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Problem description

Model

Consider seg. of queues, indexed by n > 1.
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Problem description

Model

Consider seg. of queues, indexed by n > 1.
Qn(t) = queue-length process at time t > 0. Q,(0) =
Qn(-) = a jump-Markov process with intensities 0O except

W1 = An(K)l e mbys Okk—1 = bn(K)l x>0y + kK, k € Z7.

If Y2, Y3 YR -indep. Poisson(l) processes (Ch. 6 [Kurtz-81]),

o) = Y2 [ Snt@utenas) =2 ( [ n(@ntonas) —¥E ( [ nn(opas )

An(K) = Alge - aby» Ain(K) = pn(K)liks0y: “effective” rates.
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Problem description

Model

Consider seg. of queues, indexed by n > 1.
Qn(t) = queue-length process at time t > 0. Q,(0) =
Qn(-) = a jump-Markov process with intensities 0O except

W1 = An(K)l e mbys Okk—1 = bn(K)l x>0y + kK, k € Z7.

If Y2, Y3 YR -indep. Poisson(l) processes (Ch. 6 [Kurtz-81]),

o) = Y2 [ Snt@utenas) =2 ( [ n(@ntonas) —¥E ( [ nn(opas )

An(K) = Alge - aby» Ain(K) = pn(K)liks0y: “effective” rates.

Idle-time and Rejection processes are given by

t ot
La®1n0) [ 0185 Un(®= [ 11q, - amy .
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Problem description

Rates, heavy traffic, costs and the problem

Asn — 00, Ny — 5> 0,SUpy~q|un(X) — pf — 0and A =y,
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Problem description

Rates, heavy traffic, costs and the problem

Asn — 00, Ny — 5> 0,SUpy~q|un(X) — pf — 0and A =y,
Un(X) = vN(un(v/NX) = A) > 0 & SUP,>q [Un(X) — u(X)| — 0
and {up(-)} uniformly Lipschitz continuous.

Letb € (0, oc]. Such ({xn},b) is an admissible policy .

Problem: asymptotically minimize (among adm. policies)
0

3p({pn},b)=liminfE / e={ [B(mm)@n(t) + C(un(Qn(1)))] dt + p dUn(1)}-

where C is a C2-function, 3,p,d > 0, and &(-) = n=2&a(n -).

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem Approximating diffusion model Solution to queueing problem Summary

Main result and history

Main Result

Letp > 0. There a C2-fn V, and b, € (0. ] s.t. if

x i _ 1
pn(X) = A+ ﬁ(cl) ' (Vp (\/—ﬁx)) :
then, ({1}, by) is an optimal policy.
Also, for pg = ((ﬁ—”ﬂ
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History

@ [Ata-Harrison-Shepp-05]:  Solves approximating diffusion
control problem explicitly, for a fixed b, adjustable .
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o] ]
Main result and history

History

@ [Ata-Harrison-Shepp-05]:  Solves approximating diffusion
control problem explicitly, for a fixed b, adjustable .

@ [G-Weerasinghe-07]: Solves approximating diffusion
control problem explicitly, for an adjustable b and
adjustable .

@ [Ward-Kumar-07]: Solves queueing control problem
explicitly, for an adjustable b but fixed .

@ [G-Weerasinghe] (This work): Solves queueing control
problem explicitly, for an adjustable b and adjustable p
(Also, nec. & suff.conditions for optimality of infinite buffer).
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Approximating diffusion model
[ ]

Brownian control problem (BCP)

The scaled process has the following representation:

Gn(t) = 0~ J3[un(@n(S)) + N9 On(S)Ids +Wa(t) + Ea(t) — Un(t),
Win (=2 ( f5 Xn(vQn(s))ds ) =V [ fin(vAQn(s))ds) = V& (f32nv/NQn(s)ds).

By f-CLT for unit Poisson processes, (YA, V$,YR) = (WA WS, WR),
Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
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Problem Approximating diffusion model ition to queueing problem Summary
fole} .

