Discrete Mathematics 19/8/2018

Assignment 3

Instructor: Sourav Chakraborty Scribe: Spandan Das

Answers to problems 1-7
1. Proof. We prove this by induction on n. Let,
P(n):=ForneN, (14+z)">1+nzx Vo>-1
Base: P(1) is true since,
l+z>214+2 Vr>-1

Assuming P(n) to be true we proceed to prove P(n + 1).

Ve > —1,
(1+2) = (1 +2)(1 +2)F
> (14+2)(1+ kx) (from P(k))
=1+ + kx + ka?
=1+ (k+ 1)z + ka?
>1+ (k+ 1)z (since 22 > 1)

2. Proof. We prove this by induction on n. Let,

P(n):=ForneN, ZZ’L' =mn+1)!-1
=1

Base: P(1) is true since,
1L.l=1=2-1
Assuming P(n) to be true we proceed to proof P(n + 1).

n+1

Zzz' Zn:zz'!—l—(n—kl).(n—i-l)!

1=1

=+ =1+ (n+1).(n+1)!

=(n+1n+1+1)—1
=(n+2)(n+1)! -1
=n+2)!-1
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3. Proof. We prove by induction on n. Let,
P(n) := Given a; = 5, a2 = 13 and ag4o = bag+1 — 6ay Vke N, a, =2" 43"
Assuming P(m) to be true we proceed to prove P(m + 1).

Um41 = 5 + 60,1 (by assumption)
=5(2" 4+ 3™) — 62" 1 + 3™ 1) (by P(m))
= (52M —6.2"7 1) + (5.3™ — 6.3 1)
= (5—3)2" 4 (5 —2)3™
=2.2™ 4 3.3™
— 2m+1 + 3m+1

O

4. Let us observe the problem in terms of graph theory. We define G(V, E') an undirected
graph as follows,

V = {v|v is a person}
E = {(u,v)|u knows v}

Then by definition, R(p,q) is the smallest natural number n such that a graph with
n vertices has either a size-p clique or a size-q independent set.

(a) To prove,
Rlp+1,q+1) <R(p,q+1)+ Rp+19)

Proof. Let R(p,q+ 1)+ R(p+ 1,q) = n. We need to prove that for any graph
G on n vertices, G either has a size-(p + 1) clique or a size-(¢ + 1) independent

set. Let us choose any vertex v € V. We define,

N, = {u e Vg|(u,v) € Eg}

N, = {ue Vg|(u,v) ¢ Eg}
Now either |N,| = R(p,q + 1) or [N,| = R(p + 1,q). Because if not then

‘VG’| = |Nv’ + |Nv‘ + ’{U}‘
<R(p,q+1)—1+R(p+1,q9) —1+1.
<n

This is a contradiction.

i. Case I: If |[N,| = R(p, g+1) then the induced subgraph of G on the vertex set
N, has a size-p clique or a size-(q + 1) independent set. Thus this subgraph
along with vertex v has either a size-(p+1) clique or a size-(¢+1) independent
set. Hence G will have either a size-(p+1) clique or a size-(¢+1) independent
set.
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ii. Case IIL: If |N,| > R(p+ 1, q) then the induced subgraph of G on the vertex
set N, has a size-(p + 1) clique or a size-q independent set. This subgraph
along with vertex v has either a size-(p+1) clique or a size-(¢+1) independent
set. Hence G will have either a size-(p+1) clique or a size-(¢+1) independent
set.

Hence we have proved by exclusive case studies that

R(p+1,9g+1)<R(p,q+ 1)+ R(p+1,q).

(b) To prove,
R(p,q) <CP{™% Vp,qeN

Proof. We prove this by induction on (p A q). Let,
P(i) == R(i,q) < CIT97% vgeN
Q(i) == R(p,i) < CV*™% WpeN
Base: (P(1) A Q(1)) is true since,
R(1,q) =1 VYgeN (by assumption)
R(p,1) =1 VpeN (by assumption)

Assuming (P(k) A Q(1)) to be true, we proceed to prove (P(k+ 1) A Q(I + 1)).

R(k+1,1+1)<R(k+1,0)+ R(k,l +1) (from 4.a)

<

<SG G by (P(R) A Q)]

= CFt [since CF + C = CFY

Hence by induction we are done. Ol

5. Proof. Let G(V, F) be an undirected graph, where,

V ={v1,...,v2, | v; is a participant for each i = 1,...,2n}
E = {v; ~ v; | if v; has shaken hand with v;}

Then we need to prove that if G is triangle free graph then | E |< n?.
We prove this by the induction on n.

Base : n = 2, then there can be at most 1 handshake.

=| E |< 1 < 2% Hence the claim is true for base case.

