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2. Prove or Disprove the set of asymptotic relations.

(a) 2.9'982m = @(nlos23)

li nloga3 li
1My — 00 2. 9loggn Mp—o00

Disproved

nlog2 2.9

nlos2 3 n0-049

~ lim,, o0 — 00

(b) loglogn = Q((loglog log n)'°slologn)

Let x = loglogn and y = logloglogn

logy
log x

Hence, lim,, .

Disproved

(c) nt~ (1 —1)mp3

Let z =n'and y = (1 — 1)

logloglogn

= lim,,, o, log logloglogn — oo

nn?)

Then logx = 4logn and logy = nlog(l — 1/n) + 3logn

logy _

nlog(1—1/n)

3logn

limy, 00 log = limy, 00 4logn + 4logn ~— 4

Hence, they are not asymptotically equal.

(d) 2(logn)7(log10gn) ~ 2(171/n)10gn

Let = 2(logn)—(log10gn) and y = 2(1—1/n) logn

Then logz = (logn — loglogn)log2 and logy = (1 — 1/n)lognlog 2

log x

logy

1 1/n—1/(nlogn)
= limy, 00 1/n—1/n2+logn/n?
T 1-1/logn

= limy, 00 1-1/n+logn/n

=1

[Using L’Hopital’s Rule]

Hence, they are asymptotically equal.
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(Qn) _(2n)!  /27(2n)(2)
n/) — nln! (\/ﬁ(%)n)z

Hence, (27?) ~ f:?

[Using Stirling’s Approximation]

4. For the following pairs give correct asymptotic relations
(a) (logn)® and n’

Claim: (logn)® < en®

For the claim to be true we need to find ¢ s.t. ¢ > (loiif)a

Let, f(x) = 12"

b
x
/ _ a(logzx)* ! b(log z)*
Therefore f'(z) = =—57r— — = &7

and f”(l‘) _ a(afl)(logx)afzfa(2b4;1b)+(120gz)“’1+b(b+1)(logz)“

fl(x) =0=logzr = ¢, ie x= et

f(et) <0VbeR

Therefore f(z) is maximum at z = eb

If we choose ¢ = f(e?) then it will satisfy our claim.

Hence (logn)® = O(n?)

(b) 21827 and 10n!

2m1082m = " and nl ~ v2rn(2)"
. n . n
Now limy o0 15,1 = limp—00 meﬁ — 00

Therefore, 219827 = (,(10n!)

(c) v and (log, n)®

_1_

lim,, o0 % = limy, 00 % [Using L’Hopital’s Rule]
nloge 2

— 10g€2 3 \/ﬁ — (lOge 2)2 1 \/’E — — (lOge 2)5 1
= 0 hmn_mo (Togzn)* — 30 hmn_N)o W = ... = Topgl hmn_>oo \/ﬁ — 00

Therefore, v/n = w(logy n)®
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(d) n?/logyn and (nlogyn)*

n?/logyn

(nlogym)3 — limy, 00 5 — 0

; 1
limy, 00 n2(logy 1)

Therefore, n?/logy n = o(nlogyn)*

(e) logyn and log, 66n

. logom 7. logon

limy, 00 10g2266n = limy, 00 log, n+210g2 66 1

Therefore, logy n = O(log, 66n)

(g) n? and n(logyn)®

. 2 . ! 2 9. : ) : )

lim,, o0 71(1#2”)15 = lim,, 00 (log:n)m = 2= limy o0 (logg#)l‘* [Using L’Hopital’s Rule]

1 215 .
=..= (°g165,) lim,, 00 1 — 00

2

Therefore, n? = w(n(logy n)'%)

5. Find approximate value of (n%)

n n! V2mn(n/e)™ . . 1. y . .
(, /3) = TR ™ \/27r(n/3)(n/3e)"/3\>2{T ()Qn/g)(%/?’e)% B [Using Stirling’s Approximation]
o 3n+1
T 22/3 /4

6. Solve the following recurrences
(a) T'(n) =2T([n/2]) +5

Claim: T'(n) < en — d for some +ve ¢ and d which will be fixed later
Proof:
From the base case T(2) = 7 condition we have 2¢ —d > 7
T(n)=2T([n/2])+5
<2c[n/2] —2d+5 [According to I.H.]
<2en/2+c+5-2d
=cn—2d+c+5
<cn—d [For ¢+ 5 —d > 0]
¢ =12 and d = 17 satisfies both the condition.
Hence, T'(n) < 12n — 17 Vn > 2
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(b) T(n) = T(n—1) + T(n—2) + 15

Claim: T'(n) < 2™ ¥n > ng where ny will be decided later
Proof:
We have T'(2) = 17 and T'(3) = 33. Hence 4c > 17 and 8¢ > 33 i.e. ¢ > 5 satisfies both the

condition.
Tn)=T(n—-1)+T(n—2)+15
<2t e2n? 415 [According to I.H.]

=c2"+15—c(1+14+2+224+23+... +2773)
=c2" 415 — 2" 2
< 2" when 15 — 2772 <0
Therefore, 2" 2> 15=2"2>3=n>4
For n < 4 our claim is true as we can check manually and from principle of mathematical

induction claim is true for n > 4 as well

(¢) T(n) = 27(Tn/3]) + n?

Claim: T'(n) < cn? for some +ve ¢ which will be decided later
Proof:
We have T(1) =1, T'(2) = 5, T'(3) = 11, T'(4) = 26. ¢ = 2 satisfies our assumption for these
values of n.
T(n) = 2T([n/3]) + n?
< 2¢[(n/3)?] + n? [According to I.H.]
< 2¢(n/3 +1)% +n?
=2¢(n?/9+42n/3 + 1) + n?
=cn? — (Ten?/9 — 4n/3 — 2¢ — n?)
< cn? when 7en?/9 —4n/3 —2¢c —n? >0
7en?/9 —4n/3 —2c —n? >0
= 14n2/9 —4n/3 —4—n? >0
= 5n® —12n—36 >0
For n > 5 the above condition satisfies.

Hence by Principle of Mathematical Induction T'(n) < 2n? Vn > 1
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