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Feature space based approaches have been popularly used to perform low-level image
analysis. In this paper, a density modification framework that enhances density map based
discriminability of feature values in a feature space is proposed in order to aid feature
space based segmentation in images. The framework embeds a position-dependent prop-
erty associated with each sample in the feature space of an image into the corresponding
density map and hence modifies it. The property association and embedding operations in
the framework is implemented using a fuzzy set theory based system devised with cues
from beam theory of solid mechanics and the appropriateness of this approach is estab-
lished. Qualitative and quantitative experimental results of segmentation in images are
given to demonstrate the effectiveness of the proposed density modification framework
and the usefulness of feature space based segmentation via density modification.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

Image segmentation is a critical component of low-level image analysis. Image segmentation is a process of dividing an
image into different regions such that each region is uniform in a certain sense and the union of any two regions is not
uniform.

Feature space analysis based approaches have been popularly used to perform image segmentation. Initial works result-
ing in such segmentation techniques were based on finding thresholds in gray-level (single feature) histograms of images
[12,30,33,43] and they are still widely used due to their simplicity. Segmentation based on values of multiple features at var-
ious pixels in an image are performed by first obtaining the thresholds in one dimensional histograms corresponding to the
different features and then by employing the thresholds in the underlying multidimensional feature space [20]. Such a multi-
ple feature based image segmentation method is a monothetic approach, where each feature is separately considered for
analysis. Clustering techniques, which are polythetic (simultaneous consideration of multiple features) in nature, are also
used in multidimensional feature space to carry out image segmentation. A broad review of clustering based image segmen-
tation approaches is given in [11].

Many thresholding, clustering and other decision making systems used for feature space based segmentation consider
judicious but speculative formulations of the underlying problem [35]. For example, many histogram thresholding tech-
niques are based on prior assumptions such as the histogram fits a particular model very well or valleys in the histogram
represent class boundaries. Partitional clustering techniques such as c-means and its variations [6,18,22] make assumptions
about prototypes and shapes of the clusters to be formed, mode seeking algorithms [1,3,11] assume local modes (maxima) in
the density of the samples in the feature space as cluster prototypes and mixture resolving algorithms [6,11] assume that the
. All rights reserved.
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density of the samples in the feature space appropriately fits a particular model. Hierarchical clustering algorithms [6,11]
assume a specific function to measure the similarity between clusters in the feature space. Assumptions such as the aforesaid
ones corresponding to various decision making algorithms may or may not be appropriate for the feature space based low-
level image analysis task at hand as they may or may not be in harmony with the representation of various contents (regions)
of an image in a feature space. For example, it is very difficult to ascertain that clusters formed in an image feature space
using the c-means algorithm, where cluster means are considered as cluster prototypes, would correspond to the natural
regions in the underlying image.

Let us now consider the perspective that many systems that perform segmentation through feature space analysis actu-
ally categorize the feature values in an image feature space based on the density map of samples in the feature space. There-
fore, although it is difficult to ascertain the appropriateness of a system for a feature space based segmentation task, one way
of improving its performance could be by using some additional useful information such that density map based discrimi-
nability of feature values in the underlying feature space is enhanced. In this paper, we suggest that in order to enhance den-
sity map based discriminability of feature values in an image feature space, additional useful information could be suitably
embedded into the density map of samples in the feature space resulting in its modification. Segmentation could then be
carried out considering the feature space with the modified density map. Note that, by density map, we refer to the density
of samples at various positions (values of features) in a feature space and density map based discriminability of feature val-
ues essentially means the discriminability of feature values based on the distribution of samples in the corresponding feature
space.

A few other density modification techniques designed to aid segmentation are reported in [9,43]. In [43], histogram mod-
ification is considered in order to aid valley seeking based threshold determination in gray-level feature spaces for image
segmentation. A histogram transformation technique is proposed in [9] to aid the application of Gaussian mixture resolving
algorithm in gray-level feature spaces for bi-level segmentation.

Note that, the aforesaid density modification approaches do not belong to the class of techniques referred to as image pre-
processing (enhancement, smoothing, noise reduction, redundant information removal) [8,26,40], which is widely used for
favorably transforming an image before segmentation. The aforesaid density modification approaches do not transform the
image in order to aid image segmentation. Hence, they are very much a part of the segmentation process itself and they are
not image pre-processing algorithms.

Methods for improving performance of segmentation systems by other means have also been presented in literature. In
[31], an adaptive approach has been presented to improve the effectiveness of the thresholding technique of [30]. In [2,21],
edge strengths at image pixels have been used to aid threshold determination for segmentation. In [25], an approach to
ensemble different thresholding algorithms has been considered to increase the efficacy of threshold determination. Use
of kernel functions [36] to make clustering more effective in the presence of nonlinearly separable classes has been popularly
used [5,18,47] for image segmentation. Clustering has been improved in [41,45] by considering robustness towards noise
and outliers. In [14], performance of a class of clustering methods is improved by achieving certain relaxation in an inherent
optimization approach and simplification of mixture models is considered in [46] to make clustering efficient in practical
applications. In [15], a new measure of cluster quality is considered to improve clustering performance in the presence of
arbitrarily shaped classes. In [27], the concept of shadowed sets is used to improve the performance of c-means clustering
algorithm for segmentation by efficiently handling overlapping among segments while modeling uncertainty among the
boundaries. Performance of image segmentation using artificial immune system based clustering is improved in [44] by con-
sidering the fusion of complementary features representing image texture. Performance of image segmentation by rough set
theoretic thresholding is improved in [23] by considering adaptation to spatial data relationships. In [19], segmentation
based on fuzzy clustering is improved by creating a provision to define a prior distribution and finding the segments using
fuzzy minimax approach. In [17], region-based image segmentation has been considerably enhanced by designing an effec-
tive approach to deal with intensity inhomogeneities. A Bayesian network model based interactive segmentation technique
is presented in [48], where interventions are actively sought from human. This is an improvement over standard interactive
segmentation techniques that passively depend on human to provide the exact intervention.

In this paper, we propose a density modification framework, which enhances density map based discriminability of fea-
ture values in a feature space, to aid feature space based segmentation of images. In the proposed framework, first, fuzzy set
theory is used to associate a position (feature value) – dependent property with each sample in a feature space of an image
and then this property is embedded into the corresponding density map resulting in its modification. We propose the use of
beam theory from the field of solid mechanics to carry out the property association and embedding processes in the frame-
work. We also establish that the use of beam theory based property association and embedding processes indeed enhances
density map based discriminability of feature values in the underlying feature space. Segmentation is performed considering
feature spaces with modified density map obtained using the proposed density modification framework. The effectiveness of
the proposed density modification framework is demonstrated by qualitatively and quantitatively comparing the segmen-
tation performances achieved with and without the use of the proposed framework. In addition, the novel approach of fea-
ture space based segmentation via density modification is compared to two popular and state-of-the-art segmentation
approaches, both qualitatively and quantitatively.

The organization of the paper is as follows. In Section 2, the novel framework for density modification in a feature space of
an image is presented. The processes of beam theory based density modification in one dimensional and multidimensional
feature spaces are presented in Sections 3 and 4, respectively, along with their justifications. Experimental results showing



D. Sen, S.K. Pal / Information Sciences 191 (2012) 169–191 171
the effectiveness of the proposed density modification framework and the usefulness of feature space based segmentation
via density modification through various kinds of comparisons are presented in Section 5. Section 6 concludes the paper.
2. A framework for density modification in a feature space of an image

In this section, we propose a framework to modify the density map of the samples in a feature space corresponding to an
image in order to aid image segmentation based on feature space analysis by enhancing density map based discriminability
of feature values in the feature space. The proposed framework incorporates useful information for enhancing the aforesaid
discriminability leading to the modification.

Let every pixel in an image be associated with n real values ð2 RÞ representing n different features. These values at a pixel
are obtained by considering a local neighborhood around it. Let us consider that segmentation is to be performed based on
the values of the n different features at each pixel in the image. In order to carry out the aforesaid tasks, a discrete
n-dimensional space with real coordinates ðRnÞ, where each dimension corresponds to a feature, is considered. Let us denote
this n-dimensional space by S and refer to it as an n-dimensional feature space of an image. The bounds along a dimension in
the n-dimensional feature space (S) is given by the minimum and maximum values that the corresponding feature can take.
Each pixel in the image is mapped onto S using the corresponding n values representing the n different features and hence
the feature space is populated. This populated feature space, with a sample in it representing a pixel in the image, is referred
to as an n-dimensional histogram, say H, of the image.

The aforesaid process of mapping image pixels to a feature space is referred to as the histogram method of estimating
density of samples in the feature space [39]. Although there are inherent approximations associated with the histogram
method of density estimation [39], it is a widely used class of density estimates. We shall denote the density map of the sam-
ples in S using f and consider it as the n-dimensional histogram H, without loss of generality. Note that, one may also obtain f
by considering density estimation techniques [39] more complex and sophisticated than the histogram method. Segmenta-
tion, which is based on the values of different features at each pixel in an image, is usually carried out considering the density
map f. We suggest here that one may modify the density map in a favorable manner before carrying out such tasks.

