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A way of incorporating the concepls of fU2.ZY sets into layered neural networks has 
been described. The inpul can be provided to quanlitative or linguistic fOnTIS while 
Ihe outpUI may be modeled as membership values. Logical operators, viz., I-norm T 
and r-conorm S involving And and Or neurons. are employed al the neuronal level, 
and the conventional back propagarion algorilhm is accordingly modified using 
various fuzzy implication operalors. TIle usefulness of Ihe model fOT classification is 
demonstrated on a set of vowel data by developing various melhods along wilh Iheir 
comparison. Effects of fuzZificalion al the Input and outpUI are also investigated. 

1. INTRODUCIlON 

Anificial neural networks 1-9 are signal processing systems that try to emulate the 
human brain, i.e., the behaviour of biological nervous systems, by providing a 
mathematical model of combination of numerous connected in a network. These 
models are reputed to have the following characteristics adaptivity (the ability to 
adjust when given new information), speed (via massive parallelism), fault tolerance 
(to missing, confusing and/or noisy data) and optimality (as regards error rates In 
performance). 

One of the most excltJOg developments in early days of pattern recognition is 
the mullilayer perceplron (MLP)I which consists of multiple layers of simple, sigmoid 
processing elemen ts (nodes) or neurons that interact using weighted connections. 
When used for supervised recognition, the input and output layers respectively. The 
network discovers the input-output mapping in a sequence of forward and backward 
passes through the training set, thereby efficiently modeling complex decision regions. 

The theory of fuzzy subsets9- 12 provides an approximate and yet effective means 
for describing the characteristics of a system which is too complex or ill-defined to 
admit precise mathematical analysis. This theory can model the human thinking 
process and behaviour, and is reputed to handle (to a reasonable extent) uncertainilies 
arising from deficiencies of information available from a situation; the deficiencies 
may result from incomplete, ill-defined, nOl fully reliable, vague and contradictory 
information. Therefore, we see thal fuzzy set theoretic models try to mimic human 
reasoning and the architecture and information representation schemes of human brain. 
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Integration of the merits of fuzzy set theory and neural network theory promises to 
provide, to a great extent, more intelligent systems to handle real life processes. A. 

2olarge number of researchers13· are now concentrating on exploiting these modem 
concepts in the field of pattern recognition and machine vision. 

The present work is an attempt in this regard and destribed a logical version 
of the feedforward multilayer perceptron (MLP) using the concept ~f fuzzy sets at 
various stages. The classifier accepts input vector in terms of the linguistic properties 
low, medium and high and provides output in terms of class membership values]3. 
The hidden layer consists of And nodes while the output layer is made up of Or 
nodes. Two cases of the conjugate pairs of t-norm T and t-conorm ,521, viz., max-min 
and product-probabilistic sum, are utilized to model the logical operations And and 
Or. The conventional backpropagation algorithm is modified by employing fuzzy 
implication operators in order to incorporate various amounts of mutual interaction 
during error propagation. Fig. 1 shows the proposed three-layered network. A heuristic 
for gradually decreasing the learning rate and momentum is used to help prevent 
oscillations of the mean square error in the process of convergence. Various 
algorithms have been described for pattern recognition problems using the above 
mentioned fusion strategy. 

Output 

OR 

AND 

lnput 

FIG. 1. A three layered neural network implementing AND and OR logic functions at successive layers. 

Relation structures, realized by max-min or min-max and product-probabilistic 
sum operators, introduced into the proposed fuzzy model heIp in classifying patterns 
that exhibit a logical structure. Logical operators like And and Or are seen to ease 
the computational burden of the neural model to some extent, thereby enhancing its 
speed. (This will enable simpler hardware implementation for pattern recognition 
problems). The fuzzy input representation allows an n-dimensional feature space to 
be decomposed into 3n overlapping sub-regions corresponding to the three primary 
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properties viz., [ow, medium and high. This enables the. model to utilise more local 
information of the feature space and is found to be more suitable in handling 
overlapping pattern classes. Besides, the model can handle inputs presented in 
numerical as well as linguistic forms. 

The effectiveness of the network (with various algorithms) is demonstrated on a 
set of speech data. Effects of fuzzification at the input as well as the output are also 
investigated. 