Brownian control problem (BCP)

The scaled process has the following representation:
Qn(t) = 0 = [5[un(Qn(s)) + MQn(s)]ds + Wa(t) + La(t) — Un (1),
Wn(©=YA (f3 An(vQn(s))ds) — ¥ ( f3 fin(vAQn(s))ds ) = YE (1 f32nv/NQn(s)ds).
By f-CLT for unit Poisson processes, (YA, V$,YR) = (WA WS, WR),

Hence, Wn = W, where W= Brownian Motion- O drift, var. 2\.
[BCP] Letx > 0. Consider

t t
Xx(t):x—/o u(s)ds—'y/o Xy (S)dS + W (t) + L(t) — U(t),
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Brownian control problem (BCP)

The scaled process has the following representation:

Qn(t) =0 — [3[un(Qn(s)) + N1 Qn(s)lds + Wn(t) + La(t) — Un (1),
Wn(©=YA (f3 An(vQn(s))ds) — ¥ ( f3 fin(vAQn(s))ds ) = YE (1 f32nv/NQn(s)ds).
By f-CL‘[ for unit Poisson processes, (YA, VS, YR) = (WA WS, WR),
Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
[BCP] Letx > 0. Consider
t t
X (1) = X — / u(s)ds — v / Xy (S)dS + W (t) + L(t) — U(t),
@ Drift control u(-) 2'00(6 A)is prodr?meas. {F}, Lipschitz & E fg u(s)ds < oo

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Problem Approximating diffusion model ition to queueing problem Summary
fole} .

Brownian control problem (BCP)

The scaled process has the following representation:

Qn(t) = 0 — [3[un(Qn(s)) + MnQn(s)lds + Wa(t) + La(t) — Un (1),
Wn(©=YA (f3 An(vQn(s))ds) — ¥ ( f3 fin(vAQn(s))ds ) = YE (1 f32nv/NQn(s)ds).
By f-CL‘[ for unit Poisson processes, (YA, VS, YR) = (WA WS, WR),
Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
[BCP] Letx > 0. Consider
t t
X (1) = X — / u(s)ds — v /0 Xy (S)dS + W (t) + L(t) — U(t),

JO .
@ Drift control u(-) > 0 (€ .A) is progr. meas. {F;}, Lipschitz & E fg u(s)ds < oo
@ Singular control U(-) is adapted to {/}, T, RCLL, and s.t Xx(t) >0
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Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
[BCP] Letx > 0. Consider
t t
X (1) = X — / u(s)ds — v / Xy (S)dS + W (t) + L(t) — U(t),
@ Drift control u(-) 2'00(6 A)is prodr?meas. {F}, Lipschitz & E fg u(s)ds < oo

@ Singular control U(-) is adapted to {/}, T, RCLL, and s.t Xx(t) >0
@ L(-) is the local-time process of Xx(+) at 0.
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.

Brownian control problem (BCP)

The scaled process has the following representation:

Qn(t) =0 — [3[un(Qn(s)) + N1 Qn(s)lds + Wn(t) + La(t) — Un (1),
Wn(©=YA (f3 An(vQn(s))ds) — ¥ ( f3 fin(vAQn(s))ds ) = YE (1 f32nv/NQn(s)ds).
By f-CLT for unit Poisson processes, (YA, V$,YR) = (WA WS, WR),
Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
[BCP] Letx > 0. Consider
t t
X (1) = X — / u(s)ds — v / Xy (S)dS + W (t) + L(t) — U(t),
@ Drift control u(-) 2'00(6 A)is prodr?meas. {F}, Lipschitz & E fg u(s)ds < oo
@ Singular control U(-) is adapted to {/}, T, RCLL, and s.t Xx(t) >0

@ L(-) is the local-time process of Xx(+) at 0.
@ Any such (u,U) is an adm. control for BCP.
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oblem Approximating diffusion model Solution to queueing problem Summary
.

Brownian control problem (BCP)

The scaled process has the following representation:

Qn(t) =0 — [3[un(Qn(s)) + N1 Qn(s)lds + Wn(t) + La(t) — Un (1),
Wn(©=YA (f3 An(vQn(s))ds) — ¥ ( f3 fin(vAQn(s))ds ) = YE (1 f32nv/NQn(s)ds).
By f-CLT for unit Poisson processes, (YA, V$,YR) = (WA WS, WR),
Hence, W,, = W, where W = Brownian Motion- O drift, var. 2.
[BCP] Letx > 0. Consider
t t
X (1) = X — / u(s)ds — v / Xy (S)dS + W (t) + L(t) — U(t),
@ Drift control u(-) 2'00(6 A)is prodr?meas. {F}, Lipschitz & E fg u(s)ds < oo
@ Singular control U(-) is adapted to {/}, T, RCLL, and s.t Xx(t) >0

@ L(-) is the local-time process of Xx(+) at 0.
@ Any such (u,U) is an adm. control for BCP. Find (u*,U*) that minimizes

Jo(x,u,U) = E /ooo e~ (ByXx (1) + C(u(t)))dt + p dU(t)].

