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memory if the one of the best solutions is better than a previ 
ous one of the best solutions generated in a previous one of the 
iterations. The iterative processor computes a variance of the 
plurality of the best solutions stored in the memory. The 
terminating processor terminates the iterator When the vari 
ance is less than or equal to a predetermined threshold. 
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OPTIMIZATION TECHNIQUE USING 
EVOLUTIONARY ALGORITHMS 

CROSS-REFERENCE TO RELATED 
APPLICATION 

The present application is the US. national phase applica 
tion of, and claims priority to, International application No. 
PCT/IB2010/054679, ?led on Oct. 15, 2010, which claims 
priority to Indian Application Serial No. 472/ KOL/ 20 1 0, ?led 
Apr. 28, 2010, the entirety of which is incorporated herein by 
reference. 

BACKGROUND 

An evolutionary algorithm (EA) is a subset of evolutionary 
computation, a generic population-based metaheuristic opti 
mization algorithm. EAs use one or more operators inspired 
by biological evolution, which include reproduction, muta 
tion, recombination, and selection. Candidate solutions to an 
optimization problem play the role of individuals in a popu 
lation. A ?tness function determines an environment within 
which the candidate solutions “live”. Evolution of the popu 
lation then takes place after repeated application of the opera 
tors. 

Generally, an initial population of randomly generated 
candidate solutions forms a ?rst generation. The ?tness func 
tion is applied to the candidate solutions and any offspring. In 
selection, parents for the next generation are chosen with a 
bias towards higher ?tness. The parents reproduce by copying 
with recombination and/or mutation. Recombination acts on 
the two selected parents (candidates) and results in one or two 
children (new candidates). Mutation acts on one candidate 
and results in a new candidate. These operators create the 
offspring (a set of new candidates). These new candidates 
compete with old candidates for their place in the next gen 
eration. This process may be repeated until a candidate with 
suf?cient quality (a solution) is found or a prede?ned com 
putational limit is reached. 
EAs are of many different types and can be used to ?nd 

solutions to problems in diverse ?elds. The ?elds may include 
engineering, robotics, physics, chemistry, biology, genetics, 
operations research, economics, sales, marketing, and so on. 
A genetic algorithm (GA) is a type of EA. GAs provide 

solutions to complex optimization problems. GAs are sto 
chastic search methods based on principles of natural genetic 
systems. In an example of a GA, an initial population is 
chosen, and ?tness of each individual in the population is 
evaluated. Then the following steps are repeated until a stop 
ping criterion is satis?ed: Selecting best ranking individuals 
to reproduce; breeding a new generation through crossover 
and mutation (called genetic operations) and giving birth to 
offspring (strings); evaluating ?tness of each individual off 
spring; and retaining best ranked offspring obtained so far. 
The stopping criterion determines when to stop (i.e., termi 
nate) the GA. 
GAs perform a multidimensional search in providing an 

optimal solution for an evaluation function (i.e., a ?tness 
function) of an optimization problem. Unlike conventional 
search methods, GAs deal simultaneously with multiple solu 
tions and use only ?tness function values. Population mem 
bers are represented by strings corresponding to chromo 
somes. Search begins with a population of randomly selected 
strings. From these strings, a next generation is created using 
genetic operators. At each iteration, individual strings are 
evaluated with respect to a performance criterion and are 
assigned a ?tness value. Strings are selected based on these 
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2 
?tness values in order to produce the offspring for the next 
generation. Thus, successive populations of feasible solutions 
are generated in stochastic manner following laws of natural 
selection. 
GAs have been theoretically and empirically found to pro 

vide global near-optimal solutions for complex optimization 
problems in various ?elds. For example, the ?elds include, 
but are not limited to, operations research, very large scale 
integration (V LSI) circuit design, pattern recognition, image 
processing, machine learning, and so on. 

SUMMARY 

An embodiment of the subject matter described herein 
provides a method for terminating a genetic algorithm (GA), 
where the GA uses an iterator and generates at least one best 
solution per iteration. The method includes storing a plurality 
of best solutions generated in a plurality of iterations of the 
GA. One of the best solutions generated in one of the itera 
tions is stored in a memory if the one of the best solutions is 
better than a previous one of the best solutions generated in a 
previous one of the iterations. The method further includes 
computing a variance of the plurality of the best solutions 
stored in the memory using an iterative processor and termi 
nating the iterator using a terminating processor when the 
variance is less than or equal to a predetermined threshold. 
The method further includes computing the variance in 