In this connection it is worth mentioning that Pedrycz22 used only the logical 
operators max and min to handle multi-class problems using two-layered nets and a 
different performance index. The inputs to the network consisted of all logical 
combinations (minterms) of the input variables, and the Lukasiewicz. implication 
operator was used. Watanabe et a(23 also used min-max oprations but with two kinds 
of weight vectors and a different scheme of backpropagation for a three-layered 
network. Krishnapuram and Lee24 used fuzzy aggregation connectives with 
compensatory behaviour (lying in the range between the two extremes, viz., min and 
max) as the activation functions of the neurons. A modified version of 
backpropagation was used to determine the proper type of the aggregation at each 
node and its parameters, given an approximate dependency structure of the network. 
Moreover, in all these cases (unlike in the proposed model), the input and output 
were nonfuzzy. 

2. MULTI-LAYER PERCEPTRON 

Consider the layered network given in Fig. 1. The conventional MLP [I] is made 
up of simple neurons implementing the weighted sum and sigmoid functions (in place 

of the And and Or functions in Fig. I). The total input / + 1 received by neuron j
J 

in layer h + 1 is defined as 

h+1 
" h h e" + 1X. ...LJ y, Wj' - ) (1)

j 

where / 
, 

is the state of the ith neuron in the preceding hth layer. w
p

h 
is the weight 

of the connection from the ith neuron in layer h to the jth neuron in layer h + 1 

and elr + I is the threshold of the jth neuron in layer h + 1. 
) 

The output of a neuron in any layer other than the input layer (h > 0) is a 
monotonic non-linear function of its total input and is given as 

h 1 ... (2)
Y) 

1 + e-J: 

For nodes in the input layer 

(3) 

where x~ is the jth component of the input vector clamped at the input layer. 



130 SUSHMITA MITRA AND SANKAR K. PAL 

The Least Mean Square (LMS) error in output vectors, for a given network 
weight vector w, is defined as 

1
E(w) =  ... (4)

2 

where lc (w) is the state obtained for output node j in layer H in input-output case 
c and d

J
, c is its desired state specified by the teacher. The error E(w) is minimized 

by the back propagation algorithm using gradient-descent. We start with any set of 
weights and repeatedly update each weight by an amount 

.. , (5) 

where the learning rate £ controls the descent, 0 :!> a :!> 1 is the damping coefficient 
or momentum and t denotes the number of the iteration currently in progress. 

3. Fuzzy MLP USING LOGICAL OPERATORS 

The proposed model consists of logical neurons employing conjugate pairs of 
{-norms T and t-conohns S in place of the weighted sum and sigmoid functions of 
the conventional MLP (described in Section II). The back propagation algorithm is 
modified' to incorporate the logical operations in the error derivative term. The 
components of the input vector consist of the membership values to the overlapping 
partitions of linguistic properties low, medium and high corresponding to each input 
feature. During training, supervised learning is used to assign output membership 
values lying in the range [0, 1] to the training vectors. A heuristic for gradually 
decreasing the learning rate and the momentum is used to help avoid spurious local 
minima and usually prevent oscillations of the mean square error in the weight space, 
in the process of convergence to a minimum error solution. 

A. Input Vector Representation 

An n-dimensional pattern F, = [Fd , Fi2, .... , Fin] can be represented as a 

3n-dimensional vector 

where tl1e !l. values indicate the membership functions to the corresponding linguistic 
IT.-set ll for each feature axis. Fig. 2 shows the overlapping structure of the three 
It-functions for a particular input feature F; .. Thus an n-dimensional feature space is 
decomposed into 3" overlapping SUb-regions corresponding to the three primary 
properties. This enables the model to utilise more local information of the feature 
space for better handling of uncertainties arising from the overlapping regions. 

When Fj is numerical we use the IT.-fuzzy setsll (in the one-dimensional form), 

with range [0, 1], given as 
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FIG. 2. Overlapping structure of the n-functions for the linguistic properties low, medium and high. 

• for 2A 
:s I Fj - C I :S A 

... (7) 
, for a :s I Fr :C I :s

A 
2 

otherwise 

where A > a is the radius of the :It-function with c as the central point. 

