Discrete Mathematics DATE : 03.08.2018

Solution of Assignment 11

Instructor: Sourav Chakraborty Scribe: Madhumita Kundu

Problem 1: Write the contrapositive of the following statement:

Given a finite family of convex sets C;,Cy,...,C, in R? (where n > d + 1) such
that if the intersection of every d+ 1 of these sets is non-empty, then the whole
collection has a nonempty intersection.

Answer: Here , the statement ”Given a finite family of convex sets Cy, Ca,...,C, in R?
(where n > d+1)” is the set of assumptions(variables) which will hold for the entire prob-
lem. So, we can denote this as Vz.

Now consider ,

”if the intersection of every d 4 1 of these sets is non-empty” as A(z) and
"then the whole collection has a nonempty intersection” as B(zx) .

So, the statement reduces to
Vz (A(z) = B(x))

Now the contrapositive of this is

Vz (-B(z) = -A(z)) .

So,the contrapositive of the whole statement will be ,

Given a finite family of convex sets Cy,Cs, ...,C, in R? (where n > d + 1), if the whole
collection has an empty intersection then there exist a d + 1 of these sets which is empty.

Alternative Answer : Consider y : finite family of sets C1,Co, ...,C}, in Rd(where n >
d+1) and C(y) :y is convex . So, we can denote "VyC(y)” as finite family of convex sets
C1,Cy, ...,Cp in R? (where n > d + 1).

Then the statement can be written as

Yy (C(y) = (Aly) = B(y)))

So, the contrapositive of this can be written as,
Vy (- (A(y) = B(y))) = ~C(y))
Yy ((A(y) A =B(y)) = ~C(y))



Hence, the contrapositive of the whole statement will be,
For a finite family of sets C1,Cy,...,C, in R(where n > d + 1), if the intersection of
every d + 1 of these sets is non-empty and the whole collection has an empty intersection

then the family of sets is not convex.

Problem 2: Prove that for any positive reals a,b

a;sz&

Answer: Given that,
a,be RT

Hence , \/a, Vb exist.

We know that,

il =

a+b—2Vab>0
a+b>2Vab

“;sz@

(Proved).

Problem 3: Prove that for any positive reals a,b,c,d

W > Vabed

Answer: Given that,
a,b,c,d € RT

Hence+/a,v/by/cV/d exist.

We know that,

a+b—2Vab>0
a+b>2vVab



2
Similarly for ¢ and d,
d
€ _; >vVed
Now suppose,
_a+b
P=3
c+d
1=
As, a,b,c,d € RT |, Hence , p,qg € RT
So,
p+q
S >v/pq

After putting the value of p and q , We get,

Gt Jlatd) (et d)
2

- 2 2
As,
I > vab
and p
CJ; >Ved
Hence,
(a+0b)(c+4d) > Vabed
2 2
So,
atb 4 ctd
2 5 2 >\Nabed
atb | ctd
2 5 2> vabed
(Proved)

Problem 4: Prove that+/2 is not rational.

Answer: Let’s say ,1/2 is rational.

v2="
q
(Where p and ¢ are integers and ¢ # 0 and p and ¢ is coprime )

hence,
p=V2q



p> =2¢°> (Squaring both side)

So, p? is even = p is even.(As, square of odd number can’t be an even number)

Let’s say , p = 2m

p2 _ 2q2
= (2m)2 = 2q2
= 2m? = q2

Hence, ¢ is also even.

As, p and ¢ both are even , they are not coprime(as they have common factor) which
is a contradiction.

Hence ,v/2 is irrational (Proved)
Problem 5: Prove that/2 ++/3 is not rational.

Answer: Let’s say ,v/2 +v/3 is rational.

Hence ,
V2+v3="L (Where p and q are coprime)
q
=v3=L2_v2
q
» 2
=3 = ( —\/5) (Squaring both side)
q
p? p
=3=" —2V25 42
q q
2
q (P
=v2=+ (8
2p <q2 )
p q
=ve=L_ 49
29 2p

As , p and q are rational, right side of this expression is rational.

But left side of the expression isv/2 which is irrational (Proved earlier)
Which can’t be true at the same time.

