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Communication Complexity

I How much do parties need to communicate in order to
complete a task?

I Pops up everywhere. Streaming algorithms, extension
polytopes, data structures and more.

I In this talk, we focus on two parties (Alice and Bob)
computing a Boolean function.
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Rank

X

Y

Building the truth table for the function computed by the
protocol.
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Inputs that reach any 1 leaf form a rank ≤ 2c matrix.
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Cost c protocol for F
=⇒

MF has rank ≤ 2c.



Protocol-Rank Equivalence?

Conjecture (Lovász Saks ‘88)

∃ constant α s.t. D(F ) ≤ logα rank(F )

I Connects comm comp measure with algebraic measure.
Known analogous connections have been useful.

I Has connections to graph colouring, low degree
polynomials.

For: [Lovett ‘13] showed that D(F ) . O
(√

rank(F )
)

.

Against: [Göös Pitassi Watson ‘15] showed that α ≥ 2.

Fun fact: LRC is True if you restrict the rank decomposition to
be nonnegative.
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Against: [Göös Pitassi Watson ‘15] showed that α ≥ 2.

Fun fact: LRC is True if you restrict the rank decomposition to
be nonnegative.



Protocol-Rank Equivalence?

Conjecture (Lovász Saks ‘88)

∃ constant α s.t. D(F ) ≤ logα rank(F )

I Connects comm comp measure with algebraic measure.
Known analogous connections have been useful.

I Has connections to graph colouring, low degree
polynomials.

For: [Lovett ‘13] showed that D(F ) . O
(√

rank(F )
)

.
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log rank(F )
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Randomized can do better
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length O(log n).)

I log rank doesn’t serve
as a lower bound
anymore with
randomness.

I What structure of
randomized protocols
can we exploit?



Randomized can do better

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1 0

0 1

0 0 11

1

0

0

0 1 1

I Equality has rank 2n.
Requires n bits of
communication.

I Equality has an
O(log n) protocol.
(Check equality modulo
a random prime of
length O(log n).)

I log rank doesn’t serve
as a lower bound
anymore with
randomness.

I What structure of
randomized protocols
can we exploit?



Randomized can do better

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1 0

0 1

0 0 11

1

0

0

0 1 1

I Equality has rank 2n.
Requires n bits of
communication.

I Equality has an
O(log n) protocol.
(Check equality modulo
a random prime of
length O(log n).)

I log rank doesn’t serve
as a lower bound
anymore with
randomness.

I What structure of
randomized protocols
can we exploit?



Randomized can do better

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1 0

0 1

0 0 11

1

0

0

0 1 1

I Equality has rank 2n.
Requires n bits of
communication.

I Equality has an
O(log n) protocol.
(Check equality modulo
a random prime of
length O(log n).)

I log rank doesn’t serve
as a lower bound
anymore with
randomness.

I What structure of
randomized protocols
can we exploit?



Randomized can do better

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1 0

0 1

0 0 11

1

0

0

0 1 1

I Equality has rank 2n.
Requires n bits of
communication.

I Equality has an
O(log n) protocol.
(Check equality modulo
a random prime of
length O(log n).)

I log rank doesn’t serve
as a lower bound
anymore with
randomness.

I What structure of
randomized protocols
can we exploit?



A Randomized Communication Protocol

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1

`

0

0

0

1

0 1

1

0 1

0 1

1

0 1 0

0

1

Pr[(x, y) is accepted]
=

Pr[(x, y) reaches a 1-leaf].

Pr[(x, y) reaches `]
=

PrrA [x answers red]
×

PrrB [y answers blue].



A Randomized Communication Protocol

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1

`

0

0

0

1

0 1

1

0 1

0 1

1

0 1 0

0

1

Pr[(x, y) is accepted]
=

Pr[(x, y) reaches a 1-leaf].

Pr[(x, y) reaches `]
=

PrrA [x answers red]
×

PrrB [y answers blue].