Let Fjrnax and Fjrllin denote the upper and lower bounds of the dynamic range of 

feature Fj in all L pattern points, considering numerical values only. Then for the 

three linguistic property sets we define l3 

... (8) 

Cmedium(F) - 0.5 * AJow(F) ... (9)
I } 

1

f denom (Fjm:JJ< - Cmediul1I (1)
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Chigh (F) = Cmedium (F,l + 0.5 * Ahigh (F) ... 10) 

where 0.5 s f denom s 1.0 is a parameter controlling the extent of overlapping. 
The combination of the choices of A and c ensures that for each quantitative input 
feature at least one of !A/ow, Ilmedium and Il"'gh is greater than OS 

When the input feature is linguistic, its membership values for the IT-sets low, 
medium and high are quantified asB 

low '" { 915 
, ~ , 0~2 } 

... (11)
medium '" { °i7 

, 0~5 , a;; } 

high '" { 0.02 , 0.6 , 0.95 } 
L M H 

Details on input representation are available in Rosenfeld and Kim 13, Ruotvitz14. 

B. Output Vector Representation 

In real-life problems, the data are generally ill-defined with overlapping or fllZZy 
class boundaries such that each pattern used in training may possess finite 
belongingness to more than one class. To model such data we clamp the desired 
membership values, lying in the range [0, 1], at the output nodes during rraining. 
When a separate set of test patterns is presented at the input layer, the output nodes 
are able to generate the class membership values of the patterns to the corresponding 
classes. 

For an I-class problem domain, the membership of the ith pattern to class C*", 

lying in the range [0, 1], is defined as 

... -(12)
!Ak (F j ) 

where z", is the weighted distance between the ith pattern and the mean f the /dh 
class. It is such that as z,J; decreases, !Ax (F,) increases and vice versa. The shive 
constants Fd and Fe are the denominational and exponential fuzzy generators ntrol
ling the amount of fuzziness iu this class-membership set. 

Then for the ith input pattern we define the desired output of the jth output 
node as 

... (13) 

During testing the output of the jth output neuron denotes the ilnferred 
membership values of a test pattern to the jth cla<;s. 

Note that the desired output vector d has more natural information in terms of 
membership values with respect to the means of all the classes. This i unlike the 
teacher-specified hard labellings based on the training setB . This heJps reduce 
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oscillations of the decision boundaries (during training) in case of ambiguous patterns. 
The test patterns are also classified based upon their natural membership values. 

C. T-Norm and T-Conorm 

We consider two special cases of the conjugate pair of t-norm T and t-conorm 
.)'21 represented by the And and Or nodes at the hidden and output layers of Fig. 1 
respectively. At the And nodes in the hidden layer we use T(a, b) = a 1\ b, while 
at the Or nodes in the output layer we have Sea, b) = a v b. The max and min 
operators are defined as 

'P" (a, b) = min(a, b) 

sm (a, b) = max(a, b) ... (14) 

while the product and probabilistic sum operators are given as 

P(a,b)=ab 

sP (a, b) = a + b - ab ... (15) 

such that TP(a,b):s T'"(a,b) s S'"(a,b):s Sp(a,b) and (TP, Sp), (Tm,S'") are the 
two special cases of the conjugate pair (T, 5). 

Let us consider the three-layered model as shown in Fig. 1 with H = 2. The 

output yJ of the ph neuron in the first layer is defined as 

... (16)yJ = ,T [ S ( l , wZ ) ]. 

Here the input vector in the 3n-dimensional space of eqn. (6), y? is the output 

of neuron i in the input layer as defined by eqn. 3) and wZ denotes the corresponding 

GOIUlection weight. The T operation is performed over all i S operation outputs 
corresponding to the neurons in the input layer. 

Analogously, the output y; in the second layer is given as 

._. (17) 

where the S operation is performed over all j T operation outputs corresponding to 
the neurons in the first layer. 

Note that for the probabilistic sum operator S P, the output is computed iteratively 
as 

such that 

... (18) 

for j = 1, 2, .... , n - 2, where 
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... (19) 

D. Fuzzy Implication 

It is to be mentioned that the pair T P and S P of eqn. (15) are interactive and 
their results depend on the values of both the arguments. However the lattice 
operations Tm and S m of eqn. (14) are completely noninteractive. Hence we use 
various implication operators to introduce different amounts of interaction during 
bat:kpropagation of errors ""ith the Tm and S m operations. 

For two variables X and Y, we have the crisp implication operator defined as 

I if X :s; Y ... (20)
X ~ Y = I IX c Y I I = { 0 otherwie . 

This is observed to cause either activity or disactivity depending upon the 
individual conditions. To alleviate this problem, we introduce some interaction 
between the two variables using fuzzy concepts. A few fuzzy implication operators 
used to incorporate a degree of the amount of inclusion or containment are given 
below. 

