Discrete Mathematics 21/08/19

Lecture 8: RECURSION
Instructor: Sourav Chakraborty Scribe: Sudipta Ghosh

1 Recurrences

In this lecture we shall study the methods of solving equations of the following form:

T(n) = 2T(g) + 3T(%) +dn+/n

In the upper equations, they are not completely stated.To state a recursion relation com-
pleteltly, we have to give
(1) Base Case: In the upper examples, no base case i.e. T(1) is not given.

n

(2) A recursion relation is a function7 : N — N. In the upper examples,5 or § are not in
N. To define in completely, we have to take floor or ceiling of them i.e. [ﬂ] or LEJ

2 3
So, the complete recursion relation will be

T(n):2T([gb+1 with T(1) =1

2 Solving Recurrences
We can solve recursion by
1. Guess the solution and verify by induction.
2. Guess the solution on a subset of domain, unfold the guess and verify by induction.

3. Guess and proof upper or lower bound or both.

Example 2.1 Let
T(n) = 21 [gb +1 with T(1)=a

Now for n = 2, {%1 =5= 2(k—1)

i
!

n n n
T(n) =2QT()+1)+1 = T(n) = 44T (7 +2+1.. = T(n) :2tT(§)+2t_1+2t_2
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Ift =k then T(n) = nT(1) +n — 1, since n = 2~.
Now from this we can guess the solution as

for all neN.

Example 2.2
T(n) = 2T {g] ) + 37 m )+ 4n + [V

Suppose in the above case, we guess that the upper bound is cnlogyn+d, where ¢ and d are
constant.

That s

T(n) < cnlogyn+d

— 2T(%) +3T(3) +4n++/n < cnlogyn+d

Also;

20([2)+3T([2])+4n+[yn] < 2(c[%]logy [2]+d)+3(c[2]logy [2]+d)+4n+[/n]

So, it is enough to show
2(c[%]logy [5] 4+ d) +3(c|%]log, [ % ] +d)+4n+ [/n] < cenlogan+d
Now, since 2 [QW < (n+1),logy [%] < (logyn — 1) and logy [ %] < (logyn — 1)
2(c[%]logy [3]+d) +3(c|%] logQ[ | +d) +4n + [V/n]
<c(n+1)(loggn —1)+2d+c(n+1)(loggn —1)+3d+4n+n
= 2cnlogyn + 2nlogen — 2¢(n+ 1) + 5d + 5n
So, we have to show
2cnlogyn + 2nlogyn — 2¢(n+ 1) +5d + 5n < cnlogyn + d
= cnlogyn + 2nlogyn + 4d + 5n < 2¢(n + 1), which is not possible.

Example 2.3 Now let us suppose
T(n) = 2T( [g—‘) + 3T( {g—‘) +4n+ [Vn]| < en® +d;

where ¢ and d are constant and T(1)=1.
Let us do this by induction.
Base Case:For n=1, T(1)=1 gives

1<c+d e (1)

Induction Hypothes:Suppose the given statement is true for all n < k.
Inductive Step:We want to prove for n = k. That is;

2T([5]) + 3T([4]) + 4k + [\/ﬂ <ck’+d
— 2[c(E)? +d) +3[c(E)? +d)+ 4k + VEk < ck*+d  [byInduction Hypothes]
— c5k2+5d+5k§ck‘2+d Vk < K]
So it is enough to show
c2k? +5d 4 5k < ck* +d
= 4d + 5k < %kQ ........... (2)
Any pair of ¢ and d satisfying (1) and (2) will be a valid value of ¢ and d.
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3 Asymptotic Notation

3.1 Asymptotic Similarity

Two functions f(n) and g(n) are said to be asymptotically similar if

im M =
e gm)

. This is notationally written as f(n) ~ g(n).

3.2 (O-notation

A function T(n) is said to belong to Q(f(n)) if ANy, a, b such that
Vn > No, T'(n) < a(f(n) + b.

This is notationally written as f(n) = O(g(n)).

3.3 (-notation

A function T'(n) is said to belong to Q(f(n)) if INop,a,b such that V n > Ny, T(n) >
a(f(n) 4+ b. This is notationally written as f(n) = O(g(n)).

3.4 O-notation
If T(n) = O(f(n)) and T'(n) = Q(f(n)); then we say T'(n) = 0(f(n))

3.5 o-notation

T(n) = o(f(n)) if

o L) _
5 Ty ~°
3.6 w-notation
T(n) =w(f(n)) if
lim ﬂ =0
z—o0 T'(n)

Example 3.1 If T'(n) := Numbers of prime < n, then by Prime Number Theorem

n

T(n)

~ logen

Example 3.2 Stirling’s Approximation

n n
n! ~v2mn (—)
e
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