A Randomized Communication Protocol

Alice

x ∈ X

rA, a string of random bits

Bob

y ∈ Y

rB, a string of random bits

A

B A

1 A 0 1

B B

0 1 1

`

0

0

0 1

0

1

1 0 1

0

1

1

0 1

0

0 1

Pr[(x, y) is accepted]
=

Pr[(x, y) reaches a 1-leaf].

Pr[(x, y) reaches `]
=

PrrA [x answers red]
×

PrrB [y answers blue].



Small Approximate Rank

PrrA [x answers red]

PrrB [y answers blue]

0

0

.8

.5

.60.50

.4

.25

.48

.3

Pr[(x, y) reaches `] is a rank 1 matrix.

Pr[(x, y) is accepted] is a rank ≤ 2c matrix.



Small Approximate Rank

PrrA [x answers red]

PrrB [y answers blue]

0

0

.8

.5

.60.50

.4

.25

.48

.3

Pr[(x, y) reaches `] is a rank 1 matrix.

Pr[(x, y) is accepted] is a rank ≤ 2c matrix.



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

MF

Approx. Rank ≤ 2c

.8 .9 .1 .2

0 .9 .1 .1

0 .1 .8 0

.1 0 0 1

MPr of accepting

Rank ≤ 2c

log rank1/3(F ) ≤ c.



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

MF

Approx. Rank ≤ 2c

.8 .9 .1 .2

0 .9 .1 .1

0 .1 .8 0

.1 0 0 1

MPr of accepting

Rank ≤ 2c

log rank1/3(F ) ≤ c.



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

MF

Approx. Rank ≤ 2c

.8 .9 .1 .2

0 .9 .1 .1

0 .1 .8 0

.1 0 0 1

MPr of accepting

Rank ≤ 2c

log rank1/3(F ) ≤ c.



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

MF

Approx. Rank ≤ 2c

.8 .9 .1 .2

0 .9 .1 .1

0 .1 .8 0

.1 0 0 1

MPr of accepting

Rank ≤ 2c

log rank1/3(F ) ≤ c.



Protocol-Rank Equivalence?

Conjecture (ForgeGod ’05, Lee Shraibman ’07)

∃ constant β s.t. R(F ) ≤ logβ rank1/3(F )



Protocol-Rank Equivalence?

Conjecture (ForgeGod ’05, Lee Shraibman ’07)

∃ constant β s.t. R(F ) ≤ logβ rank1/3(F )

Figure: Screenshot from “Communication complexity - Wikipedia” (Dec ‘05)
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The Web of Conjectures

Log-Approximate-
Rank Conjec-

ture [LS09]

Grolmusz’s Con-
jecture [Gro97]

Log-Rank Con-
jecture [LS88] Strong Log-

Approximate-
Nonnegative-Rank

Conjecture [KMSY14]Log-Rank-Conjecture
for XOR Functions

Log-Approximate-
Nonnegative-Rank

Conjecture [KMSY14]

Quantum-Log-Rank
Conjecture [LS09]

Parity Kill Number
Conjecture [TWXZ13]



Protocol-Rank Non-Equivalence

Theorem (Chattopadhyay Mande S ’19)
There is a function F : {0, 1}n × {0, 1}n → {0, 1} such that
rank1/3(F ) ≤ O(n2), but R(F ) ≥ Ω(

√
n).
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SINK(z) = 1 iff there is a
sink in the graph Gz.
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decided by the red variables,
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v1 is a sink iff xv1 = yv1 .

Mv1 is a sink has approximate
rank ≤ 2R(EQ) = mO(1).

MF =
∑
Mvi is a sink has

approximate rank mO(1).
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Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks



Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks

Pr[input has a sink] =
m

2m−1



Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks

E[ # of non-sinks rejected] ≥ .99 # of non-sinks



Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks

E[# of sinks rejected] ≤ .01# of sinks



Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks



Randomized Communication Lower Bound

Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
# of non-sinks covered

≤ 1

99

# of sinks
# of non-sinks
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Assume we have a cost c randomized protocol solving SINK
with error ≤ .01.