Hence , (/2 ++/3) is irrational.(Proved)



Problem 6: Is the statement (p Aq)V (-pV (p A =¢q)) a tautology or a contra-
diction or none.

Answer:
(pA@)V(=pV(pA—q))
= pPAgV((—pVp) A(—pVq) (Using Distributive Law)
= pPAqgV(TA(—pV—q) (Where T is Tautology)
= PAQV(-pV )
= (pAq)V-(pAq) (Using Demorgan’s law)
=T (Where T is Tautology)

Hence the statement is Tautology.
Problem 7: Prove that there are infinitely many primes of the form 3(mod4).

Answer: Let’s say there are finite number of primes of the form 3(mod)4. They are
P, P, ... P

Now consider a number P = P P;......P;. So P can be of the form (4k + 1) or (4k + 3).

Case 1: When P is of the form (4k + 1) , then consider a number P’ = (P + 2) (Which is
of the form (4k + 3) )

We know that Vi(l1 < i < k), P;|P.and if P;|P’ then P; has to divide 2 but no prime
of the form (4k + 1) divides 2. (As, 2 is the smallest prime and not of the form (4k + 1))
Hence Vi(1 <i < k), P, [P

Case 2 : When P is of the form (4k + 3) , then consider a number P” = (P + 4)(Which is
also of the form (4k + 3))

We know that Vi(
of the form (4k +1
(4k+1))

Hence Vi(1 <i < k), P; [P".

< ¢ < k), P;j|Pand if P;|P” then P, has to divide 4 but no prime
divides 4. ( As, 2 is the only prime which divides 4 but not of the form

~—

So P" and P” (which are of the form (4k + 3)) doesn’t have any prime factor of the form
(4k + 3).

So , P! and P” can have prime factor only of the form (4k + 1).

Taking prime factorization of P’ and P”, we get,

P = (r{try2.rl)

and

P = (mf%’n?mf’“)



(where all s and m/s are of the form (4k+1)).

We know that multiplication of all the numbers of the form (4k + 1) is always of the
form (4k +1).

As P' and P” are of the form (4k + 3), Atleast one of the r}s and one of the m/s has to be
of the form (4k + 3) but we have proved that no prime of the form (4k + 3) divides P’ and
P” which is a contradiction.

Hence , Number of primes of the form 3(mod)4 are infinite.(Proved)

Problem 9: Write the opposite of the following statement: There is an uni-
versity in USA where every department that has at least 20 faculty has at least
one noble laureate.

Answer: This statement can be written as,

3 university Ydepartments (number of faculties > 20) = (atleast one nobel laureate)

So,the opposite of the statement is,
= (3 university VYdepartments (number of faculties > 20) = (atleast one nobel laureate))

= YV universities ( - (Vdepartments (number of faculties > 20) = (atleast one nobel laureate)))
= Y universities 3 department (= ((number of faculties > 20) = (atleast one nobel laureate)))
= YV universities 3 department ((number of faculties > 20) A — (atleast one nobel laureate))

= V universities 3 department ((number of faculties > 20) A = (no nobel laureate))

Hence,the answer is :

” for all universities in US A there exist a department that has atleast 20 faculty has no nobel laureate”

Problem 10: What is the contrapositive of the statement For all C,D,E, F > 0
there exists an N € N such that for all n > N we have, C2" > Dn® and
E(logn)* < F(n1o)

Answer: This statement can be written as,

1

VC,D,E,F > 0= 3N,¥n >N ((C2" > Dn) and (E(logn)* < F(nt)))

The contrapositive of this is,

1

- <EIN,Vn > N ((CZ" > Dn® ) and (E(logn)4 < F(nﬁ))>) = —V(C,D,E,F >0)



= (VN, In > N <ﬁ ((02" > Dn® ) and (E(zogn)4 < F(nﬁ)))» = —V(C,D,E,F > 0)

= (wv,an >N ((02” < Dn® ) or (E(logn)4 > F(nTlJO)))) = (3Ccv3IDVIEVIF)<0)

Hence the answer is :

For all N , there exist an n > N such that ((02” < Dn8® )or (E(logn)4 > F(nﬁlo))>
implies atleast one of C, D, E, F < 0