@ Value function: Vp(x) = inf.]~p(x, u,U) over all adm. controls
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Approximating diffusion model

[ le]
Solution to BCP

HJB equation etc. and BCP

Let o(y) = sup,. 4[uy — C(u)]. Hamilton-Jacobi-Bellman(HJB) eqgn is
min { %V”(x) — D(V'(X)) — XV’ (X) — SV(X) + Byx, V'(X), p — V’(x)} =0,a.ex

Lemma 1:
If a C2-fn. V satisfies HIB with 1/(0) = 0, then Vp(x) > V().
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Approximating diffusion model
[ le]

Solution to BCP

HJB equation etc. and BCP
Let o(y) = sup,. 4[uy — C(u)]. Hamilton-Jacobi-Bellman(HJB) eqgn is

min { %V”(x) — D(V'(X)) — XV’ (X) — SV(X) + Byx, V'(X), p — V’(x)} =0,a.ex
Lemma 1.
If a C2-fn. V satisfies HIB with 1/(0) = 0, then Vp(x) > V().
Theorem 2:
There exists a unique by € (0, oc] and a C1-fn V), satisfying
%V{)/(x) — O(V)(X)) — XV (x) — 6Vp(X) + Byx = 0for 0 < x < by,
V5 (0) =0,V5(x) < p, for0 < x < bs., andVy(x) =p, forx > by.

And V(x) = Vp(x). The solution of the BCP is given by:
u*(x) = (C") " *(V(x)). If p < po, then b* < oo and U* = U}’
(loc. time at b*). If p > pg, b* = cc and U* = 0.

Ghosh, Weerasinghe

lowa State University
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Approximating diffusion model

(] J

Solution to BCP

Y = V. Solve parametric family:

v (X) = 20" (D (x))IY (x) = 2%y (x) = 2(7 + )Wk (x) + 28y = 0,

Ghosh, Weerasinghe lowa State University

Optimal buffer-length and rates



Approximating diffusion model

(] J

Solution to BCP

Y = V. Solve parametric family:
7 (x) = 20" (Vr ()Y () — 29x Y () = 2(y + 8)Vr (x) + 267 = O,

po_._ ......

p___

Yr(0) =0, )7 (0) =r

Ve, r>7

VD(X) 2§yp(0 + [0 yp

Ghosh, Weerasinghe

NN N

Ve, 7 < 7T
u)du, 0 < x < b Vp(x) = Vp(b) + p(x — bg),x > b3
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Solution to queueing problem
o

Regulator maps

1- & 2-sided gen. regulator map (¢4, 45, n5) : Fix be (0, oc].
Ifw € D, (d,Z,G) = (¢4, yY, n¥)(w) satisfies

(i) G(t) — Jo[u(@(s)) +~a(s)lds + £(t) — G(t) € [0,b], ¥t >0,
iy 7(-), ﬂ( ) are both nondecreasing, 7(0) = ii(0) = 0,
Jo~ a(nde ( = Jo (b —d(t)*di =0.

b=

(for oo, n = 0: 1-sided gen. reg. map)
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Solution to queueing problem
o

Regulator maps

1- & 2-sided gen. regulator map (¢4, 45, n5) : Fix be (0, oc].
Ifw € D, (d,Z,G) = (¢4, yY, n¥)(w) satisfies

@) 4() = — Jo[u(@(s)) +~a(s)lds + £(t) — G(t) € [0,b], ¥t >0,
iy 7(-), ﬂ( ) are both nondecreasing, 7(0) = ii(0) = 0,

Jo~ a(nde ( = Jo (b —d(t)*di =0.

(for b = 00, n = 0: 1-sided gen. reg. map)

Lemma 3

If yn» — =, u,u, > 0 unif. Lipschitz & ||un, — u||o, — O, then for
(", " ") = (P, i, min), (@, 0, m) = (@Y, ¥4, n5):
@ lle"(W)[lr v I[¥"W)llr < Cllwllr, Yn>1.