each iteration following a predetermined one of the iterations. 
The method includes determining whether the variance is less 
than or equal to the predetermined threshold after a predeter 
mined number of the iterations are completed following a 
predetermined one of the iterations. The method includes 
statistically determining the predetermined threshold based 
on a rate of change of the variance when the rate of change 
relative to a number of the iterations is negative. The method 
includes statistically determining the predetermined one of 
the iterations based on a rate of change of the variance relative 
when the rate of change to a number of the iterations is 
positive. The method includes statistically determining the 
predetermined number of the iterations based on a rate of 
change of the variance when the rate of change relative to a 
number of the iterations is negative. 
The method includes generating the one best solution per 

iteration from a population of solutions using a ?tness func 
tion, where each solution in the population is coded as a string 
of a ?nite length, and where the predetermined one of the 
iterations is statistically determined based on the ?nite length 
and a size of the population. The method includes generating 
a subsequent population of solutions from the population of 
solutions using operators, which include selection, crossover, 
and mutation when the variance is greater than the predeter 
mined threshold. 
The method includes selecting the predetermined thresh 

old based on a desired accuracy of the GA. The predetermined 
threshold takes into account properties of an objective func 
tion and genetic parameters used in the GA. 

The foregoing summary is illustrative only and is not 
intended to be in any way limiting. In addition to the illustra 
tive aspects, embodiments, and features described above, fur 
ther aspects, embodiments, and features will become appar 
ent by reference to the drawings and the following detailed 
description. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is an example ?owchart of a method for determining 
a stopping criterion and terminating a GA using the stopping 
criterion; 
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FIGS. 2-5 illustrate pictorial representations of four 
sample objective functions; 

FIG. 6 is an example graph of variance of best ?tness values 
obtained in iterations of a genetic algorithm (GA) relative to 
a number of iterations performed in the GA; 

FIG. 7 is an example table showing average number of 
iterations required to converge a GA for a given bound of 
variance; 

FIG. 8 is an example ?owchart of a method for determining 
a stopping criterion and terminating a GA using the stopping 
criterion; 

FIG. 9 is an example functional block diagram of a system 
for determining a stopping criterion and terminating a GA 
using the stopping criterion; 

FIG. 10 is an example functional block diagram of a com 
puter system for determining a stopping criterion and termi 
nating a GA using the stopping criterion; and 

FIG. 11 is an example table showing data structures uti 
lized by the computer system of FIG. 10. 

DETAILED DESCRIPTION 

In the following detailed description, reference is made to 
the accompanying drawings, which form a part hereof. In the 
drawings, similar symbols typically identify similar compo 
nents, unless context dictates otherwise. The illustrated 
embodiments described in the detailed description, drawings, 
and claims are not meant to be limiting. Other embodiments 
may be utilized, and other changes may be made, without 
departing from the spirit or scope of the subject matter pre 
sented here. 
An example embodiment includes ?nding a solution to 

complex optimization problems using evolutionary algo 
rithms (EAs) and employs a stopping criterion for the algo 
rithm. In this example embodiment, a genetic algorithm (GA) 
is used as an example only. However, embodiments disclosed 
herein are not limited to GAs. The teachings of the present 
disclosure are applicable to any iterative optimization tech 
nique including the EA. Such techniques include genetic 
algorithms, simulated annealing, ant colony optimization, 
particle swarm optimization, among others. Speci?cally, the 
teachings of the present disclosure can be applied to solve 
problems in any ?eld using any iterative optimization tech 
nique that obtains a best solution from a number of candidate 
solutions. 

In GAs, for example, selection of a stopping criterion 
determines the quality of results generated by a GA. More 
than one stopping criterion may be used in a GA. Different 
types of stopping criteria can be used. These stopping criteria 
may be based on ?tness function convergence, population 
convergence, generation number, and/or computation time. 
Further, these stopping criteria may be based on running 
mean of ?tness values, standard deviation of ?tness values, 
and/ or search feedback. These statistical properties are those 
of the solutions obtained. Other stopping criteria based on 
objective function use underlying ?tness function values to 
calculate auxiliary values, which are used as measures of state 
of convergence of a GA. Additionally, a cluster-based stop 
ping criterion takes into account information about objective 
values as well as a spatial distribution of individuals in a 
search space in order to terminate a GA. 

