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Total Boolean function

f:{0,1}" — {0, 1}.
Ty Ty 3 f(2)
0 0 0 O
0 0 1 1
0 1 0 1
0 1 1 1
1.0 0 O
1.0 1 0
1 1 0 0
11 1 0
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Partial Boolean function

£:40,1}" = {0,1, *}.

Ty T2 -’Esfl")

0

0
0
0
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Relation: f C {0, 1}" x R.

Ty Ty z3 f()

0

0

0
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° The query model

Q Composed functions

© our work
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Outline

@ The query model
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Decision tree: deterministic

x1? fz(xl/\XQ,)\/(x_l/\XQ).
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Decision tree: deterministic

x1? f—&rﬁﬁ\/ x1/\xz

/ w3 1 Ax2)
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Decision tree: deterministic

x1? f—&rﬁwﬁv xl/\xz

A
AN
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Decision tree: deterministic

x1 /\.XI3 x1 /\x2

AN
FaN
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Decision tree: deterministic

(x1 A x3 Vf)q—fwez-)—

AT
AN
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Decision tree: deterministic

x1? = (x1 Ax3) VETAXD=
(s ¥
(1 Ax3) (0 A x2)

X2? )C3?
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Decision tree: deterministic

x0? f= (1 Ax3) VA==
(3 ¢
(1 Ax3) (0 A x2)

X2? )C3?
0 1 0 1
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Decision tree: deterministic

x1 /\)C3 x1 /\)C2

PN
FANEAN

D(f) = depth of the shallowest decision tree that computes f.
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Decision tree: randomized

@ Algorithm has access to some source of randomness.
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Decision tree: randomized

@ Algorithm has access to some source of randomness.
@ The next query depends on the past computation and the randomness.

@ Requirement: For every input x, Pr[f(x) = output(x)] > 1 — .
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Decision tree: randomized

@ Algorithm has access to some source of randomness.
@ The next query depends on the past computation and the randomness.
@ Requirement: For every input x, Pr[f(x) = output(x)] > 1 —e.

@ Complexity: Number of queries made in the worst case (over inputs and
randomness).
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Decision tree: randomized

@ Algorithm has access to some source of randomness.
@ The next query depends on the past computation and the randomness.
@ Requirement: For every input x, Pr[f(x) = output(x)] > 1 —e.

@ Complexity: Number of queries made in the worst case (over inputs and
randomness).

@ R.(f)=Complexity of the best algorithm. R(f) := R, /3(f).
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Motivation: Computational Complexity Theory

EXPSPACE

Turing machines
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Motivation: Computational Complexity Theory

EXPSPACE

Turing machines

Simple model. Unconditional lower bounds.

Swagato Sanyal (lIT Kharagpur) Decision tree complexity February 21, 2019 9/32



Outline

9 Composed functions
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Composed functions
@ f,g:{0,1}* — {0,1}.
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Composed functions
@ f,g:{0,1}* — {0,1}.

@ fog(xM ... x™) = flg(xM),..., g(xM)).

I TR I R
0 @ )
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Composed functions
@ f,g:{0,1}* — {0,1}.

® foglx, .. x) = f(g(xV),....g(x™)).

f
g 8
A A IR A
e x@ x()

@ Separating complexity measures, constructing hard functions.
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Composition questions

@ D(fog) < D(f) - D(g).

/‘\ /TN
Decisiontree for/ . Decision tree for f o g
/.\i:/ \\;' /

B EEN B

Simulate f’s tree;
serve its queries
Decision tree for g by simulating g’s tree.
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serve its queries
Decision tree for g by simulating g’s tree.

® R(fog) = O(R(f) - R(g))-

Swagato Sanyal (IIT Kharagpur) Decision tree complexity February 21, 2019 12/32



Composition questions
® D(f 0 g)=D(f) - D(s).

Decisiontree for/ . Decision tree for f o g

B EEN B

Simulate f’s tree;
serve its queries
Decision tree for g by simulating g’s tree.

® R(fog) = O(R(f) - R(g))-
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Composition questions

@ Exact degree
@ Approximate degree [Sherstov’12, Sherstov’13, Bun and Thaler’'13]

@ Communication complexity [Gods, Pitassi, Watson’15], [G66s, Pitassi,
Watson’15], [Chattopadhyay et. al.17], [Hatami, Hosseini, Lovett’16]

@ Conical juntas [G606s, Jayram '16]
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This work

Recall: R(f o g) = O(R(f) - R(g)).