Assuming the claim to be true for n = 2k, let us now take any undirected graph
G'(Vgr, Egr) on 2(k + 1) vertices. By assumption the graph is triangle free.

Let u ~ v be any edge in G'. If there does not exist any such u and v, then | Eg |= 0
and our claim is trivially true.
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Now G’ — {u,v} is a graph on 2k vertices and by induction hypothesis has atmost k?
edges. Since G’ — {u, v} is a triangle free as well. Now since u ~ v, if 3w € V& such
that w ~ v and w ~ v, then G’ would have a triangle which is not possible. Thus u
and v cannot have a common neighbor.

.
N, ={we Vg | u~w} and
N, = {w € Viz | v ~ w} has no intersection
=
| Ny | + | Ny |< 2k (since G’ — {u,v} has 2k vertices)
Thus,

| Ecr | 2| Eqr—fuwy | +2k +1 (1 is added since u ~ v)
=k*+2k+1
= (k+1)

6. (a) Proof. We prove by induction on m.
Base: m =1
Then only choice for r is 0.

2
T0+121—0 + ToT1-0-1 = T1 + ToT
=1

The claim is true for base case. Assuming the claim to be true for all m < k, let
us now observe what happens for m = k + 1.

ZTg+1 = T + xp—1 (by definition of Fibonacci sequence)
Case 1: If r < k — 2, by induction hypothesis we can write,
Tk = Tr41Tk—r + TrLl—r—1

Th—1 = Tr41Th—1—p + TrTh—r—2

Thus,

Tt = Tp + Tp—1 = Trg 1 (Tp—r + Tp—p_1) + T (Thp—1 + Tp—r—2)

= Trp1Z(k4+1)—r T Tr&(kt1)—r—1

Case 2: If r = k — 1, then

Tr1Z(k41)—r T TrZ(k41)—r—1 = TET2 T Th-1T1 = Tk
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(b)

Case 3: If r = k, then

Tr 12 (k41)—r T TrT(k41)—r—1 = Th+1T1 T TET0 = Th41

Hence the claim holds for m = k + 1 Vr such that 0 < r < k. Thus by induction
we are done. ]

Proof. We prove by induction on n. P(n) := x4 | pq for n € N and Vd € N.
Base: n =1

x4|zq trivially holds ¥d € N. Hence P(1) holds.

Assume that P(k) is true for some k > 1. For any d € N,

d<(k+1)d—1 (keN).
Using previous question (6.a),

T(k+1)d = Td+1Tkd + TdTk—d-

By induction hypothesis x4 | xq. Hence x4 | Z(j41)4-
Thus P(k + 1) holds provided P(k) holds. Hence by induction we are done. []

Proof. We prove this by induction on number of vertices of the graph (n).
P(n): Any graph on n vertices with maximum degree k is (k + 1) colorable
Base: n = 1. Then the graph is 1-colorable. Hence it is (k + 1) colorable for any
ke Nu {0}. Thus P(1) is true.

Let us assume P(m) is true. Now let us take any graph G on (m+1) vertices with
max degree k. Let v be a vertex in G. Consider the graph G\{v}. By induction
hypothesis G\{v} is (k+ 1) colorable. Now when v is included in G\{v} to get G,
v has at most k neighbors, those have at most & different color. Thus one color is
remaining which can be assigned to v without violating coloring condition. Thus
G is (k + 1)-colorable as well. P(m) = P(m + 1), hence we are done. ]

Proof. We will prove by induction on number of vertices of the graph (n).
P(n):= Any connected graph on n vertices with degree less than or equal to 3
and at least one vertex with degree < 3 is 3 colorable.

Base: P(1) is trivially true since only 1 vertex is there, the graph can be colored
by single color.

Assume P(m) is true. Now consider any graph G = (V, E) on (m + 1) vertices
with degree < 3 and at least one vertex of degree < 3. Let v be a vertex of G
which has minimum degree. Since GG is connected Ju # v in V such that u ~ v.
Consider the graph G\{u}. Clearly this graph will satisfy the condition for P(m)
and hence it is three colorable. Let G\{u} be colored optimally.

If u has less than two neighbors, then neighbors of u can be colored by at most
two colors. Hence the third color can be assigned to u and G remains 3-colorable.
Suppose u has 3 neighbors, two neighbors other than v are vi, vs, say. In the
worst possible case let v; and ve have different colors C; and Cy respectively.
Now since v has at most 1 more neighbor other than u, v cannot be adjacent to
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vertices colored both C7 and Co in G\{u}. Thus for optimal coloring of G\{u},
it is always possible to color v with either C; or C;. Hence none of the neighbors
of u has been assigned the color Cs, which means u can be colored C'5 without
violating the coloring strategy. The graph G remains to be 3-colorable.

Hence by induction G is 3-colorable. O
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