Generally, in de?ning an implementable stopping crite 
rion, a bound may be provided on the number of iterations 
required to achieve a level of con?dence to guarantee that a 
GA has searched all the optimal number of strings. Alterna 
tively or additionally, pessimistic and optimistic stopping 
times with respect to mutation probability may be derived. 
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4 
De?ning an implementable stopping criterion in these ways, 
however, can be problematic. For example, deciding when to 
stop a GA without a priori information regarding objective 
function is dif?cult. Though time based stopping criteria are 
simple to implement, determining the time requires knowl 
edge about the global optimal solution, which is not always 
available a priori. Further, these stopping criteria do not guar 
antee the convergence of the GAs to the global optimal solu 
tion since they are terminated after a ?nite number of itera 
tions. Accordingly, regardless of the value selected for the 
number of iterations, there is generally a positive probability 
of not obtaining the global optimal solution at that stage. 
An embodiment proposed herein relates to a new stopping 

criterion based on variance of best ?tness values obtained 
over generations. In an example embodiment, variance of the 
best ?tness values obtained in iterations is used as a measure 
to decide the termination criterion of a GA with elitist model 
(EGA). In an EGA, elitism reserves two slots in the next 
generation for the highest scoring candidate (e.g., chromo 
some) of the current generation without allowing that candi 
date to be crossed over in the next generation. In one of those 
slots, the elite candidate will also not be subjected to mutation 
in the next generation. 

In an embodiment, the stopping criterion can be based only 
on the ?tness function values. The stopping criterion can 
automatically take into account properties of the objective 
function and the genetic parameters used. Accordingly, in an 
example embodiment, a user need not study characteristics of 
the objective function and genetic parameters used in the GA. 
Further, no auxiliary values are calculated. Implementing the 
stopping criterion based on variance of the ?tness function 
values obtained over generations includes selecting a small 
value of bound for the variance. The variance tends to zero 
when a number of generations tends to in?nity while a prob 
ability of obtaining a global optimal solution tends to one. 

To facilitate understanding of the example embodiments, 
de?nitions of basic concepts relating to the GAs are now 
introduced. To understand basic principles of GAs, consider a 
problem of maximizing a function f(x), xeD, where D is a 
?nite set. The problem is to ?nd x* such that 

where D is a discrete domain and is ?nite. 
When solving an optimization problem using GAs, each 

solution is coded as a string (called “chromosome”) of ?nite 
length (say, L). Each string or chromosome is considered as 
an individual. A collection of M (?nite) individuals is called a 
population. GAs start with a randomly generated population. 
In each iteration, a new population of same size is generated 
from the current population using three basic operations on 
the individuals of the population. The operators in the three 
basic operations are reproduction/selection, crossover, and 
mutation. 

To use GAs in searching a global optimal solution, a ?rst 
step is to de?ne a mechanism to represent the solutions in a 
chromosomal form. A solution may be represented as a string 
oflength L over a ?nite set of alphabet A:{(Xl, (x2, . . . , am}. 
Each string S corresponds to a value xeD and is of the form 
S:([3L[3L_l-[32[31); BieA, Vi. The GA with A:{0,l} is called 
binary coded genetic algorithm (BCGA) or simple genetic 
algorithm (SGA). 
The string representation limits the GA to search a ?nite 

domain (although users can achieve approximation by 
increasing the string length) and provides the best solution 
among mL possible options. To take into account the continu 
ous domain, real valued strings are considered as the chro 
mosomal representation by manipulating the genetic opera 
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tors and is called real coded genetic algorithm (RCGA). It is 
dif?cult, however, to consider all the real values considering 
the limitation of computers in storing irrational values. 
Throughout the present disclosure, GA with A:{0,1} is used 
as an example only. The teachings of the present disclosure 
can be easily extended to GAs de?ned over a ?nite set of 
alphabet or over RCGAs. 

Generally, a random sample of size M is drawn from a 
space S of 2L possible strings to generate an initial population. 
GAs leverage a population of solutions to generate a new 
population with an expectation that the new population will 
provide a better solution in terms of ?tness values. 

In every iteration, each chromosome of the population is 
evaluated using a ?tness function ?t. Evaluation or ?tness 
function ?t for a string S is equivalent to a function 3“ de?ned 
below. 

where S corresponds to x. Without loss of generality, let 
?t(S)>0 for all S in S. 
A selection is a process in which individual strings of a 

current population are copied into a mating pool with respect 
to an empirical probability distribution based on their ?tness 
function values. In some cases, an auxiliary ?tness value is 
considered to generate the empirical probability distribution 
based on the criticality of the problem and approach. 
A crossover exchanges information between two potential 

strings and generates two offsprings for the next population. 
M/2 pairs are selected randomly from the population. Sub 
strings with a probability p (called crossover probability) are 
swapped. 
A mutation is an occasional random alteration of a charac 

ter. Mutation introduces some extra variability into the popu 
lation. Though mutation is usually performed with a very low 
mutation probability, q>0, mutation affects exploration pro 
cess. Every character [3, i:1, 2, . . . , L in each chromosome 

generated after crossover has an equal chance to undergo 
mutation. Any string can be generated from any given string 
by mutation operation. The mutation probability q is taken to 
be in the range of (0, 0.5]. The probability of mutating i bit 
positions is more than the probability of mutating i+1 bit 
positions. That is, 

Thus, qsO.5. Hence, the minimum probability of obtaining 
any string from any given string is qL . That is, mutation needs 
to be performed at every character position of the given string. 

