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Answers to problems 1-7

1. Proof. We prove this by induction on n. Let,

P pnq :“ For n P N, p1` xqn ě 1` nx @x ą ´1

Base: P p1q is true since,
1` x ě 1` x @x ą ´1

Assuming P pnq to be true we proceed to prove P pn` 1q.

@x ą ´1,

p1` xqk`1 “ p1` xqp1` xqk

ě p1` xqp1` kxq pfrom P pkqq

“ 1` x` kx` kx2

“ 1` pk ` 1qx` kx2

ě 1` pk ` 1qx (since x2 ą 1q

l

2. Proof. We prove this by induction on n. Let,

P pnq :“ For n P N,
n

ÿ

i“1

i.i! “ pn` 1q!´ 1

Base: P p1q is true since,
1.1! “ 1 “ 2!´ 1

Assuming P pnq to be true we proceed to proof P pn` 1q.

n`1
ÿ

i“1

i.i! “
n

ÿ

i“1

i.i!` pn` 1q.pn` 1q!

“ pn` 1q!´ 1` pn` 1q.pn` 1q!

“ pn` 1q!pn` 1` 1q ´ 1

“ pn` 2qpn` 1q!´ 1

“ pn` 2q!´ 1

l
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3. Proof. We prove by induction on n. Let,

P pnq :“ Given a1 “ 5, a2 “ 13 and ak`2 “ 5ak`1 ´ 6ak @k P N, an “ 2n ` 3n

Assuming P pmq to be true we proceed to prove P pm` 1q.

am`1 “ 5am ` 6am´1 pby assumptionq

“ 5p2m ` 3mq ´ 6p2m´1 ` 3m´1q pby P(m)q

“ p5.2m ´ 6.2m´1q ` p5.3m ´ 6.3m´1q

“ p5´ 3q2m ` p5´ 2q3m

“ 2.2m ` 3.3m

“ 2m`1 ` 3m`1

l

4. Let us observe the problem in terms of graph theory. We define GpV,Eq an undirected
graph as follows,

V “ tv|v is a personu

E “ tpu, vq|u knows vu

Then by definition, Rpp, qq is the smallest natural number n such that a graph with
n vertices has either a size-p clique or a size-q independent set.

(a) To prove,
Rpp` 1, q ` 1q ď Rpp, q ` 1q `Rpp` 1, qq

Proof. Let Rpp, q ` 1q ` Rpp` 1, qq “ n. We need to prove that for any graph
G on n vertices, G either has a size-pp ` 1q clique or a size-pq ` 1q independent
set. Let us choose any vertex v P VG. We define,

Nv “ tu P VG|pu, vq P EGu

N̄v “ tu P VG|pu, vq R EGu

Now either |Nv| ě Rpp, q ` 1q or |N̄v| ě Rpp` 1, qq. Because if not then

|VG| “ |Nv| ` |N̄v| ` |tvu|

ď Rpp, q ` 1q ´ 1`Rpp` 1, qq ´ 1` 1.

ă n

This is a contradiction.

i. Case I: If |Nv| ě Rpp, q`1q then the induced subgraph of G on the vertex set
Nv has a size-p clique or a size-pq ` 1q independent set. Thus this subgraph
along with vertex v has either a size-pp`1q clique or a size-pq`1q independent
set. Hence G will have either a size-pp`1q clique or a size-pq`1q independent
set.
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ii. Case II: If |N̄v| ě Rpp` 1, qq then the induced subgraph of G on the vertex
set N̄v has a size-pp ` 1q clique or a size-q independent set. This subgraph
along with vertex v has either a size-pp`1q clique or a size-pq`1q independent
set. Hence G will have either a size-pp`1q clique or a size-pq`1q independent
set.

Hence we have proved by exclusive case studies that

Rpp` 1, q ` 1q ď Rpp, q ` 1q `Rpp` 1, qq.

l

(b) To prove,
Rpp, qq ď Cp`q´2

p´1 @p, q P N

Proof. We prove this by induction on pp^ qq. Let,

P piq :“ Rpi, qq ď Ci`q´2
i´1 @q P N

Qpiq :“ Rpp, iq ď Cp`i´2
p´1 @p P N

Base: pP p1q ^Qp1qq is true since,

Rp1, qq “ 1 @q P N (by assumption)

Rpp, 1q “ 1 @p P N (by assumption)

Assuming pP pkq ^Qplqq to be true, we proceed to prove pP pk ` 1q ^Qpl ` 1qq.

Rpk ` 1, l ` 1q ď Rpk ` 1, lq `Rpk, l ` 1q (from 4.a)

ď Ck`l´1
k ` Ck`1´l

k´1 [by pP pkq ^Qplqqs

“ Ck`l
k [since Cn

r ` Cn
r´1 “ Cn`1

r s

Hence by induction we are done. l

5. Proof. Let GpV,Eq be an undirected graph, where,

V “ tv1, . . . , v2n | vi is a participant for each i “ 1, . . . , 2nu

E “ tvi „ vj | if vi has shaken hand with vju

Then we need to prove that if G is triangle free graph then | E |ď n2.
We prove this by the induction on n.