Let us now consider the discrete feature space S as a universe of positions and let I be an element (a position) in it, that is,
I 2 S. By positions in a feature space, we refer to the various values of features in the feature space. Note that, I � (i1, i2, . . . , in),
where ikð2 RÞ is the value in (of) the kth dimension (feature) and the density of the samples at I is given by f(I). We suggest
that the samples at every I (in a populated feature space) be associated with a suitable property, which is dependent on (a
function of) I and hence we refer it to as a position (feature value) – dependent property, say, l(I). This property, which pro-
vides useful information, then be suitably embedded into the density map of the samples in S resulting in its modification. If
appropriate property association and embedding processes are considered, the modification would enhance density map
based discriminability of feature values in the feature space and hence it would aid feature space based segmentation.
The aforesaid processes of property association and embedding forms a framework for density modification in a feature
space of an image. Fig. 1 gives a pictorial representation of this proposed framework.

In the property association block (see Fig. 1) of the proposed framework, a sample in an n-dimensional feature space (S) of
an image is associated with a property that depends on its position, which represents the values of the n features corre-
sponding to the sample. For an example, consider the YUV space [42] of a color image as the feature space. A sample (a pixel
in the color image) in the YUV space can be associated with a property ‘brightness’ that depends on the value of the Y com-
ponent at its position. A sample with a larger Y value is considered ‘more bright’ than another with a smaller Y value. Prop-
erties such as the aforesaid ‘brightness’ can be readily represented using fuzzy sets [13]. A fuzzy set can be defined in a
feature space such that the corresponding membership function relates the underlying property to the positions in the fea-
ture space [13,28,32].

In the property association block, a fuzzy set F in S is considered as follows:
F ¼ fðI;lðIÞÞjI 2 Sg; 0 6 lðIÞ 6 1 ð1Þ
where l is the membership function and l(I) gives the extent to which the position I holds the property represented by the
fuzzy set F [13]. Therefore, the samples at every I 2 S are associated with a property and this association is given by the value
of the membership function l at I. Hence, the property at every I 2 S is represented by l(I).
Fig. 1. The proposed density modification framework for feature space based segmentation.
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In an n-dimensional feature space (S) of an image, the property to be associated with the various positions can be con-
sidered to depend on the values of all the n different features. When such a property (l) is considered in the property asso-
ciation block (see Fig. 1) of the proposed framework, the property can be assumed to be a combination of n properties, say lk,
with k = 1,2, . . . ,n, where lk denotes a property that depends (is a function of) only on the value of the feature (at the various
positions) that changes along the kth dimension in S.

In the property embedding block (see Fig. 1) of the proposed framework, the density f of the samples in S is modified using
the associated property l as follows:
f M ¼ Wðl; f Þ ð2Þ
where f M is the modified density map of the samples in S. The symbol W represents the embedding process, where the
underlying property is suitably embedded into the density map. For example, when l stands for the aforementioned prop-
erty ‘brightness’, it may be embedded in such a way that distinguishing brighter image areas from the darker ones using YUV
feature space becomes easier.

Now, segmentation based on the values of different features at each pixel in an image can be carried out considering the
modified density map f M of the samples in S instead of f. However, it is extremely important to ascertain the appropriateness
of the property l and the suitability of the embedding process W, so that the above proposed density modification frame-
work benefits segmentation.

In the following sections, we shall show that beam theory [34] from the field of solid mechanics can be used to define l
and W, automatically and appropriately. Note that, the use of beam theory does not undermine the generality of the pro-
posed framework, where any suitable l and W can be used.

3. Density modification in one dimensional feature space: cues from beam theory

Consider a one dimensional feature space, say S1, of an image and let the positions in S1 be represented by i1. Let us con-
sider that the density map, say f1, of the samples in S1 is the corresponding one dimensional histogram of the image. We first
normalize f1 as follows:
f1ði1Þ ¼
f1ði1ÞP
z2S1

f1ðzÞ
; i1 2 S1 ð3Þ
We then treat f1 as the probability density function (PDF) of a random variable, which is considered to have generated the
values of the underlying feature at the various pixels in the image. This PDF shall now be subjected to a beam theory based
algorithm in order to calculate ‘chance of sustainability’ (see Section 3.2) at each i1 2 S1.

3.1. Beam theory

As given in [34], ‘‘A member of a structure which is acted upon by forces perpendicular to its axis is called a beam. A beam
which rests freely on two supports (pivots) is called a simply supported beam’’. Let us consider that a simply supported beam
is being acted upon by a force or load P perpendicular to its axis. Under the assumption that the length of the beam is sig-
nificantly larger than its width and depth, the displacement W of the beam in the direction of the force is governed by the
Euler–Bernoulli beam equation [34], which is expressed as
d2

dx2 EðxÞ � iðxÞ � d2WðxÞ
dx2

 !
¼ PðxÞ ð4Þ
where E is the Young’s modulus of the beam, i is the moment of inertia of the beam’s cross-section and x is a variable that
represents the position on the beam. The force P acting upon the beam generates a bending moment B [34], which is related
to P as follows:
d2BðxÞ
dx2 ¼ �PðxÞ ð5Þ
Therefore, using (5) in (4) we get
qðxÞ � � d2WðxÞ
dx2 ¼ BðxÞ

EðxÞ � iðxÞ ð6Þ
where q is referred to as the curvature of the beam [34]. In this paper, we shall consider the fact that the larger the curvature
at a position x on the beam, the smaller the chance that the position sustains the force or load on it. We define a quantity
called the ‘chance of sustainability’ at a position as the relative probability value, which represents the chance that the posi-
tion sustains (against possible breakage) the force or load compared to the other positions. Note that, the sum of all the
relative probability values, which represent ‘chance of sustainability’ at all the positions, is unity, as the probability that
any one of the positions sustains is unity.
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3.2. ‘Chance of sustainability’ calculation for a given density map in a one dimensional feature space

Here, we relate the density map in a one dimensional feature space to a force acting on a simply supported beam, the
corresponding bending moment generated and the moment of inertia opposing the bending. After defining these relations,
we present here the calculation of ‘chance of sustainability’ corresponding to the density map under consideration.

3.2.1. The Setup
Consider a simply supported beam of uniform (along the length) depth (height) and width with the pivots, say a and b, at

the two ends. Let the two ends refer to the two positions in the feature space S1 that correspond to the smallest and largest
values of the underlying feature in the image under consideration. Let us consider that a uniform (along the length) force, say
due to gravity, is always acting upon the uniform beam (the simply supported beam of uniform depth and width). We then
consider that the uniform beam is loaded with a solid whose shape is given by the PDF �f 1. Let us assume that the entire uni-
form beam and the entire solid are made out of the same material. In this setup, the loaded solid augments with the uniform
beam to act as a composite beam, and hence both the acting force and the opposing inertia depends on �f 1. We assume that
the length of the composite beam is significantly larger than its width and depth so that Euler–Bernoulli beam equation (see
(4)) is applicable. Fig. 2 gives the pictorial representation of the above explained setup.

From the above setup, let us now put down the relations between the quantities x, P and i given in Section 3.1 and the
density map f1 of the feature space S1. We have x � i1 and PðxÞ � Pði1Þ ¼ �f 1ði1Þ þ cP , where i1 2 S1 and i1 lies in the interval
[ea,eb] with ea and eb denoting the two positions representing the two ends of the simply supported beam, that is, the small-
est and largest values of the underlying feature in the image under consideration. The constant cP is due to the uniform force

considered in the setup. We take the value of cP as
P

i12S1
f1ði1Þ

� ��1
, which represents one unit (force) with respect to �f 1ði1Þ.

We also have i(x) � i(i1) with i1 2 [ea,eb], where i(i1) is calculated (see Section 3.2.2) based on the quantity �f 1ði1Þ þ ci. The
constant ci is due to the uniform beam and we consider this constant to be the smallest possible value given as
ð
P

i12S1
f1ði1ÞÞ�1, that is, one unit (height) with respect to �f 1ði1Þ.