Knowledge about the best string obtained so far is pre 
served either in a separate location outside the population or 
within the population. Thus, the GA can report the best value 
found among all possible coded solutions obtained during the 
entire process. GAs that can retain the knowledge of the best 
string obtained so far are called genetic algorithms with elitist 
model or EGAs. 

The new population obtained after selection, crossover, 
and mutation is then used to generate another population. The 
number of possible populations is ?nite since M is ?nite. The 
present disclosure concerns EGAs, where the best string 
obtained in a previous iteration is copied into a current popu 
lation if the ?tness function values of all strings are less than 
the previous best. 

The values for parameters L, M, p, and q have to be chosen 
proper y e ore pe orm1ng _ 

the population size M is taken as an even integer so that 
strings can be paired for crossover. The probability (p) of 
performing crossover operation is taken to be any value 
between 0.0 and 1.0. Usually in GAs, p is assumed to be a 
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6 
value in the interval [0.25, 1]. The mutation probability q is 
taken to be very low [0.001, 0.01], although it can be in the 
interval (0, 0.5]. 

Mutation affects convergence of GAs to the global optimal 
solution. Convergence of GAs is a fundamental building 
block in proposing variance of the best ?tness value obtained 
so far as the stopping criterion of a GA. A proof of conver 
gence of GAs follows. 

GAs search over a space S of 2L strings and eventually 
provide the best solution with respect to the ?tness function 
?t. The strings can be classi?ed into a set of s classes depend 
ing on their ?tness function values. The classes are de?ned as 

where F 1 denotes the i th highest ?tness function value. Thus, 
F1>F2> . . . >FS. Without loss of generality, let FS>0. 

A population Q is a multi-set of M strings of length L 
generated over a ?nite alphabet A and is de?ned as follows: 

Let Q denote the set of all populations of size M. The number 
of populations or states in a Markov chain is ?nite. The ?tness 
function value ?t(Q) of a population is de?ned as ?t(Q): 
maxSEQ?t(S). The populations are partitioned into s sets. 
Ei:{Q:QeQ and ?t(Q):Fl-} a set of populations having the 
same ?tness function value Fi. 

In an iteration, the genetic operators (selection, crossover, 
and mutation) create a population QkZeEk, where 1:1, 2, . . . , 

ek and k:1, 2, . . . , s. The genetic operators create the popu 

lation le from a population QijeEi, where ek is the number of 
elements in Ek. The generation of the population le from the 
population Qij is considered as a transition from Qij to le. Let 
pij, kl denote a transition probability of the transition from QU 
to ka 
Then the probability of transition from Qij to any popula 

tion in Ek can be calculated as 

For allj:1.2, . . . , el- and i:1, 2, . . . ,s one obtains 

= 0 otherwise 

by construction. Thus, once GAs reach a population QeEk, the 
GAs will be in a population QeEk for ksi. In particular, once 
GAs reach a population QeEk, the GAs will not go out of E1. 

Let ply-if”) denote a probability that GA results in le at the 
nth step given that the initial state is Qij. Let ply-if”) denote the 

at the nth step. Then pj,k(”):21:lekpij,kl(”). 
To show the eventual convergence of a GA with elitist 

model to a global optimal solution the following theorem 
(Theorem 1) is proved. 
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Theorem 1. 

l I 
For an EGA with the probability of mutation q E [0, 5], ( ) 

Jig: p31} = 0 for 2 s k s s; v j = 1, 2, , e; and be an average 0fthe ai’s up to the nth iteration. Then variance 

i=1 2 S of the best ?tness values obtained up to the nth iteration, 
’ " 1”; _ de?ned by b”, is given by the following equation: 

Hence = 1V ] =1, 2, , e; and 

i=1,2,... ,5. 10 

Proof: It can be easily shown that pijyl > 0 bn : (ai _ £192 : at; _ a? = a? _ a? 

forj=l,2,...e;andi=l,2,... ,5. ”;:1 "M 

Let max? — pijyl) = 6. 