Swagato Sanyal (lIT Kharagpur) Decision tree complexity



This work

Recall: R(f o g) = O(R(f) - R(g)). Tight?

Swagato Sanyal (lIT Kharagpur) Decision tree complexity



This work

Recall: R(f o g) = O(R(f) - R(g)). Tight?
o [AGJKLMSS17] R(fog) = QR(f) - Ry a1 /m(g))-

@ [Ben-David and Kothari'16] R(f o g) = Q(R(f)) - v/R(g)) for total
functions f, g.
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This work

Main Theorems [Gavinsky, Lee, Santha, S.]
Let f be any relation, and g be any partial function. Then,
R(f o g) = QR(f) - VR(g))-

Tight in this generality: there exists a relation f and a partial function g such

that R(f o g) = O(R(f) - /R(g))-
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This work

Main Theorems [Gavinsky, Lee, Santha, S.]
Let f be any relation, and g be any partial function. Then,
R(f o g) = QR(f) - VR(g))-

Tight in this generality: there exists a relation f and a partial function g such

that R(f o g) = O(R(f) - /R(g))-

@ Proved via Max-Conflict complexity.
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The tight example

g is the following Gap-Hamming problem on » bits:

[0 iy <2 —10va,
g(")—{1 if [x| > 1+ 10y/n.
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The tight example

g is the following Gap-Hamming problem on » bits:
[0 i<t 10ya,
8x) = { 1 if x> 2 410/

f is the following relation. Let x be an n-bit string. H(-) is the Hamming
distance.

J@) = Dy e 101) [ Hiry) < 2 -V
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Query complexity of g is O(n):

Recall: - v
_ 0 ifx[ <5 —10y/n,
g(")—{ 1 ifx] > 2+ 10y,
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Query complexity of g is O(n):

Recall: | Y
_J 0 if|x] <5 —10y/n,
g(x)—{ it > 1+ 10y,

@ Pr[A random input bit = output] ~ 5 + 5.
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Query complexity of g is ©(n):

Recall: 1y Ny
_J 0 if|x] <5 —10y/n,
g(x>—{ it > 1+ 10y,

@ Pr[A random input bit = output] ~ 5 + 5.

@ = arandom input bit carries ~ ﬁ bits of information about g.
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Query complexity of g is ©(n):

Recall: - v
_J 0 ifx] <5 —10y/n,
g(x>—{ it > 1+ 10y,

@ Pr[A random input bit = output] ~ § + ﬁ
@ = arandom input bit carries ~ ﬁ bits of information about g.

@ = Any algorithm must query Q(n) input bits to infer g with non-trivial
probability.
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Query complexity of f is ©(y/n)

Recall: f : x — any y such that [{i : y; = x;}| > 5 + io
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Query complexity of f is ©(y/n)

Recall: f : x — any y such that [{i : y; = x;}| > 5 + \1/—0’7

Query algorithm for f:
@ Query xy, ..., x5/5-
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Query complexity of f is ©(y/n)

Recall: f : x — any y such that [{i : y; = x;}| > 5 + \1/—0’7

Query algorithm for f:
@ Query xy, ..., x5/5-
@ Sample zsy 41, - - - 2o UNiformly at random.

o Retum x1,...,xSo\/ﬁ7Z50\/ﬁ+1,...,Zn.
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Query complexity of f is ©(y/n)

S f Doy — noy v
Recall: f : x — any y such that [{i : y; = x;}| > 5 + ¥

Query algorithm for f:

Q Query xi, ..., x50 /-

@ Sample zsy 41, - - - 2o UNiformly at random.
Q Return xi, ..., x50 /i 250 i 15 - - - » Zn-

Optimal. Reason: With § probability a random bit vector matches x in at most
5 locations.
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fog

Nt

g: Gap-Hamming.

anyyst H(y, (3(xV) ..., g(x

(0 x%’\afn.)\
A7\

xgl) x,(,l) (2) (2) (2) (n) gn)

X170 X L X X1
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Query complexity of f o g is O(n)

Recall: Inputto f o g is a n? bit string x("), ... x("), where each
x) = (xgl), . .x,(,l)).
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Query complexity of f o g is O(n)

Recall: Inputto f o g is a n? bit string x("), ... x("), where each
x) = (xgl), Ly,