• Lukasiewicz 

I I X c Y I I = Tm (1, 1 -X + Y) ... (21) 

•	 KI ene-Dienes-Lukasiewicz 

I I XC Y I I = I-X +XY ... (22) 

• Kleene-Dienes 

I I xc Y I I = sm(1-X, Y) ... (23) 

• Early Zadeh 

I I X c y	 I I = sm(p' (X, Y), (I-X)) ... (24) 

where the Sm and Tm operators are as defined in eqn. (14). It is to be noted that 
these operators introduce various degrees of mutual interaction between the two 
variables and hence their choice may be application dependent. 

E. The Backpropagation Algorithm based on Logical Operations 

Use of logical operators in place of the more conventional weighted sum and 
sigmoi4 functions of the MLP necessitates modification of the derivatives involved 
in tfle traditional backpropagation schemel. The LMS error E of eqn. (4) is minimized 

by l e gradient-descent technique of eqn. (5) with the restriction that 0 :S W;i :s; 1 

for Cl :5: h	 s 2. The error derivative .a E - is computed as 
awji 

... (25)aE _ aE ay1 .
 
awji - aYj awji
 

For the output layer (h = H) we substitute 
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(26) 

In case of the hidden layer we use 

11+1 

2: 
k 

a 

a
Yk 

Yj 
--- ... (27) 

where neurons j and k lie in layers h and h + 1 respectively. 
II 

ay
In order to evaluate the derivative	 __I of eqn. (25), for h > 0, let us define 

aWj' 

where the T(S) operation at layer h is performed over all I S(1) operation outputs 
from the neurons in the preceding layer h - 1, provided I", i, for h = 1(2) 
respectively; also let 

S( II-I h.-I)y, ,Wp if h = 1 
h ... (29)sm, =	 T ( II - 1 h. - I )
 

. y, 'Wi'

j 

otherwise. 

Using eqns. (16,17,28,29), we have 

aof!	 J a~ .. [T (sm
h 

, sm7)] if h= 1 
~ l' ... (30) 
aWji = I ~~ [S (smh

, smn] otherwise 
. awJI 

where the t-norm T and t-conorm S are given by either of eqns. (14) or (15) in 
order to model the logical operators And and Or. 

(i) The max and min operators 

Using any of the implication operators from eqns. (20-24) and eqns. (28,29) in 
a h 

eqn. (30), we compute the derivative ~ for the conjugate pair (Pll, Sill) as awji 

aYjh (. II wi C Yih-l II * II smII C smih II if h = 2h-I 
... (31)aWji = I I Yi - 1 C W;, - I I I * I I sm7 C smhI I otherwise 

a h 

where h > 0. Similarly, the sensitivity measure aYk from the hth layer by eqn. (27), 
Yj 

for h = 2, is evaluated as 
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... (32) 

where sm" and sm~ are given by eqns. (28,29) with k substituted for i. 

(2) The product and probabilistic sum operators 

On the other hand, for the conjugate pair (T P, S p) using eqns. (15), (18-19) and 
(28-30), we have 

h r h h-l if h = 2~2L = 1 (I ~ sm ) ~i_ 1 ... (33)
aWji l sm (l-Yi ) otherwise. 

Analogously, we compute the sensitivity measure as 

.. , (34) 
I h-l

(1 - sm ') Wjk . 

h h aY aYk
Substituting the values of __I and - from eqns. (31-32) or eqns. (33-34), as 

a wji a Yj 
the case may be into eqns. (25, 27) enables one to evaluate the error derivative 
aE 
-- of eqn. (5) and thereby update the connection weights during training. This 
aW;i 

constitutes the back propagation algorithm for the proposed network incorporating 
logical nodes. 

3. VARIATION OF £ AND a 

Here, the £ of eqn. (5) is gradually decreased in discrete steps, taking values 
from the chosen set {2, 1, 0.5, 0.3, 0.1, 0.05, 0.01, 0.005, 0.001}, while the 
momentum factor a is also decreased. 

Let the various values of £ be indicated by £0 = 2, £ I = 1, ...... , £q = 0.001 such 

that £i indicates the (i + 1)th value of Eo Let 0.0 = 0.9 and (11 = 0.2 = .... = o.q = 0.5. 

We use 

. _ { i + 1 if mse (nt - kn) - mse(nt) < b ... (35) 
t - i otherwise 

where i = a initially, I £ I = q + 1 and 0 < b s 0.0001. Note that mse(nt) is the 
mean square error at the end of the nt'~ sweep through the training set and kn is a 
positive integer such that mse is sampled at intervals of fat sweeps. The process is 
tenninated when i > q and £q = 0.001. 

