
Discrete Mathematics 16/09/2018

Assignment 4 Solution

Instructor: Sourav Chakraborty Scribe: Ankan Kumar Das

2. Prove or Disprove the set of asymptotic relations.

(a) 2.9log2 n = Θ(nlog2 3)

limn→∞
nlog2 3

2.9log2 n = limn→∞
nlog2 3

nlog2 2.9 ∼ limn→∞ n
0.049 →∞

Disproved

(b) log logn = Ω((log log log n)log log logn)

Let x = log log n and y = log log log nlog log logn

Hence, limn→∞
log y
log x = limn→∞ log log log log n→∞

Disproved

(c) n4 ∼ (1− 1
n)nn3

Let x = n4 and y = (1− 1
n)nn3

Then log x = 4 log n and log y = n log(1− 1/n) + 3 log n

limn→∞
log y
log x = limn→∞

n log(1−1/n)
4 logn + 3 logn

4 logn = 3
4

Hence, they are not asymptotically equal.

(d) 2(logn)−(log logn) ∼ 2(1−1/n) logn

Let x = 2(logn)−(log logn) and y = 2(1−1/n) logn

Then log x = (log n− log logn) log 2 and log y = (1− 1/n) log n log 2

limn→∞
log x
log y

= limn→∞
1/n−1/(n logn)

1/n−1/n2+logn/n2 [Using L’Hopital’s Rule]

= limn→∞
1−1/ logn

1−1/n+logn/n

= 1

Hence, they are asymptotically equal.
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3. Prove that
(
2n
n

)
∼ 4n√

πn(
2n
n

)
= (2n)!

n!n! ∼
√

2π(2n)( 2n
e
)2n

(
√
2πn(n

e
)n)2

[Using Stirling’s Approximation]

Hence,
(
2n
n

)
∼ 4n√

πn

4. For the following pairs give correct asymptotic relations

(a) (log n)a and nb

Claim: (log n)a ≤ cnb

For the claim to be true we need to find c s.t. c ≥ (logn)a

nb

Let, f(x) = (log x)a

xb

Therefore f ′(x) = a(log x)a−1

xb+1 − b(log x)a

xb+1

and f ′′(x) = a(a−1)(log x)a−2−a(2b+1)(log x)a−1+b(b+1)(log x)a

xb+2

f ′(x) = 0⇒ log x = a
b , i.e. x = e

a
b

f ′′(e
a
b ) ≤ 0 ∀b ∈ R

Therefore f(x) is maximum at x = e
a
b

If we choose c = f(e
a
b ) then it will satisfy our claim.

Hence (log n)a = O(nb)

(b) 2n log2 n and 10n!

2n log2 n = nn and n! ∼
√

2πn(ne )n

Now limn→∞
nn

10n! = limn→∞
en

10
√
2πn
→∞

Therefore, 2n log2 n = ω(10n!)

(c)
√
n and (log2 n)5

limn→∞
√
n

(log2 n)
5 = limn→∞

1
2
√

n

5(log2 n)4

n loge 2

[Using L’Hopital’s Rule]

= loge 2
10 limn→∞

√
n

(log2 n)
4 = (loge 2)

2

80 limn→∞
√
n

(log2 n)
3 = ... = (loge 2)

5

255!
limn→∞

√
n→∞

Therefore,
√
n = ω(log2 n)5
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(d) n2/ log2 n and (n log2 n)4

limn→∞
n2/ log2 n
(n log2 n)

4 = limn→∞
1

n2(log2 n)
5 → 0

Therefore, n2/ log2 n = o(n log2 n)4

(e) log2 n and log2 66n

limn→∞
log2 n

log2 66n
= limn→∞

log2 n
log2 n+log2 66

→ 1

Therefore, log2 n = Θ(log2 66n)

(g) n2 and n(log2 n)15

limn→∞
n2

n(log2 n)
15 = limn→∞

n
(log2 n)

15 = loge 2
15 limn→∞

n
(log2 n)

14 [Using L’Hopital’s Rule]

= ... = (loge 2)
15

15! limn→∞ n→∞

Therefore, n2 = ω(n(log2 n)15)

5. Find approximate value of
(
n
n/3

)
(
n
n/3

)
= n!

(n/3)!(2n/3)! ∼
√
2πn(n/e)n√

2π(n/3)(n/3e)n/3
√

2π(2n/3)(2n/3e)2n/3
[Using Stirling’s Approximation]

= 3n+1

22n/3
√
4πn

6. Solve the following recurrences

(a) T (n) = 2T (dn/2e) + 5

Claim: T (n) ≤ cn− d for some +ve c and d which will be fixed later

Proof:

From the base case T(2) = 7 condition we have 2c− d ≥ 7

T (n) = 2T (dn/2e) + 5

≤ 2cdn/2e − 2d+ 5 [According to I.H.]

≤ 2cn/2 + c+ 5− 2d

= cn− 2d+ c+ 5

≤ cn− d [For c+ 5− d ≥ 0]

c = 12 and d = 17 satisfies both the condition.

Hence, T (n) ≤ 12n− 17 ∀n ≥ 2
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(b) T (n) = T (n− 1) + T (n− 2) + 15

Claim: T (n) ≤ c2n ∀n ≥ n0 where n0 will be decided later

Proof:

We have T (2) = 17 and T (3) = 33. Hence 4c ≥ 17 and 8c ≥ 33 i.e. c ≥ 5 satisfies both the

condition.

T (n) = T (n− 1) + T (n− 2) + 15

≤ c2n−1 + c2n−2 + 15 [According to I.H.]

= c2n + 15− c(1 + 1 + 2 + 22 + 23 + ...+ 2n−3)

= c2n + 15− c2n−2

≤ c2n when 15− c2n−2 ≤ 0

Therefore, c2n−2 ≥ 15⇒ 2n−2 ≥ 3⇒ n ≥ 4

For n < 4 our claim is true as we can check manually and from principle of mathematical

induction claim is true for n ≥ 4 as well

(c) T (n) = 2T (dn/3e) + n2

Claim: T (n) ≤ cn2 for some +ve c which will be decided later

Proof:

We have T (1) = 1, T (2) = 5, T (3) = 11, T (4) = 26. c = 2 satisfies our assumption for these

values of n.

T (n) = 2T (dn/3e) + n2

≤ 2cd(n/3)2e+ n2 [According to I.H.]

≤ 2c(n/3 + 1)2 + n2

= 2c(n2/9 + 2n/3 + 1) + n2

= cn2 − (7cn2/9− 4n/3− 2c− n2)

≤ cn2 when 7cn2/9− 4n/3− 2c− n2 ≥ 0

7cn2/9− 4n/3− 2c− n2 ≥ 0

⇒ 14n2/9− 4n/3− 4− n2 ≥ 0

⇒ 5n2 − 12n− 36 ≥ 0

For n ≥ 5 the above condition satisfies.

Hence by Principle of Mathematical Induction T (n) ≤ 2n2 ∀n ≥ 1
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