15 b” can be used as a stopping criterion for a GA. In this 

Note that 6 < 1 Since mnp__l > 0- example embodiment, a GA is stopped or terminated after N 
A] ”’ iterations when bN<e, where 6 (>0) is a user-de?ned small 

(I) _ S _ I (2) quantity (bound for variance). 
NOW” 2 PM _ 2 Pill" _ 1 _ p011 s 6‘ Referring now to FIG. 1, an example method 50 compris 

kil H 20 ing basic steps of a GA with elitist model is shown, where 
variance of the best solutions obtained in the generations is 

S Bil (3) considered as a stopping criterion. Control begins at 52. At 
= z z z Pij,i1 jl Pilj1J< 54, control creates a population of random solutions, and 

"fl "I2 ‘1‘“1 11:1 control de?nes a value for e (i.e., a bound for variance).At 56, 
(since Piljlk = 0 for k > 1) 25 control evaluates each solution on the basis of a ?tness func 

Eil tion. At 58, control stores the best solution if it is better than 

= Z Z Will-12 piljl’k previous best. At 60, control calculates the variance of the best 
il? 1.1:1 H solutions obtained up to the current 1terat10n. At 62, control 

E; 30 determines whether the varianceis greater than the prede?ned 
: z 2 Fiji j (1 _ pi _ I) bound (6). At 64, 1f the var1ance1s greater than the prede?ned 

[?ll-1:1 '1 l “1' bound (6), control creates new generation of solutions from 
Ki the old generation using selection, crossover, and/or muta 

s 52 2 pgyiljl (from (1)) tion, and control returns to step 56.At 66, if the variance is not 
[Ill 11:1 35 greater than the prede?ned bound (6), control termrnates the 

GA. The best solutron obta1ned at the t1me of terrnrnatron 
: p W1 represents the near optimal solution. 

__ 2 In an example embodiment, when the number of genera 
: 6(1 _ W” 1) s 6 ; tions tends to in?nity, the probability of obtaining the global 

40 optimal solution tends to one, and the variance of the best 
Similarly by mathematicalinductim it can be Shown that solutions obtained 1n the generations approaches Zero. Fol 

(n) ’ n _ _ lowrng 1s a proof that when the number of generatrons tends 

gpij'k 56 v l’ 1' to in?nity, the probability of obtaining the global optimal 
Note that 6” a 0 as n a 00 Since 0 < 6 < 1 solution tends to one, and the variance of the best solutions 

_ ' obtained in the generations approaches zero. 

Hence 2 Ply/1 * 0 as ” * °°- 45 For GAs with elitist model, the convergence theorem 
I‘Tl shows that 

Which, immediately implies = O for 

ZskssViandj. U 

his deartha" JEEP?!“ =,,1LI{,1,(1 -ZP5}TZ] 50 li‘iipiji - 1v/- 1, 2, , e.- and l- 1,2,,5. 
k¢l 

_ 1' The convergence theorem in turn implies that the probability 
of obtaining a global optimal solution (F1) is one as number of 

Some desirable properties of a good stopping criterion 55 1232111212115’ goes tom?mty' Thls can be Stated as the fonowmg 

include the following. The stopping criterion should be easy ' 

to implement. The stopping criterion should be able to pro 
vide stopping time automatically for any ?tness function. The Lemma 1: 
stopping criterion should guarantee convergence and lead to a 60 , 
satisfactory result. The total number of strings searched For cash 51 > 0’ rig: Pmma” _ Fll > El) : 0' (4) 

should not exceed 2L, where L is string length. In other words, for eaCh 50 > 0 and 51 > 0, 
_ _ _ _ there exists No such th? tor n No. 

In an embodrment of an example stopping criterion, let a, 1 _ Prob?an _ Fll 5 El ) < 50 or 

be a best ?tness function value obtained at the end of an ith 65 : Pm,an _ Fl| 5 El) > 1 _ 50 for n > No 

iteration of an EGA. Then, alsa25a3sFl as F1 is the global 
optimal value of the ?tness function. Let 
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Using the above lemma, it can be shown (as shown in 
Theorem 2 below), that the variance of the best solutions 
obtained in the generations approaches zero when number of 
iterations tends to 00. 