At convergence, the proposed logical version of the MLP is expected to have 
learned the relationship between the input-output representations of the training 
patterns. This is the desired pattern classifier. 
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4. IMPLEMENTATION AND RESULTS 

The proposed three-layered logical neural net was used for developing two 
models (viz. P and KDL) for classification of vowel data consisting of a set of 871 
Indian Telugu vowel sounds ll uttered in a Consonant-Vowel-Consonant context by 
three male speakers in the age group of 30 to 35 years. The data set had three 
features; F}, F2 and F3 corresponding to the first, second and third formant 

frequencies obtained through spectrum analysis of the speech data. Fig. 3 shows a 
2D projection of the 3D feature space of the six vowel classes (a, a, i, U, e, 0) in the 
F l - F 2 plane. The input was represented in the 3n-dimensional linguistic form of 

eqn. (6). The network was trained using 10% samples from each representative pattern 
class of the data set (for the results of Tables 1-3). We selected fdenom = 0.8 in 
eqns. (9-10), Fd = 2, Fe = 2 in eqn. (12) and kn = 10, I) = 0.0001 in eqn. (35). 
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FlO 3. Vowel diagram in (he FI - F2 plane. 

We use two measures of classification performance for the training set. The 
output, after a number of updating steps, is considered a perfect match if the value 

of each output neuron y7 is within a margin of 0.1 of the desired membership value 

dj- This is a stricter criterion than the best match, where we test whether the ph 
neuron output y7 has the maximum activation when the JII' component dj of the 

desired output vector also has th~ highest value, provided y7 > 0.5. Note that the 

desired fuzzy output vector d is dependent on the class means and hence on the 
training set selected. Therefore, a higher value of the perfect match p is more 
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indicative of good performance as compared to the maximum-activation-related best 
match b which is more dependent on the choice of the training patterns. 

In Tables 1-3, mse, p and b refer to the training set (10 percent samples) well 
mse/ and overall best score t are indicative of the test set (remaining 90% samples). 

Besides, the criterion for b is stricter than that for t in the sense that t denotes 

simply the best match while b indicates the best match provided that y7 > 0.5 when 

dj > 0.5. Hence sometimes we observe t to be greater than b. Note that KDL refers 

to the Kleene-Dienes-Lukasiewicz operator by eqn. (22) (used during backpropagation 
of error) for the conjugate pair (Tn: snr) of eqn. (14) while P refers to the logical 
operators (P, S p) of eqn. (15). 

Table I demonstrates a comparison of the performance of the proposed logical 
models P and KDL on the vowel data (using one hidden layer with m hidden nodes). 
II is observed that the model KDL fared poorer as compared to the model P. This 
is because of the fact that the max and min operations of KDL caused the different 
input-connection weight combinations to be less interactive, with only the maximum 
or minimum term(s) controlling the neuron activation(s). The product and 
probabilistic Sum operators, being more co-operative, yielded better results. Because 
of the same reason, if we replace the logical operator ,by the original sigmoidal 
function the results (shown as model 0) improve. The use of logical operators seemed 
to cause deterioration in the classification efficiency of the neural model, perhaps 
due to the inherent loss of some information. 

Effects of fuzzification at the input and output have been investigated in detail 
using the logical model P with m = 20 hidden nodes. The amount of overlapping 
hCt'.IICf,m he linguistic properties low, medium and high (at the input) was varied by 
alterillg the radius of the It-function corresponding to the linguistic set medium. Let 
A"""Jium = l/1.oS * Amedium where inos :: I for the value of Amediu", given by eqr. (8). 
A t: decrease {nos, the radius "'medium decreases around cmedium such that uHimately 

Ihe linguistic property medium covers an insignificant portion of the corresponding 
fef\ture, 's. Thereby its role in overcoming any confusi II i eneratil'lg the de isi n 
surface along . rlain r gians of the feature space diminishes. On he oth r hand. as 
we in ::rc,.· fnos the radius J../Mdi"", increases around Cmedi"", uch thai In anlOWll of 
overlapping hetween Ihe n-functiol1& increases. In general, lI:u:re is no pmn{ unced 
change in th~ output perfo aDee for a ide variatioIl in input overlapping as ~hown 

i Table 2. However, very [rug!: amount of over apping ifno ~ .2) mOllg the 
ling istk properties of Lhe input feature, as expected, leads to poorer re g.niL.iOI1 
'cores (especially for class a). 