3.2.2. The algorithm to calculate ‘chance of sustainability’
Once �f 1ði1Þ is obtained from f1(i1) using (3), we calculate the bending moment B(i1) due to the force P(i1) at a position

i1 2 [ea,eb] (refer Fig. 2) as follows [34]:
Bði1Þ ¼ ðRa � lÞ � ðCPði1Þ � ðl� CGði1ÞÞÞ; where l ¼ i1 � ea ð7Þ
In the above, CP(i1) stands for the total (cumulative) force between the positions ea and i1, and it is given as
CPði1Þ ¼
Xi1

z¼ea

PðzÞ ¼
Xi1

z¼ea

ð�f 1ðzÞ þ cPÞ ð8Þ
The symbol CG(i1) stands for the center of gravity between the positions ea and i1, and it is given as
CGði1Þ ¼
1

CPði1Þ
Xi1

z¼ea

ðz� eaÞPðzÞ ð9Þ
In (7), Ra is the reactive force at the pivot a and it is calculated as
Ra ¼ CPðebÞ �
L� CGðebÞ

L

� �
; where L ¼ eb � ea ð10Þ
Fig. 2. The setup for ‘chance of sustainability’ calculation for a given density map in a one dimensional feature space.
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As the entire composite beam is made out of the same material, E would have a fixed value along the length of the composite
beam and without loss of generality we consider that value to be unity. We may then use (6) to calculate the curvature due to
the bending moment B(i1) at a position i1 2 [ea,eb] as follows:
qði1Þ ¼
Bði1Þ
iði1Þ

ð11Þ
where i(i1) is the moment of inertia (opposing the bending) at i1, which is calculated as
iði1Þ ¼
X�f 1ði1Þþci

k¼0

ðk� cði1ÞÞ2 ð12Þ
where c(i1) denotes the centroid of the composite beam at position i1 and it is given by 0:5� ð�f 1ði1Þ þ ciÞ.
However, it is observed that a PDF �f 1 may correspond to solids which when considered in the setup would result in cur-

vature (q) values that are very large at a few positions, making the values at other positions insignificant. We suggest that
such situations are unfavorable for density modification in a feature space, as many originally populated positions in the
space would be ignored during analysis based on the modified density. In order to circumvent such situations, we consider
the following measure instead of q at a position i1 2 [ea,eb]:
�qði1Þ ¼
Bði1Þ

iði1Þ þmaxz2½ea ;eb �iðzÞ
ð13Þ
and then normalize �q as follows:
��qði1Þ ¼
�qði1ÞP

z2½ea ;eb �
�qðzÞ ; i1 2 ½ea; eb� ð14Þ
Once the value of ��qði1Þ for all i1 2 [ea,eb] has been obtained, we perform the following operation:
hði1Þ ¼ max
z2½ea ;eb �

��qðzÞ � ��qði1Þ þ
maxz2½ea ;eb �

��qðzÞ
C

ð15Þ
where C 2 Zþ, where Zþ stands for set of positive integers. We then normalize h as follows:
�hði1Þ ¼
hði1ÞP

z2½ea ;eb �hðzÞ
; i1 2 ½ea; eb� ð16Þ
As mentioned in Section 3.1, we consider that the larger the curvature q at a position, the smaller the ‘chance of sustainabil-
ity’ at that position. From (15) and (16), we see that the larger the value of �q at a position, the smaller the value of �h at that
position. Now, as iði1Þ þmaxz2½ea ;eb �iðzÞ is linearly and positively correlated to i(i1), it is evident from (13) that �q is positively
correlated to q. Therefore, we see that the larger the value of the curvature q at a position, the smaller the value of �h at that
position. We consider the measure �h at a position as the ‘chance of sustainability’ at that position. Note that, we consider the

term
maxz2½ea ;eb �

��qðzÞ
C in (15) in order to ensure that ‘chance of sustainability’ at a position is a nonzero quantity, as a zero ‘chance

of sustainability’ would mean that the position has no resistance to the applied load which is intuitively unappealing.

3.3. Deduction of modified density map from ‘chance of sustainability’ values in a one dimensional feature space

We consider the distribution of ‘chance of sustainability’ (�h values) with respect to the various positions (i1 values) in the
interval [ea,eb] of the one dimensional feature space S1 to get a PDF, say �f M

1 , as follows:
�f M
1 ði1Þ ¼

�hði1Þ i1 2 ½ea; eb�
0 i1 R ½ea; eb�

(
ð17Þ
We say that a beam theory based modification process applied on the PDF �f 1 has yielded the PDF �f M
1 . Now, a density map, say

f M
1 , which corresponds to �f M

1 for all i1 2 S1, is obtained as follows:
f M
1 ði1Þ ¼ round �f M

1 ði1Þ �
C

maxz2½ea ;eb �
��qðzÞ

�
X

z2½ea ;eb �
hðzÞ

 ! !
ð18Þ
The density map f M
1 in the one dimensional feature space S1 can be considered as a modified density map obtained using the

proposed density modification framework (see Section 2) on the density map f1 of the samples in S1. With such a consider-
ation, the bending moment B would be a quantity given by the underlying membership function multiplied by a constant
and hence the expressions in (7)–(10), which give the determination of the bending moment, would represent the property
association process in the framework. The expressions in (12)–(18), where the moment of inertia i, which is a function of f1,
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is combined with bending moment B, would represent the property embedding process in the framework. However, we need
to ascertain that the underlying membership function and the embedding process are appropriate in order to consider that
the use of the modified density map f M

1 instead of f1 would benefit feature space based segmentation.

3.4. Appropriateness of the density modification process in the context of feature space based image segmentation

3.4.1. Appropriateness of the membership function
Let l1 be the underlying membership function, which relates a property to the positions (i1) in S1, corresponding to the

density modification framework used to get f M
1 from f1. As mentioned earlier, the bending moment B is related to l1 and the

relation is as follows:
l1ði1Þ ¼
Bði1Þ

maxz2½ea ;eb �BðzÞ
; i1 2 ½ea; eb� ð19Þ
In order to ascertain the appropriateness of l1, let us consider its following attributes:

A1. Nonnegativity – It is evident from (7) that B(i1) P 0 for all i1 2 [ea,eb] and hence from (19) we get l1(i1) P 0 for all
i1 2 [ea,eb].

A2. Range – From attribute A1 and the observation that supzl1ðzÞ � maxz2½ea ;eb �l1ðzÞ ¼ 1 (see (19)), we get that
0 6 l1(i1) 6 1 for all i1 2 [ea,eb].

A3. Vanish Identically – It is easily deducible from (7) that B(i1) = 0 only when i1 = ea or i1 = eb and hence from (19) we get
l1(i1) = 0 only when i1 = ea or i1 = eb.

A4. Concavity – When the interval [ea,eb] is considered as an interval in the real line, it becomes evident from Section 3.1
that the bending moment B would have a second derivative B000 in [ea,eb] and B000(x) 6 0 for all x 2 [ea,eb] as P(x) P 0 for
all x 2 [ea,eb]. This condition B000(x) 6 0 is a necessary and sufficient condition for B to be a concave function. Hence,
from (19) we get that l1 is a concave function on the interval [ea,eb].

From attribute A2 it is evident that l1 can indeed be considered as a membership function corresponding to a fuzzy set.
From attributes A3 and A4, we say that the value of the membership function l1 at a position i1 represents a property ‘farness
of the position from the nearest pivot’, where the nearest pivot corresponds to either the smallest or the largest value of the
underlying feature in the image considered. Note that, the aforesaid terms ‘farness’ and ‘nearest’ are inherently defined in l1.
The feature value (position i1), where l1(i1) takes a value of unity, is the position that is equally far from both the smallest
and largest values of the feature. A feature value smaller (larger) than that position is nearer to the smallest (largest) value of
the feature compared to the largest (smallest) value of the feature.

The aforementioned property (l1) would be a very useful one for feature space based segmentation, as the groups of sam-
ples in an image feature space associated with the smallest and largest values of a feature are the most discriminable from
each other with respect to that feature. Moreover, in feature space analysis of an image, the samples having the smallest and
largest values of a feature should never be categorized together with respect to that feature. Therefore, additional (other than
that given by the density map f1) useful information is provided by the property ‘farness from the nearest pivot’, that is, ‘far-
ness from the nearest among the smallest and largest values of the underlying feature’ and hence the membership function
l1 is appropriate.

Now, it is evident from (7) and (19), l1 is dependent on the density map f1. However, one might like to have the property
‘farness from the nearest among the smallest and largest values of the underlying feature’ in the image considered such that
it depends only on the position (i1) and not on the density map (f1). Note that, if the value of cP is considered such that
cP �maxz2½ea ;eb �

�f 1ðzÞ, the membership function approximately becomes independent of f1 and depends only on i1.
Note that, in the above discussion we assume that the underlying one dimensional feature space (universe S1) is a totally

ordered set, that is, the feature values (positions) in the feature space can be uniquely ordered in an increasing or a decreas-
ing manner. One dimensional feature spaces corresponding to most image features such as those in [10], intensity and RGB
color components are totally ordered sets and hence they are in accordance with the aforesaid assumption. An example of a
one dimensional feature space of an image that is not a totally ordered set is the one corresponding to the hue feature (in a
color image).

3.4.2. Appropriateness of the embedding process
As mentioned earlier, the expressions in (12)–(18) represent the property embedding process. Among the expressions in

(12)–(18), the basic theme of embedding the property l1 associated with every position i1 2 S1 into the density map f1 is
given by (13), where B, which is related to l1, is combined with i, which is a function of f1. The values of the �q measure,
which is positively correlated to the curvature q, at each position in S1 are calculated in (13) and then some algebraic manip-
ulations are carried out to get the corresponding ‘chance of sustainability’ values that essentially represent the modified den-
sity map. The use of ‘chance of sustainability’ to get the modified density map ensures that the larger the curvature q at a
position in S1, the smaller the density at that position.
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In order to ascertain that the embedding process is appropriate, consider the following analysis. From the calculation of
‘chance of sustainability’ values in (12)–(16) and its relation to l1 and f1, we infer that the embedding process modifies the
density at a position such that:

1. The modified density is larger (smaller) at a position when the value of f1 at that position is larger (smaller), for a fixed
value of l1 at that position.

2. The modified density is larger (smaller) at a position when the value of l1 at that position is smaller (larger), for a fixed
value of f1 at that position.