(b) limn [[¢"(Wn) — ¢(wW)l[r V [[¢"(Wn) = (W)l = O] V [[n"(wn) — n(w)[|r =0,

if limp [|w, —w||r = 0. Here, C is absolute const.
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Solution to queueing problem
[ Jelele]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): ({/}, by)
where, V, & b as above (p < po < b* < c0).

43(x) = A +n"2(C) " (Vp(n " 2x))
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Solution to queueing problem
[ Jelele]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): ({/}, by)
where, V, & b as above (p < po < b* < c0).

43(x) = A +n"2(C) " (Vp(n " 2x))

Note u*(x) = v/n(ui(v/nx) — A) = u*(x). In general,

t
én(t) = - /0 [Un(én(s)) + n’YnQn(S)]dS + Wha(t) + Ln(t) — Un(t)
t ot
Xe(t) = x— /0 u(s)ds — 5 /0 X (5)dS + W (t) + L(t) — U(t)
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Solution to queueing problem

[o] le]e]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): ({/}, by)
where, V, & b as above (p < po < b* < c0).

43(x) = A +n"2(C) " (Vp(n " 2x))
Note u*(x) = v/n(ui(v/nx) — A) = u*(x). In general,
t
() = - /0 [Un(Qn(S)) + N Qn(S)]ds + Wa(t) + La(t) — Un(t)

= (", ", n")(Wn)

P
X %
—
—
=
Il

t 't
x—/ u*(s)ds—'y/ X (s)ds + W (t) + L*(t) — U*(t)
JO JO

= (¢",9",n")(W) (true for the optimal proc.(x) in BCP only)
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Solution to queueing problem

[e]e] Je]
Optimal policy and weak convergence

Representations

Recall the proposed policy (candidate for optimality): ({7}, by)
where, Vp, & by as above (p < pg < b* < ).

1 (x) = A+n7E(C) L (Vp(n " 2x)
Note uji(x) = v/n(pi(v/nx) — A) = u*(x). In general,
Q(t) = - /Ot[un(én(s)) + M Qn(s)]ds + Wn(t) + Ln(t) — Un(t)
= (" 4" ") (W)
Xe(t) = x— '/: u(s)ds — ’y./ot Xy (5)dS + W (t) + L(t) — U(t)

= (¢,,n)(W) (... also true for weak limits of proc.s from g-net.)

... ifwe show W, = W.
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Solution to queueing problem
[e]e]e] ]
Optimal policy and weak convergence

Weak convergence

Proposition 4

For any ({un},b) adm. policy for the queueing network,

0] Wn = Wy, where Wy is a BM, AstarAtingAfrom 0, O drift, var. 2\.

(ii) if (Xo, L, U) = (&, %,7)(Wo), (Qn;Ln,Un) = (Xo,L,U) and
(Xo,u,U) is adm. for BCP (x = 0). (If b = o0, Us = U = 0)

(i) (Q,Lx,Ug) = (Xg,L*,U*) (b* = o0, Ui = U* = 0)

(iv) E [supO<t<T IWn(t)[2| < C(T2+T), C abs. constant.
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Solution to queueing problem
[e]e]e] ]
Optimal policy and weak convergence

Weak convergence

Proposition 4

For any ({un},b) adm. policy for the queueing network,

0] Wn = Wy, where Wy is a BM, AstarAtingAfrom 0, O drift, var. 2\.

(ii) if (Xo, L, U) = (&, %,7)(Wo), (Qn;Ln,Un) = (Xo,L,U) and
(Xo,u,U) is adm. for BCP (x = 0). (If b = o0, Us = U = 0)

(i) (Q,Lx,Ug) = (Xg,L*,U*) (b* = o0, Ui = U* = 0)

(iv) E [supO<t<T IWn(t)[2| < C(T2+T), C abs. constant.

Theorem 5 B
Jp({1a}.0%) = Vp(0) = Jp(0,u*,U*) < Jp({jin}.b).
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Summary

Summary

@ Computing b* numerically - see [G-Weerasinghe-07].
@ alternatively, A control in heavy traffic.

. _ . . ﬁ'}/
@ When is bx = oo optimal ? If and only if p > )
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