Table 3 c.h:monslrdtes the variation' performance of the above-mclltiOlloo 10 ·ical 
11 odcl P willi differ nl a onnls Of fuzziness a the output. Here Fd II Fe of cqn_ 

(1 .) were var'ed a sho It'· I be noted that higher values of Fe and 1 wer 

va1ue~ of F d help in nhancing tile contrast am Ilg lhe output III mbc:rsltip vl;Ilue 

d generally 1 3d to a bigher recognition score. However too igll cOlltra5t (, d < 

2) resillte ill fJ{lOT performance. The logical mode as good overall perfomlance 
for FJ = 2 Will Fe = 2, 4 and Fd = 3 with Fe :: ..j (corresponding 0 high contrasL). 
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Table 1 Comparative Performance of the Fuzzy Logical Models 

Model p KDL 0 

Nodes m = 19 20 21 19 20 21 19 20 21 , 
perf 

I: 
(%) 28.3 34.2 25.9 2.4 1.2 1.2 82.4 70.6 67.1
 

best (%) 84.7 78.9 75.3 28.3 18.9 28.3 78.9 82.4 84.7
 

Imse .006 .007 .008 .032 .039 .034 .001 .002 .002
 
.. 

T a (%) 66.1 76.8 32.3 46.3 100 67.6 82.7 85.3 95.1 

e a (%) 91.5 46.5 98.8 0.0 0.0 0.0 97.9 99.0 77.4 

s i (%) 98.1 100 89.9 83.5 99.2 55.9 100 100 98.4 

t u (%) 99.2 65.9 92.1 87.9 69.1 45.4 88.2 99.4 95.9 

s e (%) 81.0 85.3 89.9 603 40.9 74.2 95.3 92.1 91.9 

e 0 (%) 92.0 91.3 99.3 10.3 0.0 48.9 92.8 100.0 95.2 

t t (%) 88.1 84.1 90.5 50.1 48.7 52.4 93.7 96.5 92.8 

msel .009 .009 .01 j .034 .037 .035 .003 .004 .007 

Table 2 Effect of Fuzzification at Input with ModeJ P 

[nos = 0.5 0.6 0.7 0.8 0.9 1.0 1.1
 

perfecr p (%) 10.6 15.3 18.9 22.4 30.6 34.2 34.2
 

best b (%) 71.8 71.8 75.3 80.0 77.7 78.9 77.7
 

,nse .011 .011 .09 .009 .008 .Oar .008
 

Overall t (%) 82.5 81.1 85.2 85.8 84.1 84.1 87.1 

mse, .014 .013 .012 .01 ,.009 .009 .009 

Table 3 Efect of Fuzzification at Output with model P 
~ .. 
Ftl = 2 3 4 5 

Fe = 1 2 4 2 4 2 4 1 2 4 

perfect p (%) 34.2 34.2 25.9 25.9 27.1 55.3 40.0 43.6 60.0 50.6 

best b (%) 69.5 78.9 80.0 83.6 84.7 85.9 70.6 71.8 71.8 61.2 

mse .006 .007 .014 .008 .01 .005 .007 .004 .004 .006 

Overall t (%) 77.6 84.1 86.1 81.0 83.9 82.1 80.:2 75.2 78.1 72.2 

mse, .007 .009 .015 .009 .014 .005 .009 .004 .003 .006 

It is revealed under investigation that this choice of parameter values enables the 
membership function curves of the various pattern classes to represent the dynamic 
range of the given pattern points more suitably.' 

5. CONCLUSIONS 

A way of integrating fuzzy set theory at the input, output and ileJ..ural levels of 
layered neural networks has been provided. Two models were developed based on 
product and probabilistic sum operators, and max and min operations. The product 
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ami" probabilistic sum operators are found to perform better than the max and mzn 
operators due to the involvement of greater co-operative interaction among the 
input-connection weight combinations. Incorporation of fuzziness in the input and 
output representations is seen to improve the performance of the conventional MLP. 
The network is seen to be robust with respect to variations in input overlapping. 
Higher contrast in the output membership values usually resulted in better 
performance. 

The use of And and Or neurons in the MLP is expected to decrease the amount 
of computations required. The hardware implementation of logical neurons might also 
be easier. 

The logical model should be capable of efficient rule generation (expressed as 
disjunction of conjunctive clauses) and has an useful application in expert system 
design. 
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