From the first aforesaid aspect, we see that the order among f1 values at all positions would be maintained (larger remains
larger and smaller remains smaller) when l1 takes a fixed value at all the positions. Hence, we may indeed say that in the
density modification process, l1 gets embedded into f1 resulting in its modification.

From Section 3.4.1, we infer that a larger value of l1 at a position means that the position is not nearer to any of the two
mutually most discriminable groups of samples in the underlying feature space, which are at the two positions representing
the smallest and largest values of the feature considered. Now, in order to aid feature space based segmentation, the density
modification process should enhance the density map based discriminability of feature values (positions) in the feature
space. Therefore, the modified density at a position should be larger (smaller) when the value of l1 at that position is smaller
(larger), so that, more samples are nearer to any of the two mutually most discriminable groups of samples.

From the second aforesaid aspect about the embedding process, we see that the modified density map obtained after the
embedding process is such that more samples are nearer to any of the two mutually most discriminable groups of samples in
the feature space compared to the density map before modification. Therefore, the embedding process indeed enhances the
density map based discriminability of feature values in the feature space and hence the embedding process is appropriate.

Note that, from the relation between ‘chance of sustainability’ value and curvature value at a position (see Section 3.2.2),
we find that the appropriate embedding process is such that the larger the curvature at a position in a feature space, the
smaller the modified density at that position.

Let us consider now the example of gray-level feature based segmentation of the grayscale image given in Fig. 3a in order
to see whether the embedment of the property l1 that provides useful information (as justified in Section 3.4.1) aids feature
space based segmentation.

Fig. 3b shows the gray-level feature space populated with samples that correspond to the pixels in the image in Fig. 3a. As
can be seen from the Fig. 3b, the density of the samples in the feature space is uniform with respect to the underlying gray
levels. We deliberately consider such a case so that the effect of the embedment becomes clearly evident. Mode seeking algo-
rithms such as the one in [3] and algorithms based on ambiguity minimization such as the one in [33] fail to segment the
image, when they are applied to the gray-level feature space in Fig. 3b. Whereas, when the c-means algorithm and its vari-
ations or homogeneity based algorithms such as the one in [30] are applied, segmentation is achieved. These algorithms give
the segmentation result shown in Fig. 3d.

Fig. 3c shows the modified density map obtained using the proposed beam theory based density modification scheme
(see (18)) on the density map of the gray-level feature space shown in Fig. 3b. All the aforementioned algorithms successfully
segment the image in Fig. 3a to get the result given in Fig. 3d, when they are applied to the gray-level feature space with the
modified density shown in Fig. 3c. Various c-means type algorithms and homogeneity based techniques, which achieve seg-
mentation in both the aforesaid cases, are found to be more powerful (in terms of discriminability) in performing the sep-
aration, when used on the gray-level feature space with the modified density.

The above observations suggest that density map based discriminability of the various feature values (positions) in a one
dimensional image feature space is enhanced by performing the embedment of the property l1. Hence, the embedment of
the property l1 would aid (one dimensional) feature space based segmentation, like the example of image segmentation
shown in Fig. 3.

The above analyses shows that beam theory from the field of solid mechanics can be used to define the l and W (see Sec-
tion 2), automatically and appropriately, when one dimensional feature space of an image is considered.
Fig. 3. Gray-level feature based segmentation in an image for judging appropriateness of the embedding process.
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Note that, the number of samples corresponding to any feature value (position) in the range [ea,eb] is at least one and at
most C + 1 in the modified density map obtained in (18). It is also to be noted that the total number of samples in the mod-
ified density map might not be equal to that in the density map before modification. The expression in (18) could be de-
signed in such way that the number of samples in the modified density map equals that in the density map before
modification. However, in such a case the exact form of the PDF in (17) might not be reflected in the modified density
map and hence we do not consider it. In other words, unlike the case of the density before modification, in the case of
the modified density, samples in the feature space does not have one-to-one correspondence with image pixels. In order
to perform segmentation, the outcome of a modified density based analysis performed on a one dimensional feature space
of an image is mapped onto the pixels in the image with respect to the associated feature value. For example, in Fig. 3, the
aforementioned algorithms applied on gray-level feature space with the modified density map divides the feature space into
two parts, where the gray values in the range [1,127] forms one part and the gray values in the range [128,255] forms the
other. The two corresponding regions in the image shown in Fig. 3a are obtained by separating all the pixels in the image
having gray values in the range [1,127] from those having gray values in the range [128,255] (see Fig. 3d).

4. Density modification in multidimensional feature space

As considered in Section 2, let S be an n-dimensional feature space of an image and let the positions in S be represented by
I. Let us also consider that the density map f of the samples in S is the corresponding n-dimensional histogram. We first nor-
malize f as follows:
�f ðIÞ ¼ �f ði1; i2; . . . ; inÞ ¼
f ðIÞP
z2Sf ðzÞ ; I 2 S ð20Þ
where ik is the value in the kth dimension and each dimension in the space corresponds to a feature. We then treat �f as the
multivariate PDF of random variables, which are considered to have generated the values of the underlying features at the
various pixels in the image.

To carry out density modification in multidimensional feature space, we use the beam theory based process for density
modification in one dimensional feature space introduced in the previous section. We do so by considering conditional PDFs
giving the probabilities corresponding to one feature, when specific values of the other features are given. The conditional
PDF giving the probabilities corresponding to a feature, which is represented by i1, is expressed as
�f ði1=i2; i3; . . . ; inÞ ¼
�f ði1; i2; . . . ; inÞP
i1

�f ði1; i2; . . . ; inÞ
ð21Þ
Note that, the PDF �f ði1=i2; i3; . . . ; inÞ, for specific values of ik with k = 2,3, . . . ,n, is a function of i1 alone and hence it is a one
dimensional quantity. The beam theory based process proposed in Section 3.2.2 is applied on �f ði1=i2; i3; . . . ; inÞ to get the cor-
responding ��qði1Þ values for all i1 2 [ea,eb], with the constants cP and ci equaling ð

P
z2Sf ðzÞ �

P
i1

�f ði1; i2; . . . ; inÞÞ�1. Note that, ea

and eb respectively corresponds to the smallest and largest value of the underlying feature at those pixels in the image where
the other features have the considered specific values. The ��qði1Þ values are then used to get a conditional PDF (a one dimen-
sional quantity) as given below:
gi1
ði1=i2; i3 . . . ; inÞ ¼

��qði1Þ i1 2 ½ea; eb�
0 i1 R ½ea; eb�

(
ð22Þ
and then using gi1 ði1=i2; i3 . . . ; inÞ, we get:
gi1 ði1; i2; . . . ; inÞ ¼ gi1 ði1=i2; i3 . . . ; inÞ �
X

i1

�f ði1; i2; . . . ; inÞ ð23Þ
where gi1
ði1; i2; . . . ; inÞ, for specific values of ik with k = 2,3, . . . ,n, is a one dimensional quantity. When all such one dimen-

sional quantities deducible from the conditional PDF in (21) are obtained by considering all possible values of ik for all
k = 2,3, . . . ,n, we get an n-dimensional quantity expressed as gi1 ðIÞ at a position I 2 S. We also define a set Xi1 in the
n-dimensional feature space (S) having all those positions (I) as elements, where we find i1 R [ea,eb] (see (22)) during the
calculation of gi1 .

Next, we obtain all giz and Xiz with z = 1,2, � � � ,n, in a manner similar to the one described above. We then obtain a set, say
X, in S as follows
X ¼
\n
z¼1

Xiz ð24Þ
It is evident from (22) and (23) that the value of giz at a position I 2 S is linearly and positively correlated to the corresponding
��qðizÞ. As mentioned earlier in Section 3.2.2, ��qðizÞ is positively correlated to the curvature q(iz). Hence, giz ðIÞ is positively cor-
related to the corresponding curvature q(iz).
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After obtaining all giz with z = 1,2, . . . ,n, we combine them as follows:
gðIÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2

i1
ðIÞ þ g2

i2
ðIÞ þ � � � þ g2

in
ðIÞ

q
; I 2 S; I R X ð25Þ
where it is obvious that g(I) is positively correlated to the quadratic mean (root mean square) of the n curvatures (corre-
sponding to the n giz s) associated with the position I. We then normalize g as follows
�gðIÞ ¼ gðIÞP
y2S;yRXgðyÞ ; I 2 S; I R X ð26Þ
The following operation is then carried out:
HðIÞ ¼ max
y2S;yRX

�gðyÞ � �gðIÞ þmaxy2S;yRX�gðyÞ
C

ð27Þ
where C 2 Zþ, where Zþ stands for set of positive integers. We then normalize H as follows:
HðIÞ ¼ HðIÞP
y2S;yRXHðyÞ ; I 2 S; I R X ð28Þ
From (27) and (28), we see that the larger the value of g at a position, the smaller the value of H at that position. As g is
positively correlated to the root mean square of the n curvatures, we consider the measure H at a position as the ‘chance
of sustainability’ at that position. Note that, when n ¼ 1;H in (28) will equal �h in (16).

In the case of 2-dimensional feature space of an image, cues from classical plate theory [29] could be used to get the
‘chance of sustainability’ values. However, we consider the above explained approach of ‘chance of sustainability’ calculation
even in the case of 2-dimensional feature space as it circumvents many complexities involved with the use of classical plate
theory.