Query algorithm for f o g":
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Query complexity of f o g is O(n)

Recall: Input to f o g is a n? bit string x("), ..., x("), where each
x) = (xgl), Ly,
Query algorithm for f o g":

@ For each i, draw z( uniformly at random from among {x\", ... x{"}.
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Query complexity of f o g is O(n)

Recall: Inputto f o g is a n? bit string x("), ... x("), where each
x) = (xii), Ly,

Query algorithm for f o g":

@ For each i, draw z( uniformly at random from among {x\", ... x{"}.
Q Returnz(V, ...z,
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Query complexity of f o g is O(n)
Recall: Inputto f o g is a n? bit string x("), ... x("), where each
x® = ()cgi)7 .. .x,(,i)).
Query algorithm for f o g":
@ For each i, draw z( uniformly at random from among {x\", ... x{"}.

Q Returnz(M, ... 7z,

Analysis: Recall that the g(x()’s are inputs to the top f. Each z() is
independently equal to g(x()) with probability at least % + % Then use
Chernoff bound.
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Query complexity of f o g is O(n)

Recall: Input to f o g is a n? bit string x("), ..., x("), where each
x) = (xgi)7 Ly,

Query algorithm for f o g":

@ For each i, draw z( uniformly at random from among {x\", ... x{"}.
Q Returnz(M, ... 7z,

Analysis: Recall that the g(x()’s are inputs to the top f. Each z() is
independently equal to g(x()) with probability at least % + % Then use
Chernoff bound.

R(f o g) = O(R(f) - \/R(g))-
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Reflection

How did we beat the ‘trivial’ algorithm?
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How did we beat the ‘trivial’ algorithm?

@ Solve copies of g with advantage 1 + o(1). Takes fewer queries.
@ Combine those ‘noisy’ responses to compute f. Takes more queries than

R(f).
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Reflection

How did we beat the ‘trivial’ algorithm?

@ Solve copies of g with advantage 1 + o(1). Takes fewer queries.
@ Combine those ‘noisy’ responses to compute f. Takes more queries than

R(f).

@ Saves queries overall.
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Reflection

How did we beat the ‘trivial’ algorithm?

@ Solve copies of g with advantage 1 + o(1). Takes fewer queries.
@ Combine those ‘noisy’ responses to compute f. Takes more queries than

R(f).

@ Saves queries overall.

Next question: What happens if both f and g are functions?
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Lower bound
R(f o g) = QR(f) - VR(g)). J
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Proof Outline.
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Proof Outline

@ Recall statement: R(f) = O(R(f o g)/+/R(g)).
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@ R(f o g) small and R(g) large = efficient query algorithm for f.
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Proof Outline

@ Recall statement: R(f) = O(R(f o g)/+/R(g)).

@ R(f o g) small and R(g) large = efficient query algorithm for f.

@ R(f o g) small = Efficient algorithm A’ for f o g.
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Proof Outline

@ Recall statement: R(f) = O(R(f o g)/+/R(g)).

@ R(f o g) small and R(g) large = efficient query algorithm for f.
@ R(f o g) small = Efficient algorithm A’ for f o g.

@ R(g) large =7
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Proof Outline

@ Recall statement: R(f) = O(R(f o g)//R(g)).

@ R(f o g) small and R(g) large = efficient query algorithm for f.
@ R(f o g) small = Efficient algorithm A’ for f o g.
@ R(g) large =7

@ Suitably chosen probability distributions pg ~ g='(0), 1 ~ g~ '(1).
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Proof Outline

Recall statement: R(f) = O(R(f o g)/+/R(g))-

@ R(f o g) small and R(g) large = efficient query algorithm for f.

R(f o g) small = Efficient algorithm A’ for f o g.

@ R(g) large =7

Suitably chosen probability distributions g ~ g='(0), 1 ~ g~ (1).

Use uo, 111, A’ to design efficient algorithm A for f.
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Proof Outline (Contd.): Designing algorithm A for f

@ Input: z=(z1,...,2,) € {0, 1}".
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).

@ |dea: Run A’ on x and return.
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).
Z:<Zl7"'7zi7"'7zn)

NOJENCISNCY

Sampled from fi,

@ |dea: Run A’ on x and return.
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).
Z:<Zl7"'7zi7"'7zn)

(0, X =0y, Xy

ey ey

Sampled from fi,

@ |dea: Run A’ on x and return.
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).
Z:<Zl7"'7zi7"'7zn)

Returnx=(x(V, = xO0=@ . x"), . x®)

Sampled from fi,

@ |dea: Run A’ on x and return.
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Proof Outline (Contd.): Designing algorithm A for f
@ Input: z = (zy,...,2z,) € {0,1}".

