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  Studies on polynomial rings through locally nilpotent derivations
Abstract

A derivation D on a ring R is said to be locally nilpotent if for each x in R there exists an integer m such that D^m(x)=0. An important problem in the area of affine algebraic geometry is to find useful characterizations of affine n-spaces equivalently, polynomial rings) over a field. For instance, an algebraic characterization of the affine plane by M. Miyanishi led to the solution of the Zariski Cancellation Problem for the affine plane in the 1970's.  In this talk we shall discuss this problem and present a new algebraic characterization of the affine plane and the affine 3-space over an algebraically closed field of characteristic zero, using a certain invariant of the polynomial ring defined as the intersection of the kernels of all non-trivial locally nilpotent derivations of the polynomial ring having a slice --- a variant of the famous Makar-Limanov invariant.

We shall also discuss another question of current interest in affine algebraic geometry which is a special case of Hilbert's fourteenth problem. The question asks whether the kernel of any locally nilpotent derivation D on the polynomial ring k[T,X,Y,Z], where k is a field of characteristic zero, is finitely generated. We shall show that when  D is a "nice derivation" i.e., D^2(T)=D^2(X)=D^2(Y)=D^2(Z)=0) annihilating T, then the kernel of D is actually a polynomial ring. This result comes as a consequence of our general study of the classification of all nice derivations of R[X,Y,Z], where R is a PID containing the field of rational numbers.  
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