We then use the values of H at the various positions in S in order to get a PDF, say �f M , as follows:
�f MðIÞ ¼ HðIÞ I R X

0 I 2 X

(
ð29Þ
We say that a beam theory based modification process applied on the PDF �f has yielded the PDF �f M . Now, a density map, say
f M, which corresponds to �f M for all I 2 S, is obtained as follows:
f MðIÞ ¼ round �f MðIÞ � C
maxy2S;yRX�gðyÞ �

X
y2S;yRX

HðyÞ
 ! !

ð30Þ
The density map f M in the n-dimensional feature space S can be considered as a modified density map obtained using the
proposed density modification framework (see Section 2) on the density map f of the samples in S. We now need to ascertain
the appropriateness of the membership function l and the embedding process W (see Section 2), which are inherent in the
aforementioned density modification process, in order to consider that the use of the modified density map f M instead of f
would benefit feature space based segmentation.

4.1. Appropriateness of the density modification process in the context of feature space based image segmentation

4.1.1. Appropriateness of the membership function
From Section 3, we see that the quantity ��q is associated with a membership function which represents a property that

gives the farness of a position in the underlying one dimensional feature space from the nearest among the smallest and larg-
est values of the feature in the image considered. From the explanation following (21) and (22), we see that the n-dimen-
sional quantity giz , for a particular value of z, is obtained based on different ��q corresponding to different conditional PDFs
that are functions of only the feature value that changes along the zth dimension in S.

Therefore, we infer that giz , for a particular value of z, is inherently associated with a property (membership function), say
lz, which is dependent only on the value of the feature that changes along the zth dimension in S. This membership function
represents an n-dimensional quantity which is formed by the aggregation of one dimensional quantities represented by the
various membership functions associated with the different ��q considered. The membership function lz represents a property
that gives the farness of a position in the underlying n-dimensional feature space S from the nearest among the correspond-
ing smallest and largest values of the feature, whose value changes along the zth dimension in S, in the image considered.

Now, the quantity g obtained in (25) is based on all the giz quantities, with z = 1,2, . . . ,n, and hence it is associated with n
properties, with each of them giving the farness of a position in the underlying n-dimensional feature space S from the near-
est among the corresponding smallest and largest values of one of the n features in the image considered. The membership
function l, which represents the property considered in the density modification process, is inherent in g and it is given by a
combination of the n properties, that is lz, with z = 1,2, . . . ,n. Note that, from (25), it can be easily deduced that the aforesaid
combination is such that l is positively correlated to a lz, for a particular value of z, considering lz for other values of z as
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fixed values. Therefore, it would be appropriate to say that l represents the property ‘farness of a position in an n-dimen-
sional feature space S from all the nearest among the corresponding smallest and largest values of all the underlying features’
in the image considered.

The aforesaid property represented by l is an useful one for feature space based segmentation, as it represents the farness
of every position (feature value) in an image feature space from the nearest among the mutually most discriminable groups
(see Section 3.4.1) of samples in the feature space with respect to every feature considered. Therefore, additional (other than
that given by the density map f) useful information is provided by the property ‘farness from all the nearest among the cor-
responding smallest and largest values of all the underlying features’ and hence the membership function l is appropriate.

4.1.2. Appropriateness of the embedding process
The expressions in (25)–(30) and the calculation of all the ��q quantities (see (13) and (14)) corresponding to all giz in (25)

represent the property embedding process. Now, as mentioned earlier, g (see (25)) at a position is positively correlated to the
root mean square of the n curvatures associated with that position. Note that, the algebraic manipulation carried out in this
section to get the ‘chance of sustainability’ ðHÞ values (" I 2 S) from g, which is positively correlated to the root mean square
of the underlying n curvatures, are similar to that used in Section 3 to get the ‘chance of sustainability’ ð�hÞ values (" i1 2 S1)
from �q, which is positively correlated to the solitary underlying curvature. Therefore, similar to the case in Section 3, the use
of ‘chance of sustainability’ to get the modified density f M ensures that the larger the curvature at a position in the feature
space, the smaller the density at that position, where the curvature at a position in the n-dimensional feature space is given
by the root mean square of the n curvatures associated with that position.

It has been found in Section 3.4.2 that if the modified density obtained after the property embedding process is such that
the larger the curvature at a position in a feature space, the smaller the density at that position, then the embedding process
is appropriate. Therefore, the modified density map (f M) obtained in (30) corresponds to an appropriate embedding process
and it would aid feature space based segmentation with an enhanced density map based discriminability of feature values in
the feature space.

Note that, similar to the case in Section 3, in the modified density map obtained in (30), the number of samples corre-
sponding to any feature value (position) within the set X is at least one and at most C + 1. The total number of samples
in the modified density map might not be equal to that in the density map before modification, and in order to perform seg-
mentation, the outcome of a modified density based analysis performed on a feature space of an image is mapped onto the
pixels in the image with respect to the associated feature values.

The above explanation and the explanation in Section 3 suggest that beam theory from the field of solid mechanics can be
used to define the l and W (see Section 2), automatically and appropriately.
5. Experimental results

In this section, the effectiveness of the proposed density modification techniques based on cues from beam theory is dem-
onstrated by qualitatively and quantitatively comparing feature space based segmentation performances achieved with and
without the use of the proposed framework. In addition, the novel approach of feature space based segmentation via density
modification is qualitatively and quantitatively compared to two popular and state-of-the-art segmentation approaches. We
consider C = 50 throughout this section.

Segmentation of grayscale and color images based on feature space analysis is considered in order to carry out the afore-
said comparisons. Note that, we shall use the term ‘modified density’ in order to refer to a density map obtained after apply-
ing the proposed density modification scheme on the original density map of the samples that correspond to the pixels in the
underlying image.

5.1. Comparison of performances achieved with and without the use of the proposed density modification framework

Here, we demonstrate the effectiveness of the proposed density modification framework by qualitatively and quantita-
tively comparing feature space based segmentation performances achieved with and without the use of the said framework.

5.1.1. Qualitative analysis
5.1.1.1. Segmentation in grayscale images based on gray-level feature. Consider the segmentation of grayscale images shown in
Fig. 4. The various segmentation results shown in the figure are achieved by obtaining thresholds in one dimensional
gray-level feature spaces with original (f) or modified (f M) density maps corresponding to the grayscale images in Fig. 4a
and f. The thresholding technique based on fuzzy rough entropy (FRT) given in [37] and the threshold selection algorithm
(OT) in [30] are considered here in order to perform segmentation. FRT algorithm detects local minima in the underlying
density map and considers them as thresholds, and OT algorithm finds a predefined number of thresholds by maximizing
intra-region homogeneity and inter-region heterogeneity calculated from the underlying density map.

Observations: Fig. 4b and c show the segmentation results obtained using the FRT algorithm on the original and the mod-
ified density maps corresponding to the image in Fig. 4a, respectively. In both the cases, three local minima are detected by
FRT and they are considered as the thresholds for segmentation. As can be seen, unlike the result in Fig. 4b, the result in



Fig. 4. Gray-level feature based segmentation considering original and modified density maps.
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Fig. 4c puts almost the entire area with water into a single region. Fig. 4g and h show the segmentation results obtained using
the FRT algorithm on the original and the modified density maps corresponding to the image in Fig. 4f, respectively. In both
these cases, four local minima are detected by FRT and they are considered as the thresholds for segmentation. From Fig. 4g
and h, we see no significant difference between the two results.

Fig. 4d and e show the segmentation results obtained using the OT algorithm on the original and the modified density
maps corresponding to the image in Fig. 4a, respectively, and Fig. 4i and j show the same when the image in Fig. 4f is con-
sidered. The predefined number of thresholds considered by OT algorithm for segmentation is taken as 3. As can be seen, the
result in Fig. 4e does marginally better than the result in Fig. 4d in assigning the entire area with water to a single region. It is
evident that the segmentation result in Fig. 4j partially extracts the island from the background, unlike the result in Fig. 4i
that fails completely.

5.1.1.2. Segmentation in grayscale images based on gray-level and local homogeneity features. Consider the segmentation of
grayscale images shown in Fig. 5. The various segmentation results shown in the figure are achieved by performing cluster-
ing in two dimensional feature spaces with original (f) or modified (f M) density maps corresponding to the grayscale images
in Fig. 5a. The two features considered to form the two dimensional features spaces are gray level and local homogeneity.
Note that, we consider the local homogeneity at a pixel in an image as the angular second moment [10] calculated by taking
a neighborhood around that pixel. The clustering techniques considered here to perform segmentation are the c-means algo-
rithm [6] and the mean shift algorithm [3,7].

Observations: Fig. 5b and c show the segmentation results obtained using the mean shift algorithm on the original and
the modified density maps corresponding to the images in Fig. 5a, respectively. The shape of the bandwidth of the mean shift
algorithm is considered as flat square and results are shown in Fig. 5b and c for different bandwidth sizes, which are men-
tioned in the captions. The bandwidth sizes are considered such that the results obtained using the original density map
ranges from oversegmentation to undersegmentation. As can be seen, in the case of ‘Moon surface’ image, the results in
Fig. 5c represent better separation of the dark and bright areas compared to the results in Fig. 5b, especially when the band-
width size considered is 20 � 20. In the case of ‘Lena’ image, when the bandwidth size considered is 25 � 25 and 30 � 30, the
contents of the image are better represented by the results in Fig. 5c than the results in Fig. 5b.