@ Sample x € {0,1}" such that f(z) = f o g(x).
Z:<Zl7"'7zi7"'7zn)

Returnx=(x(V, = xO0=@ . x"), . x®)

Sampled from fi,
@ Note: f o g(x) = f(2).

@ |dea: Run A’ on x and return.
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Proof Outline (Contd.): Designing algorithm A for f
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Proof Outline (Contd.): Designing algorithm A for f

Z:(Zla"'aziv"'72n)

N

Return x = (x(), ., x("):(xgi),...,x,(f))’ ., x()

Sampled from pi,,
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Proof Outline (Contd.): Designing algorithm A for f

Return x = (x(), x) = (xgi), . ,x,(,i))’ x()

ey

Sampled from pi,,
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Proof Outline (Contd.): Designing algorithm A for f

Query z;?

Return x = (x(), x) = (xgi), . ,x,(,i))’ x()

ey

Sampled from pi,,
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

01
02

03
[0]n
Input: , ) , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’ algorithm for f o g

01
02

03
[0]n
Input: , ) , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx{? = 0] | Prfxl? = 1]

o 0.4 0.6
to be drawn from Mz I 0.65 0.35
x§3)?
_—
o 04 06 0|1
02
s

0.65 0.35 03

@ n
Input: HE _, Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx{? = 0] | Prfxl? = 1]

o 0.4 0.6
to be drawn from Mz I 0.65 0.35
x§3)?
_
' 04 06 0|1
Mo : R n 2
r=93 Tols 035 03
JAR 1= T X

@ n
Input: HE _, Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx{? = 0] | Prfxl? = 1]

o 0.4 0.6
to be drawn from Mz I 0.65 0.35
x§3)?
_
' 04 06 0|1
Mo ¢ e
0 0|2
r=93 Tols 035 03
JAR 1= T -

@ n
Input: , ) , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’ algorithm for f o g

01
02

03
[0]n
Input: , ) , Query register

Swagato Sanyal (lIT Kharagpur) Decision tree complexity



Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx? = 0] | Prfx{? = 1]

140 0.5 0.5
to be drawn from g, 11 0.6 0.4
o 05 05 01
02
. 06 04 3
[0]n
Query register
Input: EIE3RREY
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx? = 0] | Prfx{? = 1]

o 0.5 0.5
to be drawn from ., 1 0.6 0.4

05 05  |o0]1
—07: ] 02

0.6 04 03
o]

Input: |z1 |12 | = | _ , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Prfx? = 0] | Prfx{? = 1]

o 0.5 0.5
to be drawn from ., 1 0.6 0.4

05 05  |o0]1
—07: ] 02

06 04 03
[0]n
Input: , ) , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’ algorithm for f o g

01
02

03
[0]n
Input: , ) , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Pl = 0] | P!V = 1]

o 0.3 0.7
to be drawn from ., 1 0.8 0.2
xél)?
_—
e 03 07 g ;

M1t M 3
[0]n
Input: @ . , Query register
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Proof Outline (Contd.): Designing algorithm A for f
A’: algorithm for f o g

Pl = 0] | P!V = 1]

o 0.3 0.7
to be drawn from ., 1 0.8 0.2
xél)?
_—
.03 |07 0|1
. R
r=205:

e 0. 0.2 3
[0]n
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Proof Outline (Contd.): Designing algorithm A for f
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@ One ‘real’ query in how many ‘false’ queries?
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Proof Outline (Contd.): Designing algorithm A for f

A’: algorithm for f o g

Pl = 0] | P!V = 1]
o 0.3 0.7
to be drawn from ., 1 0.8 0.2
xél)?
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@ One ‘real’ query in how many ‘false’ queries?
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@n

Query register

@ Conflict complexity of g (x(g)). Choose o, w1 optimally.
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proof outline: finishing.

® R(f) = O(R(f o g)/x(g))-
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proof outline: finishing.

@ R(f) = O(R(f o 8)/x(8))-

@ x(R(g)) = Q(+/R(g)). Proof uses information theory.
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End of proof outline.
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Thank you.
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