Theorem 2: 

l n 

Pro —Z(a;—a;)2 ss]el as new for each E>O. 
"1:1 

Proof: 

n 

Since FS is the minimumvalue of the function f (x) 

(defined in section 3), we have , 

One can always ?nd an N1( > No) such that for each 52( > O), 

Therefore, for n > N1 > N0 

n n 

Now, for each 5 = 51 + 52, 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

10 
-continued 

(1 1) 

(from 10), where 51 = E — 52. 

Therefore, we can conclude that for each. 

50 > 0, there exists N1 such that for n > N1 

In other words, 

This completes the proof of theorem 2. 
In an example embodiment of a variance based stopping 

algorithm, the user needs to select only the bound 6 for vari 
ance for implementing the stopping criterion. In this embodi 
ment, the likelihood of obtaining a solution closer to global 
optima is inversely proportional to the value of the bound 6. 
Additionally, in the initial iterations, the likelihood of obtain 
ing the improved ?tness value is high. Moreover, in this 
embodiment, for most functions, due to the low iteration 
number, the variance would initially increase and would then 
decrease as the iteration number increases. Accordingly, a 
premature termination of the GA can be avoided. Further, the 
inherent characteristics of the objective functions are auto 
matically taken into account for a suf?ciently small value of 
the bound for variance. Distinctively, the user need not de?ne 
the number of iterations to be executed. Instead, the user 
de?nes the value of E. 
De?ning the value of e differs from de?ning the number of 

iterations to be executed. In de?ning the number of iterations, 
the user decides the total number of iterations while hoping or 
assuming that the GA will provide a satisfactory result after 
those many iterations. Selecting the total number of iterations 
in this manner, however, is purely heuristic and ignores the 
characteristics of the objective function and genetic param 
eters. In contrast, in de?ning the value of e, the variance is 
calculated from the ?tness values obtained in the generations, 
which implicitly takes into account the characteristics of the 
objective function and the genetic parameters used in the GA. 

Generally, a GA progresses fast during initial iterations. 
Accordingly, GAs are expected to produce improved results 
in the ?rst few iterations. After a certain number of iterations, 
GAs typically become quite stable. Subsequently, the possi 
bility of exploring an improved solution in each iteration is 
very low. Faster improvement of the ?tness function values 
yields high variance in the beginning, and slower improve 
ment in ?tness function results in low variance in the later 
stages of the GA. 
Due to these characteristics of GAs, selecting certain 

parameters is critical in the implementation of the variance as 
a stopping criterion. Speci?cally, selecting the starting itera 
tion number of the GA, from which the best ?tness values are 
to be considered in calculating the variance, and the minimum 
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number of iterations to be considered in calculating the vari 
ance are important considerations in the implementation. 
One can consider the ?tness values from the ?rst iteration 

in calculating the variance. However, due to the faster 
improvement in the initial generations, higher number of 
iterations may make the variance lower than the prede?ned E 
value. Accordingly, to avoid premature termination, it is 
important to determine the number of consecutive iterations 
that should be considered in calculating the variance of the 
?tness values so as to allow the GA enough opportunity to 
yield an improved solution. This is important since the GA 
may not ?nd a better solution that shows improvement in 
?tness value in many consecutive iterations. Therefore, it is 
important to select the minimum number of iterations and a 
starting point (iteration) from which the ?tness values will be 
considered in calculating the variance. 

In an example embodiment, a variance bn+, at the end of 
n+1th iteration can be calculated from b” as follows: 

or 

Thus, the variance for the n+1th generation can be evaluated 
based on only an average of the ?tness function values and 
their square of the previous n iterations. 

Example experimental results discussed below demon 
strate the effectiveness of the proposed stopping criterion in 
searching for global optimal solutions of some complex func 
tions of multiple variables. The variance of the best ?tness 
values obtained in each iteration is used as the stopping cri 
terion to demonstrate its usefulness to automatically termi 
nate the GA. The following objective functions were used in 
the experiment. 

f1(x) = 6 + sin(x) when 0 s x 5 2n 

= 6 + 2sin(x) when 2n < x 5 4n 

= 6 + 3sin(x) when 4n < x 5 6n 

= 6 + 4sin(x) when 67r < x 5 8n 

= 6 + 5sin(x) when 8n < x s 107r 

= 6 + sin(x) when 107r < x s 32 

when [x] is the integral palt of x 

f3(x) = , where [x] is the integral part of x 

where [x] is the largest integer s x 

Referring now to FIGS. 2-5, pictorial representations of 
these functions are shown. fl is a univariate function while 
the remaining functions are multivariate functions with the 
number of variables considered being ?ve, for example. 
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Functions f2 and f3 are multimodal functions with symmetri 
cally distributed plateaus of identical size and having multiple 
global maxima. Functions fl and f4 are unimodal functions 
with spatially distant local maxima and single global maxima. 
Different search spaces are considered for different functions 
to exploit the typical features of these functions. 