Base : n “ 2, then there can be at most 1 handshake.

ñ| E |ď 1 ď 22. Hence the claim is true for base case.

Assuming the claim to be true for n “ 2k, let us now take any undirected graph
G1pVG1 , EG1q on 2pk ` 1q vertices. By assumption the graph is triangle free.
Let u „ v be any edge in G1. If there does not exist any such u and v, then | EG1 |“ 0
and our claim is trivially true.
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Now G1 ´ tu, vu is a graph on 2k vertices and by induction hypothesis has atmost k2

edges. Since G1´tu, vu is a triangle free as well. Now since u „ v, if D w P VG1 such
that w „ u and w „ v, then G1 would have a triangle which is not possible. Thus u
and v cannot have a common neighbor.
ñ

Nu “ tw P VG1 | u „ wu and

Nv “ tw P VG1 | v „ wu has no intersection

ñ

| Nu | ` | Nv |ď 2k (since G1 ´ tu, vu has 2k vertices)

Thus,

| EG1 | ě| EG1´tu,vu | `2k ` 1 p1 is added since u „ vq

“ k2 ` 2k ` 1

“ pk ` 1q2

l

6. (a) Proof. We prove by induction on m.
Base: m “ 1
Then only choice for r is 0.

x0`1x1´0 ` x0x1´0´1 “ x21 ` x0x

“ 1

“ x1

The claim is true for base case. Assuming the claim to be true for all m ď k, let
us now observe what happens for m “ k ` 1.

xk`1 “ xk ` xk´1 (by definition of Fibonacci sequence)

Case 1: If r ď k ´ 2, by induction hypothesis we can write,

xk “ xr`1xk´r ` xrxk´r´1

xk´1 “ xr`1xk´1´r ` xrxk´r´2

Thus,

xk`1 “ xk ` xk´1 “ xr`1pxk´r ` xk´r´1q ` xrpxk´r´1 ` xk´r´2q

“ xr`1xpk`1q´r ` xrxpk`1q´r´1

Case 2: If r “ k ´ 1, then

xr`1xpk`1q´r ` xrxpk`1q´r´1 “ xkx2 ` xk´1x1 “ xk`1
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Case 3: If r “ k, then

xr`1xpk`1q´r ` xrxpk`1q´r´1 “ xk`1x1 ` xkx0 “ xk`1

Hence the claim holds for m “ k` 1 @r such that 0 ď r ď k. Thus by induction
we are done. l

(b) Proof. We prove by induction on n. P pnq :“ xd | xnd for n P N and @d P N.
Base: n “ 1
xd|xd trivially holds @d P N. Hence P p1q holds.

Assume that P pkq is true for some k ě 1. For any d P N,

d ď pk ` 1qd´ 1 pk P Nq.

Using previous question (6.a),

xpk`1qd “ xd`1xkd ` xdxk´d.

By induction hypothesis xd | xkd. Hence xd | xpk`1qd.
Thus P pk ` 1q holds provided P pkq holds. Hence by induction we are done. l

7. (a) Proof. We prove this by induction on number of vertices of the graph pnq.
P pnq: Any graph on n vertices with maximum degree k is pk ` 1q colorable
Base: n “ 1. Then the graph is 1-colorable. Hence it is pk` 1q colorable for any
k P NY t0u. Thus P p1q is true.
Let us assume P pmq is true. Now let us take any graph G on pm`1q vertices with
max degree k. Let v be a vertex in G. Consider the graph Gztvu. By induction
hypothesis Gztvu is pk`1q colorable. Now when v is included in Gztvu to get G,
v has at most k neighbors, those have at most k different color. Thus one color is
remaining which can be assigned to v without violating coloring condition. Thus
G is pk ` 1q-colorable as well. P pmq ñ P pm` 1q, hence we are done. l

(b) Proof. We will prove by induction on number of vertices of the graph (n).
P pnq:= Any connected graph on n vertices with degree less than or equal to 3
and at least one vertex with degree ă 3 is 3 colorable.
Base: P p1q is trivially true since only 1 vertex is there, the graph can be colored
by single color.
Assume P pmq is true. Now consider any graph G “ pV,Eq on pm ` 1q vertices
with degree ď 3 and at least one vertex of degree ă 3. Let v be a vertex of G
which has minimum degree. Since G is connected Du ‰ v in V such that u „ v.
Consider the graph Gztuu. Clearly this graph will satisfy the condition for P pmq
and hence it is three colorable. Let Gztuu be colored optimally.
If u has less than two neighbors, then neighbors of u can be colored by at most
two colors. Hence the third color can be assigned to u and G remains 3-colorable.
Suppose u has 3 neighbors, two neighbors other than v are v1, v2, say. In the
worst possible case let v1 and v2 have different colors C1 and C2 respectively.
Now since v has at most 1 more neighbor other than u, v cannot be adjacent to
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vertices colored both C1 and C2 in Gztuu. Thus for optimal coloring of Gztuu,
it is always possible to color v with either C1 or C2. Hence none of the neighbors
of u has been assigned the color C3, which means u can be colored C3 without
violating the coloring strategy. The graph G remains to be 3-colorable.
Hence by induction G is 3-colorable. l
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