Fig. 5d and e show the segmentation results obtained using the c-means algorithm on the original and the modified den-
sity maps corresponding to the images in Fig. 5a, respectively. Results are shown in Fig. 5d and e for different predefined
number of clusters considered, which are mentioned in the captions. As can be seen, in the case of ‘Moon surface’ image,
when the number of clusters considered is 2 and 3, the results in Fig. 5e give better representation of the different areas
in the image compared to the results in Fig. 5d. However, in the case of ‘Lena’ image, the results in Fig. 5d and e are not sig-
nificantly different in order to say that one is superior to the other.

5.1.1.3. Segmentation in color images based on RGB features. Consider the segmentation of color images shown in Fig. 6. The
various segmentation results shown in the figure are achieved by performing clustering in three dimensional feature spaces
with original (f) or modified (f M) density maps corresponding to the color images in Fig. 6a. The three features considered to
form the three dimensional features spaces are the red (R), green (G) and blue (B) components of color. Similar to the exper-
iment represented by Fig. 5, the c-means algorithm and the mean shift algorithm are considered here for clustering.

Observations: Fig. 6b and c show the segmentation results obtained using the mean shift algorithm on the original and
the modified density maps corresponding to the images in Fig. 6a, respectively. The shape of the bandwidth of the mean shift
algorithm is considered as flat cube and results are shown in Fig. 6b and c for different bandwidth sizes, which are mentioned
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in the captions. The bandwidth sizes are considered such that the results obtained using the original density map ranges
from oversegmentation to undersegmentation. As can be seen, in the case of ‘Pepper’ image, when the bandwidth size con-
sidered is 25 � 25 � 25 and 30 � 30 � 30, the results in Fig. 6c put almost the entire frontal light green pepper to a single
region, unlike the results in Fig. 6b. In the case of ‘Drop’ image, when the bandwidth size considered is 60 � 60 � 60, the
contents of the image are marginally better represented by the result in Fig. 6c than the result in Fig. 6b.

Fig. 6d and e show the segmentation results obtained using the c-means algorithm on the original and the modified den-
sity maps corresponding to the images in Fig. 6a, respectively. Results are shown in Fig. 6d and e for different predefined
number of clusters considered, which are mentioned in the captions. As can be seen, the results in Fig. 6d and e are not
significantly different, except for the case of ‘Drop’ image, when the number of clusters considered is 2. The corresponding
result in Fig. 6e extracts the entire drop from the background, unlike the corresponding result in Fig. 6d that fails to
do so.



Fig. 6. RGB color features based segmentation considering original and modified density maps.
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5.1.1.4. Inference from the observations made in the qualitative analysis. Let us recall that it is established in Sections 3.4.2 and
4.1.2 that the proposed density modification process enhances density map based discriminability of feature values in the
underlying feature space. Such a density modification process aids feature space based segmentation and hence it can im-
prove segmentation performance.

From the observations made in the qualitative analysis, we infer that, depending on the choice of algorithm and associ-
ated parameter values, the segmentation results obtained using modified density maps are better or as good as the segmen-
tation results obtained using corresponding original density maps. We also infer from the observations that in the cases
where the segmentation result using the original density map does not adequately represent all the contents in the image
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and some objects in the image are not extracted from their backgrounds, improvement is surely achieved in segmentation
performance by considering the modified density map. Note that, the aforesaid inference is the one which is exactly expected
when density map based discriminability of feature values has been enhanced.

As mentioned in Section 1, it is difficult to ascertain the appropriateness of an algorithm along with associated parameter
values for a feature space based segmentation task and hence the proposed density modification process finds utility in fea-
ture space based image segmentation. However, the effectiveness of the proposed density modification process can be estab-
lished only when it is observed that improvement in segmentation performance using the modified density map compared
to the use of original density map occurs more often than not, for a given algorithm and specific associated parameter values.
Hence, we consider quantitative analysis in order to infer whether there is statistical evidence that the proposed density
modification process indeed aids feature space based segmentation and improves segmentation performance.

5.1.2. Quantitative analysis
Here, we consider human labeled ground truth based quantitative evaluation of segmentation performance in order to

carry out rigorous analysis and establish that the proposed density modification process improves feature space based image
segmentation performance. Segmentation in gray scale images using gray-level and local homogeneity features is consid-
ered. The local homogeneity measure used is the angular second moment [10]. The c-means and mean shift clustering algo-
rithms are used in two dimensional feature spaces, which are formed considering the two aforesaid features, with original
and modified density maps to obtain segmentation results. The results obtained using original density maps are compared to
those obtained using modified density maps in order to demonstrate the effectiveness of the proposed density modification
process.

5.1.2.1. The image dataset considered. We consider 100 grayscale images from the ‘Berkeley Segmentation Dataset and Bench-
mark’ [24] (http://www.eecs.berkeley.edu/Research/Projects/CS/vision/grouping/segbench/) . Each one of the 100 images
considered are associated with multiple segmentation results hand labeled by multiple human subjects and hence we have
multiple segmentation ground truths for every single image.

5.1.2.2. The evaluation measures considered. We use the global consistency error (GCE) and the local consistency error (LCE)
measures defined in [24] in order to judge the appropriateness of segmentation results obtained by applying the c-means
and mean shift clustering algorithms in image feature spaces with original and modified density maps. Consider SH as a seg-
mentation result hand labeled by a human subject and SA as a segmentation result obtained applying an algorithm. The GCE
and LCE measures representing the appropriateness of SA with reference to the ground truth SH are given as
GCEðSH; SAÞ ¼
1
n

min
Xn

i¼1

EðSH; SA;piÞ;
Xn

i¼1

EðSA; SH;piÞ
( )

ð31Þ

LCEðSH; SAÞ ¼
1
n

Xn

i¼1

min EðSH; SA;piÞ; EðSA; SH;piÞf g ð32Þ
where
EðS1; S2; pÞ ¼
jRðS1;pÞ n RðS2;pÞj

jRðS1;pÞj
ð33Þ
In the above, n represents set difference, jxj represents the cardinality of a set x, R(S,p) represents the set of pixels corre-
sponding to the region in segmentation S that contains the pixel p and n represents the number of pixels in the image under
consideration. Both GCE and LCE take values in the range [0,1] and GCE is a tougher measure than LCE, that is, LCE
(SH,SA) 6 GCE (SH,SA). In case of both these error measures, a smaller value indicates more appropriateness of the segmen-
tation result SA (with reference to the ground truth SH). One may refer to [24] for an elaborate description of the aforesaid
error measures.

5.1.2.3. Statistical analysis of performance. We calculate the GCE and LCE measures corresponding to all the segmentation re-
sults obtained by applying the c-means and mean shift clustering algorithms in image feature spaces having original and
modified density maps, with reference to all segmentation ground truths available for every image among the 100 images
considered.

When one clustering algorithm is considered for one image, a set of GCE values and a set of LCE values are obtained cor-
responding to both the use of original density map and the use of modified density map. Every element in a set of GCE/LCE
values corresponds to one of the multiple segmentation ground truths available for the image considered and hence the
number of elements in a set of GCE/LCE values obtained for an image equals the number of segmentation ground truths asso-
ciated with that image.

We take the help of statistical hypothesis testing in order to compare the results obtained using the original and modified
density maps, when one of the two mentioned algorithms is applied on one of the 100 images. The comparison is carried out
considering the segmentation errors, that is, the sets of GCE and LCE values, obtained when the original and modified density

http://www.eecs.berkeley.edu/Research/Projects/CS/vision/grouping/segbench/
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maps are used. We use the statistical t-test [16] assuming that the GCE values and the LCE values corresponding the use of
the two density maps to be compared have come from normally distributed populations with unknown and possibly un-
equal variances.

We perform one-sided t-tests [16] considering the alternative hypothesis (H1) that ‘the average segmentation error oc-
curred while using the original density map is greater than the average segmentation error occurred while using the mod-
ified density map’. The p-value [16] obtained from such a t-test gives the probability that a superior performance obtained,
when the modified density map is used, would have been due to chance alone. Such one-sided t-tests are performed for all
the 100 images. The p-values obtained from these tests are shown using blue colored bars in Fig. 7.

We also perform one-sided t-tests considering the alternative hypothesis (H2) that ‘the average segmentation error oc-
curred while using the modified density map is greater than the average segmentation error occurred while using the ori-
ginal density map’. The p-value obtained from such a t-test gives the probability that a superior performance obtained, when
the original density map is used, would have been due to chance alone. Such one-sided t-tests are performed for all the 100
images. The p-values obtained from these tests are shown using red colored bars in Fig. 7.

The segmentation error considered in the experiments represented by Fig. 7a and c is GCE, where Fig. 7a and c correspond
to the application of c-means algorithm and mean shift algorithm, respectively. On the other hand, the segmentation error
considered in the experiments represented by Fig. 7b and d is LCE, where Fig. 7b and d correspond to the application of c-
means algorithm and mean shift algorithm, respectively.