In these experiments, while implementing the proposed 
stopping criterion, the initial iterations can be ignored as 
mentioned above. The number of these initial iterations can 
be decided based on the length of the strings and the popula 
tion size. The convergence theorem holds true although the 
variance is calculated after a ?nite number of initial iterations. 
In the experiments, the ?tness function values considered to 
calculate the variance were from the 21 st iteration for L and 
from the 101st iteration for other functions. 

Additionally, as discussed above, there may be no change 
in the ?tness function value for a number of consecutive 
iterations. In an example iteration, therefore, the variance 
could become zero and could result in premature termination 
of the GA. Accordingly, in an embodiment to avoid premature 
termination, the user should consider a signi?cant number of 
iterations in calculating the variance. In the experiment, the 
minimum number of iterations considered to generate the 
variance was 50 for L and 200 for other functions. 
The genetic parameters used in the execution of the GA 

were as follows: 

Population size:10 for f1 and 50 for others 
String length:20 for f1 and 100 for others 
Crossover probability:0. 8 
Mutation probabilityq/arying from 0.2 to 0.45 
To obtain statistically signi?cant results, one test run com 

prised 100 runs for a particular 6 value for each function. 
Different seeds were supplied to bring in the randomness in 
generating initial populations and performing other genetic 
operations. Considering the importance of mutation in the 
convergence process of the GAs, the mutation probability 
was made variable. It was considered as high as 0.45 in the 
initial iterations and was monotonically reduced to 0.1 
towards ?nal iterations. 

Referring now to FIG. 6, a graph of variance relative to 
iteration numbers is shown. In an example embodiment, as 
the GA explores a better solution with higher ?tness value, the 
variance increases. As shown, the variance initially increased 
at 70 and then decreased at 72 as the number of iterations 
increased. 

Referring now to FIG. 7, a Table shows average number of 
iterations required to converge the GA for a given 6. The 
results show that for a low value of e, the GA produced 
satisfactory performance for all the functions. Particularly, 
the GA produced a global optimal solution in most cases for 
6:10—5. The number of iterations to attain the given bound 
differed for different functions depending on the characteris 
tics of the function. Also, the percentage of convergence to the 
global optimum solution was higher for the function f3 while 
the percentage of convergence to the global optimum solution 
was lower for the function f4. With e>10_4, no run could 
produce the global optimal solution since the presence of 
multiple global optima of the function f3, resulted in faster 
convergence while a single optimum of the function L was 
dif?cult to attain. This demonstrated the effectiveness of the 
criterion to take into account the inherent properties of the 
objective function. 

In some cases, though the stopping criterion was satis?ed, 
the GA did not converge to the global optimal value of the 
objective function. This comports with the property of the 
GAs that GAs do not guarantee the global optimal solution in 
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a ?nite number of iterations. However, with the reduction in e 
value, the likelihood of obtaining the global optimal solution 
increased. 

The variance of the best solutions obtained up to a current 
iteration tends to zero as nQOO. In practice, the user needs to 

select an appropriate value for the upper bound of the variance 
for a problem. Different problems with the same size of 
search space may need different bounds for variance to obtain 
global optimal solution. For better accuracy, the user needs to 
select suf?ciently small value for 6. Instead of automatically 
selecting the value of e, the user may select the value of 6 
depending on the accuracy desired. 

Referring now to FIG. 8, an example method 100 for deter 
mining a stopping criterion and terminating a GA using a 
stopping criterion is shown. Control begins at 102. At 104, 
control creates a population of random solutions. At 106, 
control de?nes a bound for variance as a criterion to terminate 

a GA. Control de?nes the bound depending on the desired 
accuracy of the GA. At 108, control determines a starting 
iteration number from which to consider solutions with best 
?tness values for calculating variance to determine whether to 
terminate the GA according to the stopping criterion. Control 
determines the starting iteration based on the length of strings 
and the size of the population. Additionally, control sets a 
predetermined (minimum) number of iterations for which 
variance calculation is to be performed. 

At 110, control evaluates each solution in the current gen 
eration based on the ?tness function. At 1 12, control stores the 
best solution if it is better than the previous best solution. At 
114, control determines whether current iteration is the start 
ing iteration. At 116, when current iteration is not the starting 
iteration, control creates a next generation of solutions from 
the current generation of solutions using selection, crossover, 
and mutation, and control returns to 110. At 118, when the 
current iteration is the starting iteration, control calculates a 
variance of the best solutions obtained up to and in the current 
iteration. 

