Discrete Mathematics 12/09/2018

Lecture 11: Recurrence: Derangement

Instructor: Sourav Chakraborty Scribe: Spandan Basu

1 Derangement

1.1 Principle of Inclusion and Exclusion

Suppose there are n letters and n envelopes:

such that letters go to the correct envelope if L; goes to E;.

So in how many ways can we put the letters into envelope such that no letter goes to
the right envelope?

Figure 1: Fig. representing the set S in its universal set 2.

Q : set of all possible ways of putting n letters to n envelopes.
So, || = n!
S : set of all letters has been put wrongly.
S : set of at least one letters has been put correctly.
There are two approaches we can proceed: count the set S or count the set S.
It would be convenient to count the set S
Now if we split the set S into different sub-cases:

1. Exactly 1 letter put correctly represented by set T7.

2. Exactly 2 letters put correctly represented by set T5.
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3. Exactly 3 letters put correctly represented by set T5.
and so on....
But it’s difficult to compute set T;.

So it would be feasible to compute set T; if we define the set T; as follows:

T; : set of combinations such that letter L; goes to envelope E;.

So constructing the set S as:

S =nTULUY....... Uz,

So from Principle of Inclusion and Exclusion we get:

DUBUT U Ul = ST - S IBAT + Yoy IO T N T -
Ty TN T3 N 1wl

As, Y, 1T = (1) (n-1)!

i ITNT] = (3) (0-2)!

Sicjar I TINT N Tkl = (5)(n-3)!
And so on....

So, § = iy (=D (}) (n-k)!

So, [S] =[] - [9]

S| = nl - S0 (~1F () (n— k)

1.2 Counting using Recurrences

Let us visualize the n letters and n envelopes as follows:

D,, : It denotes the number of derangement of n letters.
Case 1:if L; goes to Fy then D, o

Case 2:if L; does not go to Eq then D,

So we arrive at the following recurrence relation:

D, =(n—1)Dp_o + (n—1)Dy_4

Subtracting nD,,_; from both sides we get:

Dy 1 —nDp oy =—Dpq + (n - 1)Dn—2

An = Dn - TLDn,1

So, Ap = —Ap_1=(-1)24,2 = ...... =(-1)"2Ay = (-1)" 2 = (—1)"
D,nD,_ 1= (—-1)"

D, =nD,_1+ (=1)" , n >=1 with Dy =1

1.3 Solving Recurrence using Generating Function

Select a generating function:
S() = Xolo B @ =1+ Loty (PP an

n!

D, —1yn
=1+ 205 oy 2"+ 20k S o

n!
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n

Du1 o ne -1
=L+x300 o " S a

- oo Dpn-1 _n co  (=1)" n
_XZTL:O (n)! xr +Zn:0 L

Now we know that:
Sty G et = e
We get a recurrence as follows:
So, S(z) = xS(z) + e ®
(I1—-2)S(x) =€e"

Therefore, S(z) = %

So, we need to find coefficient of 2™ in S(x)

To think about these cases and apply generating functions to solve the problems.

1. Try to solve Lucas sequence using generating functions.

2. Find the number of shortest paths from (0,0) to (n,n) in the following figure such that
one cannot cross the line passing through the diagonal?

(n.n)

(0,0)

Figure 2: Fig. representing the grid of n x n.
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