X

Y

E[# sinks rejected]

E[# non-sinks rejected]
≤ 1

99

# sinks
# non-sinks

There is a cost c det. protocol such that the
0 leaves satisfy

# of sinks covered
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≤ 1

99
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# of non-sinks

There is a rectangle R such that |R| ≥ Ω(22n−c) and

|R ∩ sinks|
|R|

≤ .02
m

2m−1
.



No large monochromatic rectangles

I Let R = A×B be a sink-free rectangle.

If |R| = 22(m2 ), it is
the whole universe. We will show that |R| ≤ 22(m2 )−m.

I For v1 to not be a sink, the projected sets
Av1 , Bv1 ⊆ {0, 1}m−1 must be disjoint. So
|Av1 ×Bv1 | ≤ 22(m−1)−2.

I In terms of entropy, H(Av1Bv1) ≤ 2(m− 1)− 2.
I Shearer’s Lemma comes in handy.
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No large monochromatic rectangles - II

H(AB) ≤
∑
i∈[m]

H(AviBvi)

I Hence H(AB) ≤ 2m(m− 1)− 2m = 4
(
m
2

)
− 2m.

I We have been double counting our inputs. Shearer’s
Lemma lets us account for that.

2H(AB) ≤
∑
i∈[m]

H(AviBvi)

H(AB) ≤ 2m(m−1)−2m
2 = 2

(
m
2

)
−m.
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No large biased rectangles

I Let R = A×B be an anti-sink-biased rectangle. i.e.

|R ∩ sinks|
|R|

≤ .02
m

2m−1
.

I At least 2m/3 vertices v satisfy

|R ∩ v − sink|
|R|

≤ .06
1

2m−1

I It can be shown that H(AvBv) ≤ 2(m− 1)− Ω(1).
[Gavinsky ‘16]

I Using this as before, we get

H(AB) ≤ 4(m2 )−2m/3·Ω(1)

2 = 2
(
m
2

)
− Ω(m).
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Other Sunken Conjectures

Log-Approximate-
Rank Conjec-

ture [LS09]

Grolmusz’s Con-
jecture [Gro97]

Log-Rank Con-
jecture [LS88] Strong Log-

Approximate-
Nonnegative-Rank

Conjecture [KMSY14]Log-Rank-Conjecture
for XOR Functions

Log-Approximate-
Nonnegative-Rank

Conjecture [KMSY14]

Quantum-Log-Rank
Conjecture [LS09]

Parity Kill Number
Conjecture [TWXZ13]
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So what now?

I Quantum vs Log Approximate Rank?
I Can the Log Approximate Nonnegative Rank Conjecture

be similarly refuted?
I What other functions refute the LARC?



No wait, I’ve still got time!

Extending to the Log Approximate Nonnegative Rank
Conjecture.
I Can we find an f such that

I f−1(1) is a disjoint union of few subcubes,
I f−1(0) is a disjoint union of few subcubes
I and f ◦ XOR has large randomized communication

complexity?

Answer: No. [Ehrenfeucht Haussler ‘89]
I What if we looked at affine subspaces instead of

subcubes?
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If I somehow still have time

Skipped proofs:
I If Pr[Av1 = Bv1 ] ≤ .1 · 2−(m−1), then
H(Av1Bv1) ≤ 2(m− 1)− Ω(1).

I If f−1(0) and f−1(1) are disjoint unions of few subcubes,
then f ◦ XOR is easy for randomized communication.



Open Questions

I Settle the Log-Approximate-Nonnegative Rank Conjecture.

I At least for XOR functions?

I Are there other interesting counterexamples of the
Log-Approximate Rank Conjecture?
I They would be necessary for separating quantum and

classical communication complexity for total functions.
I Can we avoid Shearer’s Lemma in this proof and make it

more like the Shearer-free RPDT lower bound?

Thank You. Questions are welcome.
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