At 120, control determines whether variance is calculated 
for the predetermined number of iterations. If variance is not 
calculated for the predetermined number of iterations, control 
returns to 116. At 122, if variance is calculated for the prede 
termined number of iterations, control determines whether 
the variance is greater than the bound. If the variance is 
greater than the bound, control returns to 116. At 124, if the 
variance is not greater than the bound, control terminates the 
GA. 

Referring now to FIG. 9, an example system 200 for deter 
mining a stopping criterion and terminating a GA using a 
stopping criterion is shown. The system 200 executes a GA to 
?nd the best solution for a problem. The problem may be 
related to any ?eld including, but not limited to, operations 
research, very large scale integration (V LSI) circuit design, 
pattern recognition, image processing, machine learning, and 
so on. 

The system 200 comprises a user input module 202, a data 
acquisition module 204, a population creation module 206, a 
bound setting module 208, a population analysis module 210, 
an iteration selection module 212, an evaluation module 214, 
a variance module 216, and a termination module 218. The 
system 200 may be implemented by software, hardware, 
?rmware, or a combination thereof. The system 200 may also 
be implemented as a system-on-chip (SOC). For example, in 
FIG. 10, a computer 300 comprising one or more processors 
may implement portions of the system 200, wherein most 
components of the computer 300 may be implemented as a 
system-on-chip (SOC). 
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14 
The system 200 comprises a data input unit 200-1, a data 

processing unit 200-2, and an evaluation and termination unit 
200-3. The data input unit 200-1 comprises the user input 
module 202, the data acquisition module 204, and the bound 
setting module 208. The data input unit 200-1 receives input 
data for a problem to be solved. The data processing unit 
200-2 comprises the population creation module 206, the 
population analysis module 210, and the iteration selection 
module 212. The data processing unit 200-2 processes the 
input data. The evaluation and termination unit 200-3 com 
prises the evaluation module 214, the variance module 216, 
and the termination module 218. The evaluation and termi 
nation unit 200-3 evaluates the processed data and terminates 
the GA. 
The user input module 202 allows a user to input data. The 

user input module 202 receives the data from the user and 
outputs the data to the evaluation module 214. The data may 
include the accuracy desired by the user for the solution to be 
generated by the GA. The desired accuracy may depend on 
the type of data acquired by the data acquisition module 204. 
For example, the desired accuracy may depend on the type of 
problem being solved. In some implementations, the user 
may be remote relative to the system 200 and may access the 
system 200 via a wireline network or a wireless network. 
Accordingly, the user input module 202 may include a suit 
able network interface to connect the system 200 to a net 
work. 
The data acquisition module 204 acquires data for the 

problem to be solved. In some implementations, the data 
acquisition module 204 may comprise suitable instruments, 
transducers, etc. for acquiring data that is generated by pro 
cesses and that is to be analyzed to ?nd the solution. For 
example, the data acquisition module 204 may comprise pres 
sure, temperature, and/ or other sensors that sense parameters 
related to a chemical process. The data acquisition module 
204 may comprise current, voltage, and/or other sensors that 
sense parameters related to an electrical system. The data 
acquisition module 204 may comprise an interface that 
acquires data generated by a computer aided design (CAD) 
system for integrated circuit (IC) layout design, vehicle 
design, and so on. The data acquisition module 204 outputs 
the acquired data to the population creation module 206. 

The population creation module 206 creates a population 
of random solutions based on the data acquired by the data 
acquisition module 204. The population creation module 206 
outputs the population to the population analysis module 210 
and to the evaluation module 214. 
The bound setting module 208 sets a bound for variance 

based on the accuracy desired by the user. In some implemen 
tations, the user may directly input and set the bound via the 
user input module 202. The bound for the variance is the 
stopping criterion for stopping the GA executed by the system 
200. The bound setting module 208 outputs the bound to the 
variance module 216. 
The population analysis module 210 analyses the popula 

tion received from the population creation module 206 and 
outputs information such as length of strings and size of the 
population to the iteration selection module 212. The iteration 
selection module 212 selects the starting iteration number 
from which to consider best ?tness values for calculating 
variance. The iteration selection module 212 selects the start 
ing iteration number based on the length of strings and size of 
the population received from the population analysis module 
210. Additionally, the iteration selection module 212 selects a 
predetermined (minimum) number of iterations for which 
variance calculation is to be performed. In some implemen 
tations, the user may input the starting iteration number and 
















