⇒(3). Let (I, ωI) ∈ Ed(D). Let the local orientation ωI be

given by I = (f1, · · · , fd)+I2. Suppose I is a proper ideal ofR[X] of height d. Consider

(I, ωI) ∈ Ed(R[X]), where ωI is the local orientation of I induced by ωI . Now Ĩ is an

ideal of R (not necessarily proper) with ht(Ĩ) ≥ d− 1 and Ĩ = (f̃1, · · · , f̃n) + Ĩ
2
.

Now applying [D-RS, lemma 2.7], we can find an ideal K ⊂ R of height d which is

comaximal with I ∩ R and a local orientation ωK of K such that (Ĩ , ω
Ĩ
) + (K,ωK) = 0

in Ed(R). We denote the ideal (KR[X,Y ] +XY )/(XY ) by KD.
Let L = I ∩ KD. Since the ideals I and KD are comaximal, ωI and ωK induce

ωL : (D/L)d � L/L2 and we have the following equation in Ed(D):

(L, ωL) = (I, ωI) + (KD,ωK ⊗D).

From hypothesis it is clear that (L, ωL) = 0 inEd(R[X]) and (L̃, ω
L̃
) = 0 inEd(R[Y ]).

Let the local orientation ωL be given by L = (g1, · · · , gd) + L2. Here we consider the
case when ht(L) = ht(L̃) = d (other cases can be handled similarly). Since (L, ωL) = 0

inE(R[X]), therefore there exist u1, · · · , ud such that L̃ = (u1, · · · , ud) with gi−ui ∈ L
2.

Again (L̃, ω
L̃
) = 0 in Ed(R[Y ]), so we have L̃ = (v1, · · · , vd) such that g̃i − vi ∈ L̃2.

Finally using Theorem 4.2, we can find h1, · · · , hd such that L = (h1, · · · , hd) with
gi − hi ∈ L2. This completes the proof. �
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In general, the canonical map φ : Ed(R) −→ Ed(R[X]) is not surjective [B-RS 1, Ex-
ample 6.4]. Therefore, from the above theorem it follows that the map ϕ : Ed(R[X]) −→
Ed(D) is not surjective in general.

Corollary 5.15. Let R be a smooth affine domain containing Q with dim(R) = d ≥ 3 and
D = R[X,Y ]/(XY ). Then the map ϕ : Ed(R[X]) −→ Ed(D) is an isomorphism.

Proof. The proof follows from [D 1, Proposition 5.7] and the above theorem. �

Corollary 5.16. LetR be a regular k-spot where k is a field of characteristic zero. Let dim(R) =

d ≥ 3 and D = R[X,Y ]/(XY ). Then Ed(D) is trivial.
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