Note that, we have considered two different values of parameters associated with both the clustering algorithms and
hence we have two bars of the same color in each illustration given in Fig. 7. In the case of mean shift algorithm, we have
considered the shape of the bandwidth as flat square and taken two different bandwidth sizes, 20 � 20 and 30 � 30. In the
case of c-means algorithm, we have considered two different predefined number of clusters, 5 and 10. When the aforesaid
parameter values are considered, it is observed that extreme undersegmentation or oversegmentation does not occur while
using the two algorithms on the original and modified density maps corresponding to each of the 100 images. This obser-
vation is important as the usage of GCE and LCE measures requires such a condition in order to appropriately calculate seg-
mentation error value with respect to a ground truth [24].
Fig. 7. The p-values obtained corresponding to the one sided t-tests with alternative hypotheses H1 and H2.
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It is evident from all the illustrations in Fig. 7 that the blue colored bars are in general shorter than the red colored bars.
This signifies that, for most of the 100 images considered, it is less likely that a better segmentation performance observed
when the modified density map is used is merely due to chance alone and not due to a real effect, compared to the case when
the original density map is used. This observation points to the superiority of segmentation results obtained using the mod-
ified density map over those obtained using the original density map.

Now, using all the p-values (shown in Fig. 7) obtained corresponding to all the 100 images, we perform another statistical
analysis in order to compare the p-values obtained performing the aforementioned t-tests with alternative hypotheses H1

and H2. It is assumed that the p-values corresponding to the t-tests with alternative hypotheses H1 and H2 have come from
normally distributed populations with unknown and possibly unequal variances. We perform two one-sided t-tests consid-
ering the following two alternative hypotheses:

HI: The average p-value obtained from the t-test with alternative hypothesis H2 is greater than the average p-value
obtained from the t-test with alternative hypothesis H1.

HII: The average p-value obtained from the t-test with alternative hypothesis H1 is greater than the average p-value
obtained from the t-test with alternative hypothesis H2.

The p-values obtained from the aforesaid two t-tests are given in Table 1. As can be seen from the table, we have carried
out the aforesaid two t-tests considering all the p-values shown in Fig. 7, where both GCE and LCE are used, and the c-means
and mean shift algorithms are employed. We observe from Table 1 that in all the cases, the p-values obtained for the t-test
performed with alternative hypothesis HI are considerably smaller than the corresponding p-values obtained for the t-test
performed with alternative hypothesis HII. This observation suggests that it is less likely that a smaller p-value obtained
when the t-test with alternative hypothesis H1 is performed is merely due to chance alone and not due to a real effect, com-
pared to the case when the t-test with alternative hypothesis H2 is performed. Moreover, it is interesting to note in Table 1
that most of the p-values associated with HI is almost zero and most of the p-values associated with HII is almost one. Hence,
it is almost certain that a smaller p-value obtained from t-test with alternative hypothesis H1, which points to the superiority
of segmentation results obtained using the modified density map, is surely not by chance. On the other hand, it is almost
certain that a smaller p-value obtained from t-test with alternative hypothesis H2, which points to the superiority of segmen-
tation results obtained using the original density map, is surely by chance. Therefore, from the above given analyses, we infer
that there is statistical evidence that the proposed density modification process indeed aids feature space based image seg-
mentation and improves segmentation performance.

5.2. Comparison of performances of the novel approach of feature space based segmentation via density modification and
state-of-the-art segmentation approaches

Here, the novel approach of feature space based segmentation via density modification is compared to two popular and
state-of-the-art segmentation approaches, both qualitatively and quantitatively. The two existing approaches considered are
the mean-shift based approach of [4] and the graph theory based approach of [38].

It should be noted that the approaches of [4,38] form regions in an image by considering a compromising combination of
gray value/color similarity and spatial proximity, whereas the proposed approach considers only similarity of feature values
like gray value/color and local homogeneity, and not spatial proximity. Although the path to segmentation taken by the pro-
posed approach is different from that taken by [4,38], a comparison between the segmentation results obtained using them
would let us know the state of the proposed approach in comparison to the state-of-the-art and those which are popular.
Table 1
The p-values obtained corresponding to the one sided t-tests with alternative hypotheses HI and HII.

No. of clusters Alternative hypothesis p-value

GCE LCE

Segmentation by c-means algorithm
5 HI 4.14 � 10�13 1.39 � 10�12

HII �1 �1

10 HI 0.11938 1.41 � 10�24

HII 0.88062 �1

Bandwidth Alternative hypothesis p-value

GCE LCE

Segmentation by mean shift algorithm
Square 20 � 20 HI 1.54 � 10�58 6.4 � 10�95

HII �1 �1

Square 30 � 30 HI 1.34 � 10�51 4.2 � 10�63

HII �1 �1
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5.2.1. Qualitative analysis
Consider the segmentation of images shown in Fig. 8. The images considered in Fig. 8a are the same that were considered

in Figs. 4–6. The segmentation results shown in Fig. 8b are obtained using the proposed approach of feature space based seg-
mentation via density modification. For each image, the best result found (from Figs. 4–6) through visual evaluation has been
considered and shown in Fig. 8b. As evident from Figs. 4–6, the first two results (from left) of Fig. 8b are obtained considering
gray value feature, the next two are obtained considering gray value and local homogeneity features and the last two are
obtained considering color feature.

In Fig. 8c, the segmentation results shown are obtained using the approach of [4]. The publicly available EDISON segmen-
tation system (http://coewww.rutgers.edu/riul/research/code/EDISON) that implements the approach is used. It requires a
set of three input parameters, namely: {spatial bandwidth, color bandwidth, minimum number of pixels in a region}. The
sets of parameters used to get the results are also listed (in order) in Fig. 8c. In Fig. 8d, the segmentation results shown
are obtained using the approach of [38]. It requires a set of five input parameters, namely: {a parameter related to the like-
lihood that two pixels belong to one region in terms of color similarity, a parameter related to the likelihood that two pixels
belong to one region in terms of spatial proximity, a value of Euclidean distance acting as a threshold in deciding whether
two pixels are from the same region or not, a value (of normalized cut) for stoping the iterative segmentation, minimum
number of pixels in a region}. The sets of parameters used to get the results are also listed (in order) in Fig. 8d. The param-
eters in both Fig. 8c and d are considered such that the results shown are the best ones in terms of visual evaluation.

In the segmentation of the first image (from left) in Fig. 8a, the proposed approach and the approach of [38] does better
than the approach of [4] in separating the tiger out as a single object from the background. However, in the segmentation of
Fig. 8. Segmentation of grayscale and color images using various approaches.

http://coewww.rutgers.edu/riul/research/code/EDISON
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the second image in Fig. 8a, the approach of [4] performs better in putting the entire water body into a single object in com-
parison to the other two. The proposed approach performs better than the other two in separating areas in terms of dark-
ness/brightness in the segmentation of the third image in Fig. 8a. No significant difference in the performance of the three
approaches can be observed from the segmentation of the fourth image in Fig. 8a. In the segmentation of the fifth image in
Fig. 8a, the proposed approach performs best in extracting distinctly visible peppers as single regions, whereas the approach
of [4] comes a close second. However, both of them suffer from the generation of spurious regions unlike the approach of
[38]. In the segmentation of the sixth image in Fig. 8a, the proposed approach does better than the other two in separating
the drop out as a single object. From the aforesaid observations, we infer that the proposed segmentation approach performs
more or less as good as the approaches of [4,38].

As mentioned earlier, the proposed segmentation approach and approaches of [4,38] take different path to segmentation.
The approaches of [4,38], unlike the proposed approach, consider the spatial proximity between pixels. One might encounter
images where the actual semantic separation of regions are better represented in terms of only feature values and not both
feature values and spatial proximity (or the other way around). Therefore, the performance of the proposed approach would
be better or worser than that of [4,38] depending on the type of image encountered, which might have been the case with the
results provided in Fig. 8. However, it is desirable that the segmentation performance of an algorithm, irrespective of the
path it takes, is close to that of humans. Therefore, we shall now analyze the performance of the mentioned approaches
in respect of the performance of humans.

5.2.2. Quantitative analysis
Here, we consider human labeled ground truth based quantitative evaluation of segmentation performance in order to

compare the proposed approach to the existing approaches of [4,38]. Segmentation of gray scale images is considered for
this purpose. The image dataset and the evaluation measures (GCE and LCE) considered are the ones that were considered
in Section 5.1.2. In the case of the proposed approach, just like in Section 5.1.2, gray-level and local homogeneity features are
used, and the c-means and mean shift clustering algorithms are applied in the corresponding two dimensional feature space
with the modified density. In the case of both the existing approaches a particular set of required input parameters (see Sec-
tion 5.2.1) is considered. For the approach of [4], the set of parameters considered is {7,6.5,400}, and for the approach of [38],
the set of parameters considered is {5, (#row � #column)/20, 2.5,.1, (#row � #column)/50}. The aforesaid parameters are
chosen such that extreme undersegmentation or oversegmentation does not occur for most of the images in the dataset.

