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Lecture 15: Solving recurrences of Catalan Number and Derangement

Instructor: Sourav Chakraborty Scribe: Arnab Ray

1 Solving recurrences for derangement

A derangement is a permutation in which none of the elements is mapped to itself. The
formula for the number of derangements Dn on n elements is given by -

Dn = n!
∑n

k=0

(−1)k

k!

The recursive formula for derangement on n objects is thus given by

Dn = (n− 1)Dn−1 + (n− 1)Dn−2

⇒ Dn − nDn−1 = −(Dn−1 − (n− 1)Dn−2)

⇒ An = (−1)An−1;
where(An = Dn − nDn−1)

⇒ An = (−1)nA1

Thus,
An = (−1)nA2 = (−1)n

Therefore, Dn = nDn−1 + (−1)n

We use the following exponential generating function to solve this simplified recurrence
relation−

f(x)=
∑∞

n=0Dn
xn

n!

whereDn =n!*coefficient of xnin f(x)

f(x)=
∑∞

n=0Dn
xn

n! = D0+
∑∞

n=1Dn
xn

n! =1+
∑∞

n=1Dn
xn

n!

⇒ f(x) = 1+
∑∞

n=1(nDn−1 + (−1)n)x
n

n!

⇒f(x)=1+
∑∞

n=1 nDn−1
xn

n! +
∑∞

n=1(−1)n xn

n!
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= 1+x
∑∞

n=1Dn−1
xn−1

(n−1)! + e−x − 1

=x
∑∞

n=0Dn
xn

n! + e−x

= xf(x) + e−x

⇒ (1− x)f(x) = e−x

⇒ f(x) = e−x

1−x

The coefficient of xnin f(x) gives the value of Dn
n!

⇒Dn = n!
∑n

i=0(coefficient of xi in (1-x)−1)*(coefficient of xn−i in e−x)

⇒ Dn = n!
∑n

i=1
(−1)i
i!

2 Solving recurrence of Catalan number

We use the ordinary generating function for Catalan number given by-

f(x)=
∑∞

i=0Cix
i

The recurrence formula involving Catalan numbers(as determined earlier) is given by-
Cn+1 =

∑n
i=0Cn−iCi

From the given recurrence we obtain - C1 = C0C1

⇒ C0 = 1

f(x)=
∑∞

i=0Cix
i = C0 +

∑∞
i=1Cix

i = 1 +
∑∞

i=1Cix
i

⇒ f(x) = 1 + x
∑∞

i=0Ci+1x
i

⇒ f(x) = 1 + x
∑∞

i=0(
∑i

j=0Ci−jCj)x
i

(substituting the expression for Ci+1)

⇒ f(x) = 1 + x
∑∞

i=0(
∑i

j=0Ci−jCj)x
i = 1 + x

∑∞
i=0 Yixi

Yi =
∑i

j=0Ci−jCj =coefficient of xi in f(x)2
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⇒ f(x) = 1 + xf(x)2

,which is a quadratic equation in f(x)

Thus f(x) can take on either of the two functions−

f(x)=
(1−

√
1− 4x)

2x

or

f(x)=
(1 +

√
1− 4x)

2x

But limn→∞
(1−

√
1− 4x)

2x
= 1

while limn→∞
(1 +

√
1− 4x)

2x
=∞

Therefore, f(x)=
(1−

√
1− 4x)

2x

The nth Catalan number is given by the coefficient of xn in f(x)

f(x)=
1

2x
(1−

√
1− 4x)

⇒ f(x) =
1

2x
[1−(1+

(1
2

1

)
(−4x)+

(1
2

2

)
(−4x)2+ ......

(1
2

n

)
(−4x)n+

( 1
2

n + 1

)
(−4x)n+1+ ....]

Thus,Cn =

( 1
2

n + 1

)
(−4)n

2

⇒ Cn =
1.3.5.......(2n− 1).4n

2n(n + 1)!

⇒ Cn =
1.3.5.......(2n− 1).2n.2n.n!

2n(n + 1)!n!
=

(2n)!

(n + 1).(n!)2

⇒ Cn =

(
2n

n

)
n + 1

2
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