We calculate the GCE and LCE measures corresponding to all the segmentation results obtained by using the proposed
approach (both c-means and mean shift clustering algorithms in image feature spaces having modified density maps), the
approach of [4] and the approach of [38] with reference to all segmentation ground truths available for every image among
the 100 images considered. For a segmentation approach, the number of GCE/LCE values obtained corresponding to an image
equals the number of segmentation ground truths available for that image.

Similar to Section 5.1.2, we consider statistical hypothesis testing in order to compare the results obtained using the men-
tioned existing approaches to that of the proposed approach, when one of the 100 images is considered and the proposed
approach uses one of the two mentioned clustering algorithms. The comparison is carried out considering the segmentation
errors, that is, the GCE and LCE values. As in Section 5.1.2, we use the statistical t-test assuming that the GCE values and the
LCE values corresponding to each approach to be compared (when one image is considered) have come from normally dis-
tributed populations with unknown and possibly unequal variances.

We perform one-sided t-tests considering the alternative hypothesis (Ha) that ‘the average segmentation error occurred
while using an existing approach is greater than the average segmentation error occurred while using the proposed ap-
proach’. The p-value obtained from such a t-test gives the probability that a superior performance obtained, when the pro-
posed approach is used, would have been due to chance alone. Such one-sided t-tests are performed for all the 100 images.
The p-values obtained from these tests are shown using blue colored bars in Figs. 9 and 10.

We also perform one-sided t-tests considering the alternative hypothesis (Hb) that ‘the average segmentation error oc-
curred while using the proposed approach is greater than the average segmentation error occurred while using an existing
approach’. The p-value obtained from such a t-test gives the probability that a superior performance obtained, when an exist-
ing approach is used, would have been due to chance alone. Such one-sided t-tests are performed for all the 100 images. The
p-values obtained from these tests are shown using red colored bars in Figs. 9 and 10.

The p-values shown in Figs. 9 and 10 correspond to the comparison of the proposed approach to the approaches of [4,38],
respectively. Each of them also correspond to two different measures of segmentation errors, namely GCE and LCE, and the
use of two different clustering algorithms, namely c-means and mean shift algorithms, in the proposed approach. As in Sec-
tion 5.1.2, two different values of parameters associated with both the clustering algorithms are considered. In the case of
mean shift algorithm, we have considered the shape of the bandwidth as flat square and taken two different bandwidth sizes,
20 � 20 and 30 � 30 and in the case of c-means algorithm, we have considered two different predefined number of clusters,
5 and 10. The aforesaid considerations are appropriately mentioned in the figures.

It is evident from the illustrations in Figs. 9 and 10 which correspond to the use of c-means algorithm in the proposed
approach that the red colored bars are in general shorter than the blue colored bars. However, in the illustrations that cor-
respond to the use of mean shift algorithm in the proposed approach, except the first two (from left) in Fig. 9b, shorter blue
colored bars in comparison to the red colored ones are more evident than the vice versa. In the said exceptions, equal num-
ber instances are present where blue colored bars are shorter than the red colored bars and vice versa.



Fig. 9. Comparison between the proposed approach and the approach of [4]: the p-values obtained corresponding to the one sided t-tests with alternative
hypotheses Ha and Hb.

Fig. 10. Comparison between the proposed approach and the approach of [38]: the p-values obtained corresponding to the one sided t-tests with
alternative hypotheses Ha and Hb.
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The aforesaid observation signifies that, for most of the 100 images considered, it is less likely that a better segmentation
performance observed when the mean shift algorithm based proposed approach is used is merely due to chance alone and
not due to a real effect, compared to the case when any one of the mentioned existing approach is used. However, it is more
likely that a better segmentation performance observed when the c-means algorithm based proposed approach is used is
merely due to chance and not due to a real effect, compared to the case when any one of the mentioned existing approach
is used. This points to the superiority of segmentation results obtained using the mean shift algorithm based proposed ap-
proach over those obtained using the approaches of [4,38], and the superiority of segmentation results obtained using the
said existing approaches over those obtained using c-means algorithm based proposed approach.

We now perform statistical analysis (one-sided t-tests) in order to compare the p-values obtained performing the afore-
mentioned t-tests with alternative hypotheses Ha and Hb. It is assumed that the p-values corresponding to the t-tests with
alternative hypotheses Ha and Hb have come from normally distributed populations with unknown and possibly unequal
variances.



Table 2
Comparison between the proposed approach and the approach of [4]: the p-values obtained corresponding to the one sided t-tests with alternative hypotheses
HA and HB.

No. of clusters Alternative
hypothesis

p-value

GCE LCE

Comparison of segmentation by using c-means algorithm on fM with that of the algorithm in
MS

5 HA �1 �1
HB 4.6250 � 10�154 5.2866 � 10�144

10 HA �1 �1
HB 7.7295 � 10�185 8.3212 � 10�275

Bandwidth Alternative
hypothesis

p-value

GCE LCE

Comparison of segmentation by using mean shift algorithm on fM with that of the algorithm
in MS

Square 20 � 20 HA 0.1409 0.6205
HB 0.8591 0.3795

Square 30 � 30 HA 5.5882 � 10�8 9.3703 � 10�6

HB �1 �1

Table 3
Comparison between the proposed approach and the approach of [38]: the p-values obtained corresponding to the one sided t-tests with alternative hypotheses
HA and HB.

No. of clusters Alternative
hypothesis

p-value

GCE LCE

Comparison of segmentation by using c-means algorithm on fM with that of the algorithm in
MS

5 HA �1 �1
HB 4.8301 � 10�11 7.7161 � 10�15

10 HA �1 �1
HB 8.5422 � 10�38 8.2424 � 10�37

Bandwidth Alternative
hypothesis

p-value

GCE LCE

Comparison of segmentation by using mean shift algorithm on fM with that of the algorithm in
NC

Square 20 � 20 HA 8.3267 � 10�16 0
HB �1 1

Square 30 � 30 HA 3.1945 � 10�33 1.5093 � 10�36

HB �1 �1
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We perform two one-sided t-tests considering the following two alternative hypotheses:

HA: The average p-value obtained from the t-test with alternative hypothesis Hb is greater than the average p-value
obtained from the t-test with alternative hypothesis Ha.

HB: The average p-value obtained from the t-test with alternative hypothesis Ha is greater than the average p-value
obtained from the t-test with alternative hypothesis Hb.

Table 2 corresponds to the t-tests performed considering all the p-values shown in Fig. 9 corresponding to all the 100
images in order to compare the proposed approach to the approach of [4]. Table 3 corresponds to the t-tests performed con-
sidering all the p-values shown in Fig. 10 corresponding to all the 100 images in order to compare the proposed approach to
the approach of [38]. We observe the following from the Tables 2 and 3:

(1) The p-values obtained for the t-test performed with alternative hypothesis HA are considerably smaller than the cor-
responding p-values obtained for the t-test performed with alternative hypothesis HB when mean-shift algorithm
based proposed approach is considered, except the case of LCE and bandwidth 20 � 20.
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(2) The p-values obtained for the t-test performed with alternative hypothesis HB are considerably smaller than the cor-
responding p-values obtained for the t-test performed with alternative hypothesis HA when c-means algorithm based
proposed approach is considered

The first observation suggests that it is almost unlikely that a smaller p-value obtained when the t-test with alternative
hypothesis Ha is performed is merely due to chance alone and not due to a real effect compared to the case when the t-test
with alternative hypothesis Hb is performed, when the proposed approach is based on mean-shift algorithm. However, on the
contrary, the second observation suggests that when the proposed approach is based on c-means algorithm, the aforesaid
phenomenon is very likely. This points to the superiority of performance of the mean shift algorithm based proposed ap-
proach over the approaches of [4,38], and to the inferiority of performance of c-means algorithm based proposed approach
compared to that of the said existing approaches. Therefore, there is statistical evidence that the proposed approach is the
best of the lot considered in this section, provided that it uses the mean shift clustering algorithm.

6. Conclusion

A density modification framework that enhances density map based discriminability of feature values in a feature space
has been proposed in this paper in order to aid feature space based segmentation in images. In the framework, fuzzy set the-
ory has been used to associate a position-dependent property with each sample in a feature space of an image. The associ-
ated property has then been embedded into the density map of the samples in the feature space resulting in its modification.
The use of beam theory from the field of solid mechanics has been proposed in order to carry out the property association
and embedding. The appropriateness of the aforesaid usage has also been established.

Qualitative and quantitative experimental results of segmentation in images have been given, and comparisons have been
made between the results obtained with and without performing density modification in order to demonstrate the utility
and effectiveness of the proposed density modification framework. It has been shown the proposed density modification
process indeed aids segmentation tasks, and improves their performance. The usefulness the novel approach of feature space
based segmentation via density modification has been demonstrated through comparisons with state-of-the-art segmenta-
tion approaches.

As a natural follow-up of the work in this paper, comparisons with other methods that improve performance of feature
space based segmentation systems may be performed. Note that most of such methods are specific to particular systems and
employ different approaches to achieve the improvement. Such comparisons may result in a good investigation that would
analyze the effectiveness of the proposed framework inspite of its general nature, that is, its applicability with any feature
space based segmentation system. It should also be noted that some of the existing methods for improving performance of
feature space based segmentation could also be used in combination with the proposed framework.
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